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Preface 


Filters are essential subsystems in a huge variety of electronic systems. Filter ap- 
plications are innumerable; they are used for noise reduction, demodulation, signal 
detection, multiplexing, sampling, sound and speech processing, transmission line 
equalization and image processing, to name just a few. In practice, no electronic sys- 
tem can exist without filters. They can be found in everything from power supplies 
to mobile phones and hard disk drives and from loudspeakers and MP3 players to 
home cinema systems and broadband Internet connections. 

This textbook introduces basic concepts and methods and the associated mathe- 
matical and computational tools employed in electronic filter theory, synthesis and 
design. Since the approximation problem must be solved before a filter can be de- 
signed, a significant part of the book is concerned with approximations in a manner 
that allows deep understanding and easy generalization. The approximation proce- 
dure uses the filter specifications to derive a circuit function, from which the elec- 
tronic filter circuit can then be synthesized. The synthesis method to be used in order 
to derive an electronic circuit from a mathematical circuit function depends on the 
technology which is to be employed for the final implementation of the filter. Syn- 
thesis methods are therefore dependent on the technologies currently available and 
change as technology evolves. In this book, synthesis methods have been restricted 
to the classical passive and active-RC cases, which are excellent robust paradigms 
with high didactic value. More recent technologies like OTA-C, log-domain, current 
conveyors based circuits and so on are not presented as they are overly specialized 
for a general filter textbook which is aimed mainly at supporting students of under- 
graduate filter courses. 

Most of the material of the book can be taught as part of undergraduate courses 
on filters. Chapter | is a general introduction to filter concepts and design methods 
and provides a basic background to these as well as the common language for filter 
synthesis and design. Chapter 2 deals with the classical polynomial approximations 
(Butterworth and Chebyshev) that lead to all-pole lowpass transfer functions without 
zeros. It also introduces the recently documented Pascal approximation. In Chap. 3, 
rational approximations are presented. Rational approximations, such as the inverse 
Chebyshev, lead to lowpass transfer functions with j@-axis zeros and gain or atten- 
uation ripple in the stopband. Chapter 4 is exclusively devoted to a special rational 
approximation, the elliptic approximation, not only for its importance, but also be- 
cause it has not been given the full attention it deserves in the literature due to the 


vii 
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complicated mathematics involved. In this chapter, all mathematical formulae are 
provided and the corresponding computational tools are explicitly presented. 

Chapters 2-4 apply to lowpass filters. Chapter 5 presents the transformations that 
can be used for other types of filters, i.e. highpass, bandpass and band-reject filters. 
Chapter 6 provides an introduction to passive filters, while the actual design of such 
filters is dealt with in Chap. 7. The active-RC simulation of passive ladder filters is 
presented in Chap. 8. 

Operational amplifiers and first and second order circuits are presented in 
Chaps. 9 and 10, while in Chap. 11 some specific filter synthesis mathematics is 
presented. Finally, Chap. 12 covers the synthesis of RLCM one-port circuits, used 
extensively in passive filter design. 

I would like to express my gratitude to laboratory staff, Dr. Elena Sarri and Mr. 
Makis Zigiris for their help in preparing the manuscript and for drawing most of the 
figures. Special thanks are due to Mr. Miltos Poulizos for his assistance in drawing 
part of the figures. Finally, I would like to thank all my friends and colleagues for 
encouraging me to write this textbook and for all of the stimulating discussions we 
have had during the process. 


Athens, Greece Hercules G. Dimopoulos 
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Introduction to Filter Concepts 


1.1 Gain and Attenuation Functions 


An electric circuit can be represented by a diagram as shown in Fig. 1.1 and referred 
to as a block diagram. In the frequency (Laplace) domain, the voltage excitation and 
response, E(s) and V2(s) respectively, will produce the voltage transfer function 
H(s)= ao , which in turn yields the magnitude and phase frequency responses 
G(q) and ¢(q@) respectively given for s = ja as: 


V2 (jo) 
E(jo) 


Go) = 1H) = $(w) = 4H (jo) (1.1) 
In the above equation, <z denotes the argument of z. 

The magnitude frequency response is commonly referred to as plain gain func- 
tion or simply as gain function of the circuit. The corresponding logarithmic gain 
function Gqgg(@) is defined as 


Aa _ (eh 
dB(@) = 20log(G(@)) = 20 log} ——— ] (dB) (1.2) 
|E(jo)| 

Both G(q@) and Ggg(@) are real functions of w. The plain gain function assumes 
non negative values only. The logarithmic gain, of course, can take any positive or 
negative value depending on whether the value of the plain gain is greater or less 
than unity. A negative value for Ggg(w) simply means that the magnitude of the 
output is less than the magnitude of the input. The logarithmic gain can be positive 
or negative. Logarithmic gain should not be confused with attenuation, which is 
another term often used, based on the magnitude characteristic and defined as 


|EGo)| ) 
|V2(jo)| 
Clearly attenuation is measured in dB and is the opposite of the logarithmic gain. 


Thus, it assumes positive and negative values. A negative value of the dB-gain sim- 
ply means that the output is smaller than the input in which case the corresponding 


A(@) = 20108( = 2010e( =) = —Gqp(a) (dB) (1.3) 
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Fig. 1.1 Block 
representation of a circuit 7 : 
E(s) V(s) 
Fig. 1.2 Gain or attenuation? 
dB 
-6 
-12 
-18 
-20 f (or @) 
Fig. 1.3. A 3rd order passive Rs L L 


elliptic lowpass filter 


attenuation is positive. Therefore, a dB plot like the one shown in Fig. 1.2 is mean- 
ingless since it describes completely different situations if it represents a gain plot 
or an attenuation plot. If it is a gain plot, it describes a lowpass filter. If it is an 
attenuation plot, it describes a highpass filter. 

It is observed that both Ggg(w) and A(@) are real functions of w and have com- 
putational and plotting problems at those frequency points at which the plain gain 
G(q@) becomes zero, i.e. at those zeros of the transfer function H(s) located on 
the jw-axis (known as transmission zeros). At these frequencies, the plain gain is 
zero, the logarithmic gain Ggg becomes —oo and the corresponding attenuation 
becomes oo. 


Example 1.1 Calculate and plot the voltage gain function of the circuit of Fig. 1.3 
with Rs = Ry = 1, L=2.1819, Lo = 0.0294 and Cz = 0.9317. 

The voltage transfer function of the passive ladder circuit of Fig. 1.3 can be cal- 
culated using any circuit analysis method (e.g mesh or nodal analysis) to yield: 


Rz(s2L2Co + 1) 


HH = 
(s) 53(2L2 + L)LC2 + 5?(Rs + Ri)(L + L2)Co + 5(2L + Rs Ri Cr) + Rs + Re 


Using the given element values, the transfer function takes the numerical form: 


- 0.02739s* + 1 
~ 4,55506s3 + 4.120545? + 5.29555 + 2 


H(s) 
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0.55 
0.5 
G(@) 
0.45 
0.4 
0.35 
0.3 
0.25 


o 
nN 


0.01 0.1 1 10 


Fig. 1.4 Plain gain plot 


For the plain gain G(@) plot, we calculate the magnitude of H(s) for s = ja: 
|1 — 0.02739w*| 
|2 — 4.12054 + jw(5.2955 — 4.5551w)| 


_ |1 — 0.02739a?| 
V (2 — 4.12054w2)? + w2 (5.2955 — 4.5551@2)2 


G(o) =|H(jo)| = 


In order to acquire an insight into the plot of G(w) we need some typical values. It 
is clear that G(O) = 0.5 and that G(6.0421) = 0, since the numerator of w becomes 
zero at s = 76.0421. It is also obvious that G(@) tends to zero as w tends to 00 since 
the order of the denominator is higher than the order of the numerator. For a finer 
plot the calculation of several additional points is necessary, for which Mathcad or 
MATLAB could be conveniently used. The plot is shown in Fig. 1.4, where we have 
chosen to use a logarithmic frequency scale from w = 0.01 to w = 10. 

It is not evident from this plot that the gain becomes zero at w = 6.0421 because 
of the neighboring low values. However, if we plot the logarithmic gain Ggg(@) = 
20log(G(@)), as we have done in Fig. 1.5, this important feature is highlighted. 
This aspect lends support for the use of logarithmic gain plots. 

The plot of the attenuation 


A(@) = —Gap() 


|1 — 0.02739w?| ) 


= -20109( 
V (2 — 4.12054@?)? + w? (5.2955 — 4.55512)? 


is shown in Fig. 1.6. 
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Ggp(@) -12 


aN 
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Fig. 1.5 Logarithmic gain plot 
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Fig. 1.6 Attenuation plot 


1.2 Ideal Transmission 


The gain G(w) = |H(ja)| of a circuit depends in general on frequency and does 
not remain constant for all frequencies (in fact it can be shown that it can never be 
exactly constant over a non-zero segment of the frequency axis). As a result, the 
frequencies contained in a signal pass through a circuit and will have their ampli- 
tudes modified according to this gain to produce an output that differs from the input 
signal. This is called amplitude distortion. In addition, from the phase response of 


1.2 Ideal Transmission 5 


G(@)=|HG@)|=A P(@)=- Ot D(@) 
A t, 
7 a) . a) A o 
(a) (b) (c) 


Fig. 1.7 Ideal transmission characteristics 


the circuit @(@) = < H (ja) is not in general directly proportional to frequency, 1.e. 
$(@) € tow, and this will lead to different delay times for different frequencies, 
thereby producing a group delay distortion. The group delay is the time required for 
each frequency to pass through the system, since delay is given by: 


d 
Diol=— 7 ere) (1.4) 


Thus, even if there is no amplitude distortion, frequencies that constitute the input 
signal will pass through the circuit with different delays producing an output signal 
which is different from the input signal. This is called group delay distortion, which 
is directly related to phase distortion. 

It is apparent that if a signal is to pass through a system without any distortion, 
the gain function must be constant with frequency, i.e. G(w) = |H(jw)| = A and 
the phase function must be linear of the form @(@) = tow. This is illustrated in 
Fig. 1.7. 

The transfer function of such an ideal system is H(jw) = Ae~/® and its 
corresponding impulse response is h(t) = Ad(t — t,). This ideal system that per- 
forms the ideal or distortionless transmission will have an input-output relationship 
y(t) = Ax(t — ft), that is to say its output in time is identical to the input but scaled 
by A and shifted by ¢,. Such a system is of no use in filtering applications where the 
objective is to shape the spectrum of the input signal. 


1.2.1 Ideal Filters 
The ideal lowpass filter is an ideal transmission system with transfer function: 


H(jo) e Jo for |a| < wc (15) 
oO) = e 
0 for lol > wc 


or H(jw) =e! [u(w + wc) — u(w@ — wc) ]. 

Frequency wc is called cut-off frequency. For the ideal lowpass filter, we have 
|H(j@)| = 1 for |w| < wc and |H(jw)| = 0 for |w| > wc. Moreover, the phase 
is @(@) = <H(jw) = —oat,. The constant gain allows all frequencies from —wc to 
+ac to pass with the same gain while the linear phase ensures that these frequencies 
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Fig. 1.8 Ideal lowpass filter characteristics 


Fig. 1.9 The impulse h(t) 
response of the ideal lowpass 
filter 


pass with constant delay t,. Frequencies with |w| > wc are completely removed. 
Figure 1.8 shows graphically the gain and phase characteristics of the ideal lowpass 
filter, which as is shown below, cannot be realized by a causal system. 

The impulse response of the ideal lowpass filter with the transfer function of (1.5) 
can be determined by using the inverse Fourier transform of H (ja): 


hA(t)= ml H(jo)el@ dw = al. |H(ja)le Fel dw 
cae! elo te) don _— eC sin(wc(t — t)) 
=n m  (t~t)wc 
=2fc sinc(2fc(t —t))) where fc = x (1.6) 
IU 


The time plot of the impulse response h(t) = 2 fc sinc[2 fc (t — to)] of the ideal 
lowpass filter is shown in Fig. 1.9. It is evident that the ideal lowpass filter produces 
a response to the impulse excitation for t < 0, that is to say before the excitation is 
applied, as if it can predict that 5(t) will be applied at t = 0. This makes the ideal 
lowpass filter non causal. Such systems are not realizable with physical components. 

It can be demonstrated in a similar manner that the ideal highpass, bandpass 
and band-reject filters are also not realizable. However, as an aside, and under very 
careful convergence conditions, it can be observed that as the cut-off frequency 
fc — ©, the ideal lowpass filter becomes an ideal allpass filter. Its impulse re- 
sponse h(t) becomes zero everywhere except for t = fo, i.e. it is a delta function 
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Fig. 1.10 The filter model 


Rs 


at tj. This specific impulse response can be produced by a causal system and there- 
fore this singular case of an ideal allpass filter can exist. In fact, it represents a 
system that simply shifts the excitation by fo. 


1.3 Real Electronic Filters 


A filter is inserted between two sections of an electronic system in order to con- 
trol the power transferred from one to the other in a desired way that depends on 
frequency. Such power control is achieved by shaping the spectrum of the input 
signal (Parseval’s theorem) by leaving the frequencies of the passband almost un- 
affected (introducing zero or low and tolerable attenuation) and by eliminating or 
reducing the rest of the spectrum, through the introduction of high attenuation which 
may be occasionally infinite on a finite set of frequency points. The section of the 
system that provides the power to be controlled by the filter is usually represented 
by its Thevenin equivalent and represents the source of the filter with source resis- 
tance Rs. The section that follows the filter is the /oad of the filter and is represented 
by a resistor Rz,. This is shown in Fig. 1.10. 
The voltage transfer function of the complete system is 


V2(s) 
H(s)= 1.7 
=| (s) (1.7) 
and the corresponding transmission function 
1 E(s) 
T(s)= = (1.8) 
H(s)  V2(s) 
The associated gain functions are 
|V2(jo)| 
G(o) =|H(jo)|= 2" Gyp(@) = 20108(G(o)) (1.9) 
|E(jo)| 


and the attenuation function 


1 
A(@) = 20log(|T (ja)|) = 2010e( =) = —20log(G(@)) dB (1.10) 
|H(jo)| 
Filters are designed to satisfy such magnitude specifications firstly by relaxing the 
stringent equality requirements for the gain and secondly by neglecting the phase or 
delay characteristics. In some filter design applications, the filter requirements im- 
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Fig. 1.11 Gain and phase characteristics of the ideal lowpass filter 


pose not only magnitude specifications, but also some phase or delay requirements. 
In these cases, filter designers prefer to design the filter in two stages. The first is 
concerned with satisfying the magnitude specifications while the second stage in- 
volves the design of a cascaded additional filter which minimally disturbs the gain 
and improves the phase response to the required form. The design of filters from 
phase or delay specifications is a very specialized and rare task beyond the scope of 
this book. 

When a filter is inserted between source and load, as in Fig. 1.10, it introduces 
the specified frequency dependent gain. This frequency dependence is often called 
selectivity. In the ideal case, selectivity is expressed by constant zero gain (infinite 
attenuation) in some frequency bands, referred to as stopbands, and constant zero 
attenuation in other frequency bands, called passbands. Unfortunately, keeping ab- 
solutely constant magnitude characteristics in a frequency band cannot be achieved 
by causal (realizable) systems which, in addition to this physical constraint, have 
magnitude characteristics that are expressed by continuous functions and cannot 
“Jump” instantly from one value to another. 


1.3.1 Realizable Lowpass Filters 


According to Sect. 1.2.1, the ideal lowpass filter is described by the gain and phase 
characteristics of Fig. 1.11, which correspond to the transfer function 


Hye Io f = 
Hoa or lal < @c (1.11) 
0 for |a| > wc 


The gain function |H(j@)| and the phase function ¢(@) = <H (joa) of a circuit 
are in fact the magnitude and phase spectra respectively of its impulse response h(f). 
As such, for systems with real components, |H(jq@)| is an even function of w and 
¢(q@) is an odd function of w. In the study of signals, double sided spectra, like those 
in Fig. 1.11 are preferred, showing the functions for —oo < w < oo. In circuit theory 
and design, however, where we deal with real and positive frequencies, we prefer 
the single-sided spectra like those in Fig. 1.12, i.e. plots for @ > 0. These plots are 
not called spectra any more (although they are), but magnitude and phase response 
respectively. 
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Fig. 1.12 Gain and phase |HGo)| (a) 
characteristics of the ideal 
lowpass filter 


Fig. 1.13 Specifications of a 
realizable lowpass filter 


An ideal lowpass filter which is non-causal is non-realizable. We can perceive 
the non-realizability as being due to two reasons: The first is that the gain of electric 
circuits cannot be kept absolutely constant over a frequency band. The second rea- 
son is that gain functions are continuous functions of w and cannot exhibit a jump 
from H, down to 0 at the cut-off frequency of Fig. 1.12. 

However, the ideal lowpass filter characteristics can be relaxed through allowing 
certain tolerable deviations from their ideal behavior, as shown in Fig. 1.13. Thus 
in the passband, for frequencies 0 < wc, the gain can take values from H, to Hc, 
a value very near H,. The value Hc indicates the minimum allowed gain in the 
passband. 

Since the gain cannot jump from its higher values to lower values, in real filters 
the stopband does not start at wc, but at a higher frequency ws. A new band, called 
the transition band, is created to allow the gain fall from its high to low values 
from wc to ws. In the stopband, starting now at ws, the stopband edge frequency, 
the gain is not zero, but less than a value Hs that is much smaller than H, and 
Hc and expresses the maximum allowed value of the gain in the stopband. These 
three quantities, Hc, Hs and ws, determine the tolerances of the approximation of 
the strict characteristics of the ideal lowpass filter, which correspond to Hc = Ho, 
Hs =0 and ws = ac. It will be proven later that the complexity of the filter circuit 
depends heavily on the strictness of these tolerances. 

The five quantities Hj, Hc, Hs, wc and ws constitute the magnitude specifi- 
cations of the realizable lowpass filter and are dictated by the requirements of the 
system in which the filter will be used. 
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Fig. 1.14 Specifications in terms of (a) logarithmic gain (b) attenuation 


Filter specifications can also be given in terms of the logarithmic gain or the 
attenuation function, as shown in Fig. 1.14. 
If Figs. 1.13 and 1.14a describe the same filter, then 


Go = 20log(H,), Gc = 20log(Hc), Gs = 20log(As) 
G Go 
and Hy =10%, Hc=10%, Hs =100 (1.12) 


Very often, filter specifications are described by two positive numbers omax (Or 
QMAX OF Op) and Qmin (OF @MIN OF as) that correspond to the allowed fluctuation 
of the logarithmic gain (or the attenuation) in dB in the passband and the stopband 
respectively (see Fig. 1.14a and b). These positive @max and min are related to the 
plain gain specifications through the following relationships: 


201 He 201 Bo (1.13) 
a = oO — Qmin — oO — . 
max Fo He min g He 

Hy max Ay min 

— =10°2 —=10% (1.14) 
Hc Hs 


From the two positive numbers @max and @min (in dB), we see that the passband 
gain can vary from its maximum value G, = 20log(H,) down to Gg — max and in 
the stopband, the gain must remain under Gy — dmin. This is shown in Fig. 1.14. If 
the value of G, is not given, it can be taken equal to 0, a value that corresponds to 
H, =1. 


1.3.2 Realizable Highpass (HP) Filters 
Figure 1.15a shows the plot of the plain gain G(w) = |H(ja)| of the ideal highpass 


filter with zero gain in the stopband 0-wc and constant gain H, in the passband 
@ > wc. The realizable highpass specifications are shown in Fig. 1.15b. Note that 
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Fig. 1.15 Highpass filter specifications 


in the case of highpass filters, the stopband edge frequency ws is smaller than the 
cutoff frequency wc. Figures 1.15c and show the specifications of highpass filters 
in terms of the logarithmic gain and attenuation respectively. 


1.3.3 Realizable Bandpass (BP) Filters 


Figure 1.16a shows the plain gain G(w) = |H (j@)| of the ideal bandpass filter with 
zero gain in the stopbands 0-wc; and w > wc2. For the passband wc, < w < wc2, 
the gain remains constant at H,. The corresponding realizable bandpass specifica- 
tions are shown in Fig. |.16b. The width of the passband is referred to as bandwidth 
BW of the bandpass filter with BW = wc2 — wc1. The geometric mean w, of wc 
and wc2, L.€. ® = ./@C1@c2, is referred to as the center frequency of the bandpass 
filter. Figures 1.16c and d show the specifications of bandpass filters in terms of the 
logarithmic gain and attenuation respectively. 


1.3.4 Realizable Band-Reject (BR) Filters 


Figure |.17a shows the plain gain G(w) = |H(ja)| of the ideal band-reject or band- 
stop filter with zero gain in the stopband wc < w < wc2. For the passbands 0-w¢ 
and w > wc2 the gain remains constant H,. The corresponding realizable band- 
reject specifications are shown in Fig. 1.17b. 

The frequency width BW = wc2 — wc of the passbands is referred to as band- 
width BW of the band-reject filter. The width BWs = ws2 — ws, of the stopband 
defines BWs, which is very important in the BR filter design. The geometric mean 
Wo Of ws and ws2, i.e. W = ,/@s51@$2, 1s referred to as the center frequency of the 
band-reject filter. Figures 1.17c and d show the specifications of the real band-reject 
filters in terms of the logarithmic gain and attenuation respectively. 
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Fig. 1.16 Bandpass filter specifications 


1.4 ‘Filter Technologies 


Filters process and shape the spectra of the electric signals. As such, filters are very 
important subsystems in many electronic systems and especially in communications 
systems. Filter applications are innumerable and filters are used for noise reduction, 
demodulation, signal detection, multiplexing, sampling, sound and speech process- 
ing, transmission line equalization, image processing, to name some. In practice, 
there is no electronic system without filters. We find them from power supplies to 
mobile phones and hard disk drives and from loudspeakers and MP3 players to home 
cinema systems and broadband Internet connections. 

A filter takes a signal in its input, and creates the desirable output according to its 
characteristics. Filters can be classified in three major categories in relation to their 
input signal, their internal signals and the output signals: 

i. Continuous-time (CT) 
ii. Sampled-data and 
ili. Discrete-time 

Continuous-time signals are those that exist in any time and can be described by 

functions of time ¢ for any value of f. 
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Fig. 1.17 Band-reject filter specifications 


Discrete-time signals are defined only in discrete time instants and can be de- 
scribed by a function f(nT) with ny <n < nz where nj > —o and n2 < oo. The 
value of discrete-time signals for nT <t < (n+ 1)T can be zero or undefined, for 
as far as the processing system is concerned, it is in general indifferent to this value. 
The frequency spectrum of discrete-time signals is given by z-transform on the unity 
circle |z| in the z-plane. 

Sampled-data signals are expressed with impulse signals as 


fs)= Do fT)s¢-n7) 


n=—C 


where f(f) is a continuous time signal and T the sampling period. The sampled 
signals fs(t) have zero value for nT <t < (n+ 1)T and their frequency spectrum 
is given by the Fourier transform, as in case of continuous time signals. 
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The characterization analogue or digital refers to the signals for which the ap- 
propriate filters have been designed. In the case of analogue filters, the filters are 
designed for continuous-time electric signals, voltages or currents. In digital filters, 
the signals are coded into a digital form. Filters that deal with continuous time or 
sampled-data signals are analogue. Filters that handle discrete-time signals can be 
analogue or digital. 

A general classification of analogue electronic filters could be as follows: 

1. Passive RLCM filters that are realized using resistors, inductors, capacitors and 
ideal transformers. 

2. Active-RC filters realized using operational amplifiers, resistors and capacitors. 

3. Integrated MOS-C filters that are in fact active-RC filters where resistors have 
been replaced by suitably connected and biased MOSFETs. 

4. Integrated OTA-C or g,, — C filters. These use operational transducer ampli- 
fiers (OTA) instead of operational amplifiers. OTAs in fact convert voltages into 
currents and can be realized with simple and easily integrated circuits and can 
operate at higher frequencies than the operational amplifier. 

5. Current-mode integrated filters. 

6. Active switched capacitor filters designed for discrete-time signals and realized 
using operational amplifiers, capacitors and switches. 

7. Microwave filters with distributed parameters (waveguides) and microwave fil- 
ters based on microwave resonators and cavities. 

8. Crystal filters based on piezoelectric resonators that behave like resonant LC 
circuits. 

9. Mechanical and electromechanical filters based on mechanical and electrome- 
chanical resonators. 

Microwave, crystal, mechanical, electromechanical filters, as well as some very 
special cases such as acoustic delay line filters, ultrasonic filters and surface acoustic 
filters etc. are beyond the scope of this textbook. 

Each of the above category of analogue filters refers to the technology used to 
implement the transfer function which satisfies given specifications. The technol- 
ogy depends mainly on the operating frequency, the need for integration and the 
environment the filter is to operate within. 

Figure 1.18 shows an approximate diagram of the frequency range in which each 
analogue filter technology can be used. Upper and lower limits are indicative and 
change as filters are still a “hot” research subject due to the constantly increasing 
need for highly selective, high frequency and low power consumption filter circuits. 

The revision of filter design methodology is the most recent development in the 
area. Instead of treating the filter as handling voltage signals and implemented us- 
ing voltage described sections, current logic has been introduced. This has led to 
the employment of current-handling sections which have proved to be very effec- 
tive since current-mode building blocks can be implemented with simpler and more 
easily integrated circuits, and can perform much better at high frequencies than their 
voltage-mode counterparts. In this filter category fall, for example, the current-mode 
dual output-OTA-C filters, current conveyors filters (CCI, CCH, CCII+) as well as 
Log Domain filters. 
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Fig. 1.18 Indicative 
frequency range for some 
filter technologies 
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Operating frequency is not the unique criterion for the choice of technology and 
in most cases there are more filter technologies that can be employed. In the MHz 
region for example, passive, active-RC, switched capacitor and integrated filters can 
be used. For decisions regarding use, some other factors must be taken into account, 
such as the availability of DC power, the kind of signals to be processed by the filter 
(sampled or not), the need for integrating the filter as a part of the total system and 
finally the cost. 

The diagram of Fig. 1.18 shows that analogue integrated filters cover a wide 
range of operating frequencies. The design of such filters is based on the design 
of active-RC filters, which in turn may require the active simulation of a passive 
RLCM filter. This means that in order to design an analogue integrated filter it may 
be necessary to design a passive RLC filter in the first place and simulate it with 
an active-RC circuit. Bearing this in mind, passive RLC and active-RC filter design 
becomes very important and is the main scope of this textbook. 

In passive filter design, the passive elements that are used to influence the se- 
lectivity of a circuit are, by and large, the inductor and the capacitor (LC circuits). 
Resistors may be used to reduce selectivity to a desirable or tolerable level in order 
to improve, for example, the time domain or group delay performance of a circuit. 
These LC circuits: 

(a) can satisfy any practical filter specifications, no matter how strict they are 

(b) need a minimum number of components 

(c) can be designed so that they can maximize the power transferred from source to 
load in some frequencies in their passband. 

This last feature has been proved to be essential in ensuring the low sensitivity in 

highly-selective high-precision filters. 

Two circuit topologies are used in passive-LC filter design, the lattice and the 
ladder, shown in Fig. 1.19a and b respectively. 

The lattice structure is inserted between source and load, and its component 
impedances Z,4(s) and Zp(s) can be determined to satisfy a given set of filter spec- 
ifications. However, the lattice does present some disadvantages when compared 
to the ladder topology. Specifically, firstly for a given set of requirements, it needs 
more lossless elements than the corresponding ladder, and secondly it presents high 
sensitivity to component changes. This is due to the fact that in order to realize 
a transmission zero, a bridge equilibrium is required with |Z4(j@)| = |Zg(Vjo)|. 
Moreover, the two branches Z 4 must be absolutely identical and this requires many 
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Fig. 1.19 (a) Lattice. (b) Ladder structure 


and very precise components. The same is true for the two branches Zz, thereby 
raising the cost and making tuning of such filters very difficult. These disadvan- 
tages limit the use of the lattice topology to electromechanical filters mainly due 
to the inherent ability to exploit the properties of the electromechanical resonators. 
Lattice-LC circuits are also used as phase shifting circuits. 

The ladder-LC circuit topology can be used to satisfy any filter specifications 
employing a low number of lossless elements and without the problems of the lat- 
tice. In Fig. 1.19b, the horizontal branches are called series arms and the vertical 
branches, shunt arms. All branches Z; of the LC ladder are LC combinations, and 
ladder-LC circuits are used almost exclusively in the design of passive filters pre- 
senting minimum sensitivity in the passband. If there is a transmission zero at w, in 
the stopband, it is created either by one series arm whose admittance becomes zero 
at that frequency, or by a shunt arm, whose impedance becomes zero at w,. This fact 
makes filter tuning simpler than in the case of lattice circuits. Finally, an nth order 
transfer function can be realized with lossless ladder circuits with n lossless arms. 


1.5. Designing a Filter 


Suppose we are asked to design a lowpass filter with the following specifications: 
(a) For0 < f < 1.0 kHz the gain is G(f) =4 

(b) For f > 1.0 kHz the gain is G(f) = 0.7 

It is apparent that this filter is not realizable for three reasons, although only one 
would suffice to make it non-realizable: 

1. the gain cannot be absolutely constant in the passband 

2. the gain cannot be absolutely constant in the stopband 

3. the gain cannot jump from 4 to 0 

For the filter to be realizable, some tolerance should be given in the passband gain, 
the stopband gain and the transition from high to low gain, as shown in Fig. 1.20b 
where: 

(a) For 0 < f < 1.0 kHz the gain may vary G(f) < 3.9 

(b) for 1.0 kHz < f <3.0 kHz the gain must be G(f) < 3.9 

(c) For f > 3.0 kHz the gain must be G(f) < 0.7 
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Fig. 1.20 Lowpass specifications 


In Fig. 1.20b, these specifications are simply given in terms of the angular fre- 
quency w = 27. Filter specifications define the frame in which the gain function 
of the filter should be limited. In our case, the cutoff frequency, which is the end of 
the passband, is wc = 27 1000 rad/s and the stopband edge frequency, which is the 
beginning of the stopband, is ws = 2773000 rad/s. The band from we to ws is de- 
fined as the transition band. The maximum gain allowed in the passband is H, = 4 
and the minimum allowed gain in the passband is Hc = 3.9. The maximum allowed 
gain in the stopband is Hs = 0.7. 


1.5.1. Scaling and Normalization: Smart Simplification 


If a circuit has a characteristic frequency at w, and we wish to move it to another 
frequency w,, then we can scale the frequency by y = = All circuit functions 
will then be frequency-scaled by the same factor y. For example, if before scaling 
the transfer function is H(s) and the gain function G(w), the new frequency-scaled 
transfer function will be H(ys) and the new gain function G(yqw). When using 
@x = 1, i.e. when we want the characteristic frequency to move from w = @, to w = 
1, this particular frequency scaling is called frequency normalization. In frequency 
normalization, frequency is scaled (divided) by a characteristic frequency w, so as 
to make this characteristic frequency equal to 1. The new scaled frequency a = 
is the normalized frequency. In filter design, the characteristic frequency used for 
frequency normalization is the cutoff frequency wc, and therefore the normalized 
cutoff frequency becomes equal to | and the normalized stopband edge frequency 
becomes 25 = © > 1. 

In our design example, angular frequencies are normalized using 27 1000 rad/s 
and as a result the normalized cutoff frequency is (2c = 1 and the normalized stop- 
band edge frequency becomes 25 = en = 3. In Sect. 1.6, it will be shown that 
frequency scaling and normalization does not affect the magnitude characteristics 
(gain or attenuation), and therefore the frequency-normalized specifications plots 
retain the vertical axis without any change, as shown in Fig. 1.21b. 
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Fig. 1.21 (a) LP specifications. (b) Frequency normalized LP specifications 


A frequency-normalized filter, i.e. a filter which satisfies normalized specifica- 
tions, can be easily denormalized so that the cutoff frequency takes any desirable 
value, without affecting gain and attenuation characteristics. 


1.5.2 Approximation: The Heart of Filter Design 


Lowpass filter design from given normalized specifications starts from finding a gain 
function G({2) (or Ggp(S2) or A(&2)) which satisfies the specifications, i.e. for our 
example, its frequency plot lies in the allowed region of the normalized specifica- 
tions diagram of Fig. 1.21. The mathematical procedure necessary for finding the 
function G(§2) is called approximation and theoretically yields an infinite number 
of solutions of which only a subset satisfy the realizability conditions for stable 
linear time invariant electronic circuits. As an example, consider the gain function 
10.292 


G(2)= (1.15) 
JV 25 + 1.23523 — 3.56722 + 1.5242 +6.77 


which satisfies the specifications of our example in the manner shown in Fig. 1.22. 
However, this is not enough since the gain function must satisfy some more realiz- 
ability conditions. 

G(&2), i.e. the magnitude of the transfer function H(s) of a linear time invariant 
circuit for s = j§2, is an even function of 2 and G?(Q) is an even rational func- 
tion. In addition, we know that the poles of H(s) must be located in the left-hand 
half s-plane. These fundamental necessary conditions for G(§2) and H(s) limit the 
number of possible solutions. The gain function of (1.15) is not an even function, 
nor is its square, and this implies that there is no linear time invariant circuit with 
this gain function. It will be shown later that G({2) must be of the form: 


GCGs (1.16) 


A 
Jl +k? P2(Q) 
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Fig. 1.22 Plot (a) from 0 to 4 (b) from 0 to 1 
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Fig. 1.23 The gain plot of several approximations 


where k is a constant and P({2) is a polynomial or a rational function of 2. 

Fortunately, there are long-established approximations, each corresponding to 
a certain approximating function P({2). Although many other approximations ex- 
ist (Bessel, Legendre, Papoulis etc.), the corresponding gain functions of some of 
them, namely Butterworth, Chebyshev, Pascal and Elliptic, are shown in Fig. 1.23. 
These approximations lead with certainty to realizable transfer functions and the 
filter designer simply chooses one of them, rather than trying to discover a new 
approximation. 

Two of the next chapters deal with approximations and the subject will be cov- 
ered in depth in these. 
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Fig. 1.24 Denormalized active-RC Butterworth filter 


The design of a filter is based on the transfer function H(s). Approximation gives 
the gain function G({2) = |H(jS2)|, i.e. the magnitude of H(s) for s = 72. The 
transfer function is then calculated, as we will see later, using simple mathematics 
and exploiting the realizability conditions of the gain and transfer functions. 

Returning to our design example with specifications of Fig. 1.21, if the Butter- 
worth approximation is to be used, the gain function will be 


4 
Ggun(2) = —— (1.17) 
Vv 1+ 0.227922 
from which the corresponding transfer function can be calculated as 
17.5514 
Hgun(s) = (1.18) 


53 + 3.27435? + 5.36045 + 4.3878 


For the moment, let us not worry about how these functions have been determined, 
nor how the denormalized active-RC filter which realizes the transfer function 
of (1.18), shown in Fig. 1.24 is designed. These will be presented later. Note only 
that the gain response of the denormalized filter, shown in Fig. 1.25, satisfies the 
specifications in a monotonic manner. 
If the Chebyshev approximation had been preferred, the gain function would 
have been 
4 
Goun(2) = (1.19) 
V1 + 0.22792(422 — 3)?22 


in which case the corresponding transfer function is 


4.38784 
s? + 1.58867752 + 2.011947s + 1.09696 


Hcun(s) = (1.20) 
The denormalized active-RC filter which realizes the transfer function of equation 
(1.20) is shown in Fig. 1.26. The gain response of the denormalized filter is shown 
in Fig. 1.27. 
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Fig. 1.26 Denormalized active-RC Chebyshev filter 


It is observed that in both cases, the transfer functions have the same form with 
different coefficients and that the filter circuits structures are identical, with different 
component values. Moreover, it can be observed that the Chebyshev filter can satisfy 
the strictest specifications (e.g. Hs = 0.3). 

The usage of approximations, the calculation of the corresponding transfer func- 
tions and the synthesis of the filter circuits is the nucleus of this book and will be 
presented in the next chapters. For the moment, the general filter design procedure 
should be understood as follows: 

(i) Frequency is scaled using wc so that the normalized cutoff frequency becomes 
1 and the stopband edge frequency (25 = ee 


(ii) Using one of the known approximations, the corresponding transfer function 
H(s) is calculated, whose frequency response |H(j£2)| = G(£2) satisfies the 
specifications. 

(iii) The normalized filter circuit is synthesized from H(s). 

(iv) The filter is denormalized to the desired frequency and impedance level. 


22 1 Introduction to Filter Concepts 


G(f) 


0 
0.01 0.1 t— 3; a0 100 EAR) 


Fig. 1.27 Frequency response of the denormalized active-RC Chebyshev filter 


All approximations and filter design procedures refer exclusively to normalized 
lowpass filters. The problem of designing a filter of a type other than lowpass (e.g. 
highpass or bandpass) is transformed initially to a normalized lowpass filter design 
problem which, in the end, is transformed to the desired type using the correspond- 
ing frequency transformation. 

The realization of a circuit from its transfer function depends on the technology in 
mind. In the active-RC case for example, it is possible to design circuit sections that 
can operate independently from the previous and following ones. This is mainly due 
to the inherent properties of the operational amplifiers. If, however, the filter is to be 
realized using only passive components, the design procedure is more complicated 
since all filter sections, including the source and load impedances, are involved. 
This complication is the reason for presenting passive filter design in a later chapter, 
following the active filter design. 

The implementation of a transfer function using active-RC circuits can be faced 
in various manners, one of which is to analyze the transfer function into first and 
second order factors related to its poles and to cascade the corresponding circuits 
that realize these factors. This simple method has been used in our example and al- 
though it does not lead to the optimum result, it is very popular due to its simplicity. 
A completely different method is the active-RC simulation of passive filters, where 
a passive filter is designed first and then simulated using active-RC circuits employ- 
ing one of the many methods that have been proposed and will be presented in later 
chapters. 


1.6 Scaling and Normalization 


The values of the quantities involved in the analysis of a circuit may vary from very 
small (e.g. C = 1 pF = 107!” F) to very high, of the order of 10!” (e.g. GHz). This 
enormous spread makes calculations not only difficult, but also prone to inaccu- 
racy. The problem is overcome by using impedance and frequency scaling, which 
facilitates calculations and in general the design procedures. 
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Fig. 1.29 The circuit with its impedances scaled by k 


1.6.1 Impedance Scaling 


The voltage transfer function H(s) of the circuit of the simple Fig. 1.28, calculated 
using any analysis method, is: 


LEC 


H(s)= (1.21) 
P+ —eoitoe 
The input driving point impedance is 
5 24 (Ks +: a ue HRs (Ba) 
Z(s) = L (1.22) 


s+ Et 


If all impedances of the circuit are divided (scaled) by k, the load resistance will be- 
come Ry», = Ae and the resistor BS will take the value Rs, = Rs . The impedance 


SL of oe inductor will become s£, which corresponds to the sealed inductance 


‘ > 
Lyr= z. Similarly, the impedance zc Of the capacitor will become CE which cor- 
responds to a capacitor C, = kC. Figure 1.29 shows the circuit after scaling the 
impedances by k. 

Substituting the scaled values in (1.21), it becomes obvious that impedance 
scaling has no effect whatsoever on the transfer function H(s) and the circuit of 
Fig. 1.29 has exactly the same voltage transfer function and frequency response as 
the initial circuit of Fig. 1.28. Substituting the new scaled values in (1.22), it can be 
seen that for the input driving point impedance Z,(s) of the scaled circuit, we have 
Zn(s) = 20) Although these conclusions come from a simple example, it can be 
proved that, in general, impedance scaling does not affect the transfer functions of 
the circuit and simply scales the driving point impedance functions by k. 

If the scaling factor k is a dimensionless number, the scaled circuit elements 
simply change their values. 
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Fig. 1.30 Frequency scaled circuit 


1. A resistor R = 1200 Q, if scaled with k = 600, becomes a resistor with R, = 
1200 Q 
600 = 2 & 
2. An inductor with L = 120 mH, if scaled with k = 600, becomes an inductor with 


Ly = Mop = 0.2 mH. 
3. A capacitor with C = 5 nF, if scaled with k = 600, becomes a capacitor with 

Cy = 2F = 3 uF. 

If the scaling factor k is chosen to have dimensions of resistance, e.g. k = Rp = 
600 Q, the scaled resistors will be dimensionless quantities, pure numbers. In our 
example circuit of Fig. 1.28, the scaled quantities Rs, = a and Ry» = fe will be 
disnensiontess: The bane is true for the scaled impedances of the inductor and the 
capacitor s = Re and ae Ry respectively, although the scaled quantities L, = z and 
Cy = RoC, in this case have time dimensions and are both measured in seconds! 
The impedance scaled circuit with k = R,S2 is no more a real circuit, but a model 
of the initial circuit which has the same transfer function. The usefulness lies in 
the fact that from a scaled circuit, the real circuit is instantly retrieved by simply 
multiplying all scaled resistances and inductances by R, and dividing all scaled 
capacitances by Ro. 

When the scaling resistance R, is selected to be equal to a characteristic resis- 
tance of the circuit (e.g. the load resistance) so that after scaling this characteristic 
resistance becomes equal to 1, impedance scaling is referred to as impedance nor- 
malization. 


1.6.2 Frequency Scaling 


Let us now examine what will happen to the transfer function of the circuit of 
Fig. 1.28 if all inductances and capacitances are multiplied by w,, a quantity with 
dimensions of angular frequency (rad/s), as shown in Fig. 1.30. This simple opera- 
tion is called frequency scaling for reasons that will become clear below. The fre- 
quency scaled inductance will be L, = w,L and the frequency scaled capacitance 
Cn = WC. 

Setting L = w,L and C =a,C, the frequency scaled values, in (1.21) we get 


1 


Ay (s) = 
"EC (wos) + (RsC + # Joos +1 + FS 


= H(@5) (1.23) 
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Fig. 1.31 A simple circuit and its gain plot 


It is clear that the frequency scaling procedure simply multiplies the independent 
variable s by w,. This means that whatever papers to the initial circuit for s, will 
happen in the frequency scaled by @, circuit for >-, and whatever happens to the 
initial circuit for @ will happen in the frequency sealed by @, circuit for 2 = 

Although frequency scaling was presented using a simple circuit, it can be shown 
that, in general, by multiplying all impedances and capacitances of a circuit by w, 
all circuit functions Fs) are simply frequency scaled, becoming F'(a@ 5s). 

All functions F,,(s) of a frequency scaled circuit can be “descaled” simply by 
dividing the independent variable by the desired frequency wo: F(s) = PAZ) 

When the scaling frequency w, is selected to be equal to a characteristic fre- 
quency of the circuit (e.g. the cutoff frequency) so that after scaling the character- 
istic frequency becomes equal to 1, impedance scaling is referred to as frequency 
normalization. 


1.6.3 Full Normalization 


Impedance and frequency scaling can be applied simultaneously on a circuit. Re- 
member that after impedance scaling using R, (in &), the scaled resistors are di- 
mensionless and the scaled inductances and capacitances are measured in s. If the 
impedance scaled circuit is then frequency scaled using w, in rad/s, it is obvious 
that these awkward elements will be dimensionless numbers. 

If the example circuit of Fig. 1.31 with load resistor Ry and cutoff frequency 
@c is impedance scaled using Rj = R, and frequency scaled using w, = wc, the 
normalized circuit will have all resistances divided by R_, all inductances divided 
by Rz and multiplied by we and all capacitances multiplied by Rrwc. The dimen- 
sionless normalized values will be: 


Ry = Ri. Lnr= a Cn = @LRcC (1.24) 


The normalized dimensionless angular frequency, time and frequency are given by 


2 
@Q@as= 62°) Bo 7 (1.25) 
OC 20 Oc 
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Fig. 1.32 The normalized circuit 


The transfer function of the example circuit of Fig. 1.31 with load resistance Rz, 
and cutoff frequency wc has been previously calculated (see (1.21)): 


1/LC 
1+Rs/Ri 


A(s)= 
P+ (E+ gos + +e 


(1.26) 


Normalization of the circuit using Ry; and wc results to the normalized circuit of 
Fig. 1.32 with Ry, = 1, cutoff frequency 2¢ = | and the element values: 


Rs RL wc 
Rs, = — Rin=—=1 Lzn=—L a R,LC 1.27 
Sn Ri Ln Ri n RL n=OcCKL ( ) 


The transfer function H,,(s) of the normalized circuit is 


1/(LnCn) 


2 Rsn 1 1+(Rsn/Rin) 
- F ( Ln a RinCn )s a 


n&n 


Ay (s) = = H(wcs) 


Frequency or full normalization scales not only the transfer function, but also the 
gain and attenuation functions and the corresponding phase functions: 


If G@)=|HGo)| = Gri(o)=|HUeco)|=G(@co), and 


(1.28) 
If d@)=<H(jo) = drn(@)=<An (je) = o(@co) 


The normalized circuit element values can be denormalized for any desirable 
load resistance level R; and any desirable cutoff frequency we as follows: 


RL 1 
RoR La ces (1.29) 
WC wcRLi 


As an example, if we are given a normalized filter like the one shown in Fig. 1.33 
with unit load and normalized cutoff frequency {2c = 1, in order to make the load 
Ry, = 600 Q and the cutoff frequency wc = 277500 rad/s (i.e. fe = 7500 Hz), 
we must denormalize using (1.29) with R; = 600 Q and wc = 277500 rad/s. If 
we want the load to be 300 and the cutoff frequency 3000 Hz, then we must 
denormalize using (1.29) with Ry, = 300 Q and wc = 2773000 rad/s. 
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Fig. 1.34 A 3rd order Re L> 
passive lowpass filter table 
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Normalized filters have unit load and unit angular cutoff frequency and can be 
easily denormalized for any desired load and cutoff frequency. Normalization fa- 
cilitates the creation of filter tables as will become apparent from the following 
example. 

Suppose that the transfer function of the 3rd order passive filter of Fig. 1.34 with 
cutoff frequency fc —~ wc = 22 - fc and passband tolerance determined by max 
is given by: 


3 Ri 
°C BRs+Ri) 


— withB=V10 8 —1 (1.30) 


H(s)= H I 2 
(s +a@cB 3)(s? +@cB 3 + wcB 3) 


Using certain synthesis methods that will be presented later in this book, we can 
calculate the values of the capacitances C;, C3 and the inductor L2 as functions 
of Rs, Rr, wc and max, i.e. Cy(Rs, RL, @c, Amax), L2(Rs, RL, @c, max) and 
C3(Rs5, RL, ®C, @max). In order to create a table giving the values of C;, L2 and 
C3 for given Rs, Rx, wc and max, a table like the one shown in Fig. 1.34 will be 
necessary. 

For the table to be useful, at least 100 Rs values and 100 Ry values are necessary. 
For the cutoff frequency more than 1000 entries, if not many more, will be needed. 
Finally, for omax, We Will limit the table values to only 10. This will require 107 - 
107 - 10° - 10! = 108 (100 million) entries in the table, to accommodate all possible 
value combinations in approximately one million pages! 
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Fig. 1.35 A 3rd order 
normalized passive lowpass 
filter table 


Using impedance and frequency normalization using Ry and wc so that the load 
resistance and the cutoff frequency become equal to 1, the corresponding columns of 
the table are not needed any more and the number of the entries drops spectacularly 
from 10° to 103, requiring only 10 pages instead of one million pages. The form of 
such a table giving the normalized element values of the 3rd order passive filter is 
shown in Fig. 1.35. 

We shall see in Sect. 1.6.4 that the size of the table can be reduced further to 100 
series fitting in one page. 

To demonstrate the use of such a table, let us design a passive lowpass filter with 
Rs = Ry = 1 kOhn, fc = 1 kHz, Qmax = 0.5 dB, fs = 4 kHz and amin = 25 GB. 
To design the filter, we first normalize the specifications with R, = 10° Ohm and 
oc = 21 10? rad/s. The normalized specifications will be: Rs, = 1, Run = 1, 2c = 
1, 25 =4, max = 0.5 dB and Omin = 25 dB. 

A normalized filter with these specifications is that of Fig. 1.36a, as we will see 
later. Although complete synthesis methods would have revealed the element values, 
this can be avoided if we have the table of Fig. 1.35, from which, with Rs, = 1, we 
can take the normalized values C1, = 0.7043, L2, = 1.4085 and C3, = 0.7043 of 
the normalized filter with Ry, = 1, Qc = 1 and amax = 0.5. 

To make the load from 1 —> 10? Ohm and the cutoff angular frequency from 
1 > 27r10° rad/s, the normalized element values must be denormalized using Ry, = 
10° Ohm and wc = 2710? rad/s: 


Cn 0.7043 
ocR, 22 - 103-103 
— LnRt _ 1.4085- 10° 
~ ac 2m - 103 


R, =Rin-10°=10000hm ~— Rs = Ry, - 10° = 1000 Ohm 


CC, =C3= =112nF 


L = 224.2 mH 


The denormalized filter is shown in Fig. 1.36b. 
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Fig. 1.36 (a) Normalized 
(b) denormalized filter 
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224.2 mH 
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G(Q)=|HGQ)| 


Fig. 1.37 Prototype lowpass filter specifications 


1.6.4 Prototype Filters 


The number of entries of Table II in Fig. 1.35 can be further reduced if we assume 
that G(1) = Hi, as shown in Fig. 1.37a. This corresponds to @max = 3 dB as 


shown in Fig. 1.37b. Normalized filters with G(1) = 2H, are referred to as proto- 


type filters. 

Prototype filters are related to normalized filters that have G(1) = Hc # YH, 
via frequency scaling. In the prototype filter, gain Hc is assumed at a frequency 
92, <1, as shown in Fig. 1.38a and we want this frequency equal to 1. This can be 
done by frequency scaling the prototype filter using (2,. If the transfer function of 
the prototype filter is H,(s), the transfer function of the filter with G(1) = Hc will 
be H(s) = Hp(82,-s). This frequency scaling does not affect the values of resistors, 
but only the values of inductors and capacitors which are divided by (2,. 

Since from a prototype filter we can get a normalized filter with G(1) = Hc, the 
column Qmax of the table of Fig. refTableExampleN is not required for prototype 
filters with @max = 3 dB. This leads to a prototype filter table like similar to that of 
Fig. 1.39, with only 100 entries fitting on a single page. Remember that we started 
from a table with one million pages, we reduced it to a table with 10 pages using 
normalization and finally we have a table that fits on a single page. The table of 
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Fig. 1.38 Prototype lowpass filter specifications 


Fig. 1.39 Prototype filter Rs dis 
table 4 


= 
2 
S 
S 
S 
= 
2 
S 
S 
3S 
N 
2 
S 
S 
S 
= 
2 
S 
S 
S 


tw 
S 
‘o 
S 
S 
S 


! 
| 11 | 0.9000 | 0.8082 | 1.6332 1.000 
oe 


51 | 0.5000 1.1811 | 0.7789 | 3.2612 


91 | 0.1000 | 5.1672 | 0.1377 | 15.4554 


Fig. 1.39 is valid only for the 3rd order passive ladder filter but there exist similar 
tables for any order. When the design procedure shows that a filter of order n can 
satisfy the specifications, the values of the lossless elements of the prototype filter 
can be taken from the entry of the appropriate table that correspond to the normal- 
ized Rs,. These values are then divided by S2, to give the normalized values of the 
filter with GU) = Hc. The filter can then be denormalized for the specified load 
resistance and cutoff frequency. It will be seen later that frequency {2;, for which 
the gain of the prototype filter is G,(S2) = Hc, emerges from the design procedure. 


1.7 Circuit Order 


The order of a linear circuit is the degree of its characteristic differential equation 
and is therefore the higher order of s that appears in any of the related circuit func- 
tions, e.g. the transfer function or any driving-point function. This means that given a 
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Fig. 1.40 (a) A passive 
circuit. (b) Rearranged 


(a) 


L-node 


(b) C) 


C-loop 


circuit, the calculation of the differential equation or of a circuit function is required 
so as to determine its order. The order of a circuit is a measure of its complexity, 
and in filters, the order is a measure of their selectivity. 

In the case of RLC circuits, the order can be determined directly from their topol- 
ogy by inspection, and is directly proportional to the number of lossless elements 
L and C, after combining in series or in parallel any elements of the same kind. In 
fact, the total count of inductors and capacitors determine the maximum order that 
can be expected from the circuit. Resistors do not directly affect the order of linear 
circuits. 

The maximum order as the sum of the inductors and capacitors count is reduced 
if L or C-nodes exist in the circuit structure, i.e. nodes with only inductors or ca- 
pacitors connected to them. A further reduction is due to the existence of closed 
paths (loops) consisting exclusively of inductors (L-loops) or capacitors (C-loops). 
In fact each L-node, C-node, L-loop or C-loop reduces the order by 1. In the circuit 
of Fig. 1.40a, there are one L-node and one C-loop. If this is not obvious, see the 
circuit of Fig. 1.40b, which is the same circuit redrawn to make the L-node and the 
C-loop apparent. Since the number of reactive elements is 7 (3 inductors and 4 ca- 
pacitors), the order of the circuit will be n = 7 — 1 — 1 =5, which is independent of 
the element values. All functions of the circuit will have a polynomial of maximum 
degree 5. For example, if all element values are set to 1, the driving-point input 
impedance will be: 


65> + 1254 + 1453 + 952 + 65 +1 


Z = 
1(8) 4s4 + 853 + 852 +55 +2 


(1.31) 


The order of the circuit of Fig. 1.41 is obviously n = 3 since it has 2 capaci- 
tors and | inductor in a topology without identical element loops or nodes. This is 
confirmed by determining the transfer function H(s) = V2(s)/E(s): 


LiCys? +1 


L1CyCaRis3 + [LiCy + LiCy (1 + £)]s2 + (RiCo + B)s +14 
(1.32) 


H(s)= 
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Fig. 1.41 A circuit of order L, 
n=3 


Fig. 1.42 The circuit is now L, 
of order n = 2 


Ro 


(a) (b) 
Fig. 1.43 (a) A circuit with one L-node and n = 2. (b) The circuit without the L-node has n = 3 


Removing resistor Rj, the circuit becomes that of Fig. 1.42, and since resistors 
do not affect the order, it is expected that the order will remain n = 3. However, cal- 
culation of the same transfer function by any analysis method or by setting R; = 0 
in (1.32) gives: 

2 
H(s) = alee (1.33) 
st+L11(Ci+Cy)s+B+1 

This implies that by removing the resistor Rj, the order is n = 2 and not n = 3 
as expected. The explanation is that by removing R;, capacitors C; and Cz form 
a C-loop through the ideal voltage source. Therefore, resistors may not affect the 
order in a direct manner but they may prevent the formation of identical element 
nodes or loops. Consider as a second example, the circuit of Fig. 1.43a, the order of 
which is n = 3 — | = 2 due to the obvious L-node. By adding the resistor Ry, as we 
have done in Fig. 1.43b, the circuit does not have an L-node any more and its order 
isn=3, 

Circuits of order n with exactly n reactive (lossless) elements are referred to as 
canonic. Circuits of Figs. 1.40 and 1.41 are not canonic. Canonic circuits do not 
have L-nodes, C-nodes, L-loops or C-loops. 
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2.85465 


Fig. 1.44 A normalized passive lowpass filter 


In active-RC (inductorless) filter design, the order of the circuits depends only 
on the number of capacitors. If an active-RC circuit is of order n, then it has at 
least n capacitors. A canonic active-RC circuit has exactly as many capacitors as its 
order. It is, however, very common for active-RC circuits to have more capacitors 
than their order and there is no simple and direct way to determine their order by 
inspection. 

In filter design, the calculation of the order of the filter is one of the fundamental 
tasks and as we shall see, it is determined from the specifications. Since on the 
one hand higher order means higher complexity and on the other it implies higher 
selectivity, designers seek the minimum order to ensure the desired selectivity. 


1.8 Problems 


1.1 Determine the impulse response of the ideal highpass filter in order to show that 
it is a non-realizable system. 


1.2 Show that the magnitude response of Hgyn (2) of (1.18) is given by (1.17). 
1.3 Calculate and plot the logarithmic gain from Hgyy(S2) of (1.18). 

1.4 Show that the magnitude response of Heyy () of (1.20) is given by (1.19). 
1.5 The circuit of Fig. 1.44 is a normalized passive lowpass filter. Calculate its 
element values in order to be used with load resistance Ry = 1.5 kOhm and cutoff 
frequency fc = 2.0 kHz. 

1.6 The circuit of Fig. 1.45 is a passive lowpass filter with cutoff frequency fc = 
5.0 kHz. Calculate its element values in order to be used with load resistance Ry = 
600 Ohm and cutoff frequency fc = 3.0 kHz. 

1.7 The circuit of Fig. 1.46 is an active normalized lowpass filter. Taking into ac- 
count that in real active filters resistance values must be in the 10 kOhm region, 


calculate its element values in order to have cutoff frequency fc = 5.0 kHz. 


1.8 Prove that the voltage transfer function of the circuit of Fig. 1.47 is: 
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Rs=1 KOhm Lp 


C) 
22.43nF 


R,=!1 KOhm 


Fig. 1.45 Lowpass filter for Problem 1.6 
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1.22165 


Fig. 1.46 Circuit for Problem 1.7 


Fig. 1.47 Circuit for Rs L 
Problems 1.8 and 1.9 


Vo(s) 1/LC 


E(s) 524 (4S + plays + HRs(he 


H(s)= 


1.9 Prove that the driving-point input impedance function of the circuit of Fig. 1.47 
is: 


2 Rs 1 1+(Rs/RL) 
sot (e+ ys + 
rac L RLC LC 


1 
SoD REC 


1.10 Determine how the step and impulse responses of a circuit are affected by 
frequency scaling. 
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All-Pole Approximations 


2.1 Filter Specifications and Approximations 


The behavior of analogue filters can be described in the time or in the frequency 
domain and filters can be designed from time or frequency domain specifications. 
However, it is more often the case that filters are designed from frequency domain 
specifications from either amplitude or phase requirements. 

Filter specifications are usually given in terms of magnitude characteristics and 
describe the desirable gain or attenuation in the passband and stopband within spec- 
ified tolerances. As we will see and prove, the complexity of the transfer function of 
the filter and of the filter itself depends heavily on these tolerances and increases as 
these become stricter. 

All filter approximations, tables and nomographs refer to normalized lowpass 
specifications (see Sect. 1.6) since they are not only easily denormalized but can 
be transformed to any other filter type, such as highpass, band-reject and bandpass 
filters. 

Approximations are mathematical procedures used to translate given magnitude 
specifications into realizable transfer functions. Employment of well known approx- 
imations like Butterworth, Chebyshev, elliptic etc. to determine the transfer function 
of a filter ensures that the magnitude response will satisfy the specifications and will 
be realizable with passive or active circuits. 

The synthesis of a normalized lowpass filter with given magnitude specifications 
starts with finding a gain function G({2) that satisfies the specifications with G(Q y 
being a rational even function of (2. This procedure, the approximation, yields theo- 
retically infinite solutions and some of these are not suitable since they do not satisfy 
certain realizability conditions. This means that simply finding a mathematical func- 
tion, the plot of which does not violate the specifications, does not necessarily assure 
its realizability as a gain function of a realizable circuit. 

Fortunately, as it has been mentioned in Chap. 1, the filter designer can choose 
from some established approximations that lead to realizable transfer functions. 
Among these, the most popular are the Butterworth, Chebyshev and Cauer (or el- 
liptic) approximations. The manner in which each of them approximates the ideal 
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G(Q) G(Q) GQ) 


Butterworth Chebyshev Inverse 
Chebyshev 
1 ae 1 a 1 a 
(a) (b) (c) 
G(Q) G(Q) G(Q) 
Pascal Inverse Elliptic 
Pascal 

1 Q 1 Q 1 Q 
(d) (e) (f) 


Fig. 2.1 Butterworth, Chebyshev, Pascal and elliptic approximations 


lowpass gain specifications is shown in Fig. 2.1. From these approximations, Butter- 
worth, Chebyshev and Pascal, (a), (b) and (d) in Fig. 2.1 are monotonic in the stop- 
band. Inverse Chebyshev (Fig. 2.1c), inverse Pascal (Fig. 2.le) and Cauer (Fig. 2.1f) 
have transmission zeros, i.e. frequencies at which the plain gain becomes zero. 

In order to synthesize and finally implement a passive or active filter from mag- 
nitude specifications, it is necessary to calculate its transfer function H(s) = pare 
The approximation gives the gain function G(w) = | H(s)|s—jw. The poles and zeros 
of the required and stable transfer function are obtained by a factorization process, 
the basis of which is as indicated in (2.1) 

H(s)H(-s) =|H (jo) 2 js =|HGo)2o__2 (2.1) 
The approximation procedure is completed when we have constructed the transfer 
function H(s), the magnitude of which |H(s)|s—j~ = G(@) satisfies the filter spec- 
ifications. 

If the lowpass filter specifications are not normalized with 2c = 1, as in 
Fig. 2.2a, they can be normalized by scaling the angular frequencies by the given wc 
so that the normalized stopband edge frequency becomes {25 = ae > 1 (Fig. 2.2b). 

As shown in Chap. 1, frequency scaling does not affect the magnitude character- 
istics (gain or attenuation). Moreover, a filter designed with normalized specifica- 
tions can easily be made to operate at any desired frequency, within the operational 
frequency range of the devices used in the implementation, by denormalizing ac- 
cordingly the circuit elements. 
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G(o)=|HGo)| G(@)=|HGQ)| 


Fig. 2.2 The lowpass specifications and the normalized lowpass specifications 


2.1.1. All-Pole Transfer Functions and Approximations 


The term all-pole refers to transfer functions with constant numerators of the form 
H(s)= aa where D(s) is in general a polynomial in s of degree N: 


k 


k 
H — = 
“ D(s)  sN + By-1sN-!+.---+ Bis + Bo 


(2.2) 


Filter transfer functions have to be stable with all their poles in the left hand half 
s-plane. Poles on the jw-axis would make the transfer function marginally stable 
and would create infinite gain at their frequencies, a situation which is neither desir- 
able nor useful in filter applications. Therefore, the only acceptable kinds of poles 
in the filter transfer functions are negative real poles s, = —c (c > 0) and complex 
conjugate pole pairs s, = —a + jb, with negative real part, i.e. a > 0. This means 
that only terms of the form (s + c) and (s? + 2as + a* +b?) will be present in the 
denominator polynomial D(s) of (2.2) which, due to the exclusive presence of such 
terms, will be complete, i.e. without missing terms. 

From (2.2) we get 


BU) =F Ga) 


Ik| Ik| 


> |A(j8)|= - = 
V1+[|DG2)2-1) VI+Q(2) 


(2.3) 


This is the general form of the magnitude response of all-pole lowpass filters with 
a constant numerator and a denominator which is the square root of a factor of the 
form 1 + [|D(j2)|? — 1]. The term |D(j£2)|, as a magnitude function, is an even 
function of §2 and therefore, the bracketed term 


[|D(j2)* — 1] = Q(2) (2.4) 
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is a real even polynomial in 2 of even degree 2N of the form: 
O(82) = 22% + boy_22?%-? + doy_4.Q24-4 +... + 92? + bg (2.5) 


with all b; 4 0, except the constant term bo, which can be zero only in the case when 
the constant term Bo of D(s) is equal to 1, i.e. only if D(O) = 1. 

The term complete polynomial is used for a polynomial of order N in which all 
coefficients are # 0. The terms complete odd and complete even polynomial will 
also be used for odd and even polynomials respectively with no missing terms. In 
complete even polynomials, the constant term can be zero but in any case they can 
be expressed as polynomials in 25g = (2: 


QO(2) = 27% + boy 9278-2 4... + bp 2? + bo 
> Q(2) = O(Qeq) = QF, + bana! +++ + brQsq + bo 


Bearing in mind the expression (2.3) for the magnitude response of all-pole trans- 
fer functions as well as that Q({2) is a complete even polynomial, in all polynomial 
approximations the gain is expressed with a similar function of the form 


Ay 


V1+ Pil) 


where P,,(§2) must meet the conditions set for Q({2), i.e. it must be a complete even 
polynomial, as defined above. In fact any complete even polynomial can be used in 
(2.6) in order to express the lowpass gain characteristics, provided it assumes low 
values in the passband and high values in the stopband. 

Equation (2.6) is the basis of the all-pole approximations which differ only in the 
polynomial used. In fact, all known all-pole approximations use (2.6) with P,({2) = 
y? PEC): 


G(2) =|H(j2)|= (2.6) 


Ay 


Jl+y?Px(2) 


with Py (S2) being the approximating polynomial (complete even or odd) and y a 
design parameter. 

Although it is not necessary, P,(S2) is taken to be equal to the square of an even 
or odd polynomial of degree N, i.e. Py (2) = Naas og (2) in order to simplify the 
related mathematical complexity. 

For lowpass gain characteristics to be achieved, Py ($2) must assume low values 
for 0 < 2 < | and high values for §2 > 1. For practical reasons, the approximating 
polynomial Py (2) is made to assume unity value at §2 = 1, i.e. Py(1) = 1. 

In the Butterworth approximation, Py (§2) = QN is used, as will be seen in the 
next section. If Chebyshev polynomials are used instead, the Chebyshev approx- 
imation is derived. In a similar way, Pascal, Legendre or Bessel polynomials can 
be used to produce the approximation with the corresponding name and properties. 


G(Q)= (2.7) 


2.2 The Butterworth Approximation 4) 


Fig. 2.3 Logarithmic gain of Full response 
a 6th order non-square 
approximation compared to 
the corresponding Chebyshev 
response (dotted) 
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All-pole approximations are also referred to as polynomial approximations due to 
the fact that the approximating functions are polynomials. 

It should be noted that all-pole approximations using in (2.6) a complete even 
polynomial P,(§2) of order 2N which is not the square of another polynomial of 
degree N have not been reported in the related literature. For example, the polyno- 
mial of degree 2-6 = 12 


m—1 


6 
P,(Q) = 47.346554 = p- here 2.) = —————__—_ 
a (82) aK gm) WHERS Sap 0.725806(m + 1) 


m=1 


which is not the square of another polynomial of degree N = 6 can be used in (2.6) 
with H, = 0.958833 to give the logarithmic gain shown in Fig. 2.3. The figure also 
shows the corresponding 6th order Chebyshev filter with 0.5 dB passband ripple, for 
comparison. This approximation exhibits a non-equiripple behavior in the passband 
and its advantage over the corresponding Chebyshev response might be the inherent 
diminishing ripple [11] and the lower pole Qs. 


2.2. The Butterworth Approximation 


Assuming that the type of response is selected a priori (e.g. Butterworth type etc.) 
the following four parameters describe the filter transfer function completely: 


{Ho, Hc, Hs, 25} (2c = 1) 
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G(Q)=|HG2)| Gap(Q)=20log|HGQ)| 
H aB 
0 . fer 2 a 
HG Omax | 
&o0-8max-____ ----} ae, 
Onin 
Hy }--------}---- ee 
0 Q Go-Omin_------|----4 
0 I Qs 
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Fig. 2.4 Normalized lowpass specifications: (a) Plain gain. (b) Logarithmic gain 


In terms of logarithmic gain, the normalized lowpass specifications can be described 
by 


{Qo, Umax, min, 2s} (Qc = 1) 


where a, = 20 log(Ao), max = 20log(H,/Hc) and amin = 20 log(H,/Hs). 

The parameter H, can be taken equal to | (i.e. a, = 0 dB) without loss of gen- 
erality and therefore the filter requirements can in practice be determined by three 
parameters: 


%@s and {Hc,Hs} or {dmax,%min} (2.8) 


referred to as the normalized lowpass filter specifications. 

Thus, the design process seeks to find a function G({2) which stays within the 
limits defined by the specifications. In other words, the response does not stray into 
the dashed areas of Fig. 2.4. S. Butterworth proposed [1] the monotonic function: 


A, 
/ + f2.Q2N 


with N, the order of the approximation, a positive integer, and 6 a design parameter 
related to the passband tolerance. Notice that the Butterworth gain function of (2.9) 
is in accordance with (2.7) with Py (2) = QN with Qoy (2) = B?22". 

Equation (2.9) for 82 = 0 gives by definition G(O) = H, while the integer order 
N and the design parameter 8 remain to be determined. 

The order N is selected to be the lowest integer consistent with the specifications. 
Its selection will be examined shortly. For the present we select 6 such that 


G(Q2) = (2.9) 


Ay 


——_ > 
V14+p2 7 


G(1) = & fp’ <(H/Hc)’-1 


Ao amax 
= BS Bmax = —]) -—1l=y100 —-1 
Hc 
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Fig. 2.5 Butterworth G(Q)=|HG)| 
approximation stopband H . 
scenarios 0 
He 
Hs 
0. 
0 1 Qs Q 


Thus any value of 6 < Bmax ensures that the gain for 0 < 2 < 1 will remain 
> Hc. For B = Bmax we make the gain G(1) = Hc and the gain curve passes from 
the point {1, Hc}. It is almost exclusively the case in the literature that 6 is taken to 
be Bmax and only in [5] is it allowed to be a design parameter and can assume any 
value Pmin < 6 < Bmax. The minimum value Bmin depends on the order N which 
must be first calculated. Before the order calculation, let us examine the derivative 
of the Butterworth gain function of (2.9). 


ey ee ( Ho ie NBT HO (2.11) 
dQ ~ dQ\/1 +4 p2Q2N ] (1 + B222N)3 : 


The derivative is non-positive and henceforth G({2) is monotonically decaying. It 
can also be shown that all (NV — 1) derivatives of G({2) assume zero value for £2 = 0 
and for this reason Butterworth approximation is called maximally flat. 

The Butterworth gain function of (2.9) with B < Bmax Satisfies the passband spec- 
ifications (0 < §2 < 1) but may violate the specifications for 82 > 1 as shown in 
Fig. 2.5 with a dashed curve. 

In order for the monotonic gain function to satisfy the specifications for 2 > 1, 
it is sufficient to ensure that G(Qs5) < Hy. This will lead to the calculation of the 
order N of the approximation: 


(Ho/Hs)* —1 


H 
i <Hs <$ of > BR 


V1 + p222" 


G(Qs5) = 


H,/Hs)? — 1 
o> 2N log 2s = log( “e/E—*) 


p2 
log Lt) 


> 
~ 2log 25 
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From the above relation, it can be concluded that the integer order N of the 
approximation must be greater than the fractional order Ng of the approximation: 
H,/Hs)?—1 

log Help) 


N > Nz = ——_ 
=e 2log Qs 


(2.12) 

Since N must be integer, it is taken as the minimum integer that satisfies N > Ng, 
i.e. the integer that results from rounding up Ng. The complexity of a filter is directly 
proportional to the order of the approximation, and for this reason we try to keep N 
as low as possible. The fractional order Na, if seen as a function of 6, assumes its 
minimum value for 6 = Bmax and the order equation (2.12) becomes: 


H2 
HZ % 
log(a3 A 1 (40 10" aly 
nee = — te 10 - (2.13) 
fmin Qlog 2s 2log 2s 


The order equation gives the fractional order of the approximation as a function 
of the specifications. The integer order N of the approximation will of course be the 
next integer value greater than Ng. It is clear from (2.13) that the order is increasing 
as §25 approaches unity and becomes infinite for 25 = 1. This means that as we 
try to make a narrow transition band, we increase the order or that higher order 
filters realize narrower transition bands. The order also increases as the passband 
tolerance decreases (Hc approaches H,) and as the maximum allowed stopband 
gain Hs decreases. Thus, as we try to make the response closer to the ideal brick 
wall characteristic the order becomes increasingly large until it becomes infinite for 
the ideal case. 

Filters designed to have the monotonic maximally flat gain function of (2.9) are 
referred to as Butterworth filters and the name implies only that they realize this 
type of response, no matter how they are implemented. Butterworth filters can be 
implemented under any suitable technology. 


2.2.1 Optimization Using 6 as a Design Parameter 


Returning to (2.12), we saw that Ng is minimized for 6 = Bmax. Decreasing 6 from 
its maximum value, the fractional order increases until it takes integer value and 
G(s) = Hs. This minimum value of 6 is given by 


Jb/Hs—-1 low -1 
Brin = _—_ a (2.14) 
25 25 


Decreasing 6 to a value lower than Bmin, Na exceeds the integer order N and the 
new integer order of the filter will increase by 1. This is shown in Fig. 2.6 for a 
filter designed with normalized specifications H, = 1, Hc = 0.95, Hs = 0.05 and 
Q5 =2.7 which give Ng =4.135 => N=5. 
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Fig. 2.6 Plotof Ng asa 
function of 6 


Fig. 2.7 Butterworth gain 
plot for the various values 
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When the minimum fractional order Ng has been calculated from (2.13) and has 


been rounded up to the next integer value N, the coefficient 6 becomes a design 
parameter and its value can be selected from 


For the calculated N, any value of 6 within the permitted range Bmin < B < 
Bmax leads to a Butterworth gain function G(2) = 


Ho 
specifications in a different manner, as shown in Fig. 2.7 


(2.15) 


oman 
<yl aa = Bmax 


(2.16) 


Vinptaen 


which satisfies the 
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2.2.1.1 Case I: B = Bmax 

Using 6B = Bmax in (2.9) we get G(1) = Hc and G(S2s) < Hs. In this case, the 
passband tolerance is fully used and the gain is optimized at the stopband edge 
frequency $25, where it takes the value 


Ay 


This case is referred to as stopband edge frequency gain optimized. 


Asmin = G(2s) = < Hs (2.17) 


2.2.1.2 Case Il: 8B = Bin 

Using 6 = Bmin in (2.9), we get G(2s5) = Hs and G(1) = Hcmax > Hc. In this 
case, the stopband tolerance is fully used with G({25) = Hs and the gain is opti- 
mized in the passband, where it varies from H, down to Hc max > Hc: 


Hy 
Ac max = G(1) = = > Hc (2.18) 


2 a ye 
Ten °F Brin A ae er : 


This case, in which 6 takes the minimum value, is referred to as passband gain 
optimized. 


2.2.1.3 Case Ill: Bin < B < Bmax 


Using any other permitted value of f in (2.9), the specifications are satisfied with 
G(1) > Hc and G(Q5) < Hs, namely 


Ho A 
G9) = —_— = — 2 ay and GOS 


1+ 6222 | 4p? 


2.2.2. The 3 dB Frequency of Butterworth Filters 


> He (2.19) 


The characteristic frequency 237% of Fig. 2.8 at which the gain drops by 3 dB from 
Hy, to Ho/ /2 is such that: 


G(23aB) = a ee & pQy,=1 > Qip= 
ri + p23) em) ~~ afd B 
1 
234B = (5) = pow (2.20) 
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The 2378 frequency is shown in Fig. 2.8. 
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Fig. 2.8 The 3 dB frequency G(Q)=|HGQ)| 
23aB 


Q34B 
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Fig. 2.9 Plots of plain and logarithmic Butterworth gain 


2.2.3. The Cut-off Rate 


Figure 2.9 shows the gain plots of Butterworth approximation for various values of 
N and 2 > 1. The normalized frequency 2 is plotted in logarithmic scale and it is 
obvious that the curves become almost straight lines for §2 >> 1. The slope of these 
lines increases with WN and it will be shown that it depends only on NV. The slope of 
the logarithmic gain curves is measured in dB/octave. The slope of the logarithmic 
gain at frequencies where it is constant (2 >> 1) is referred to as cut-off rate and 
can be determined by taking the difference of the logarithmic gain at a frequency 


§2; and at the double frequency 292: 
Jit a) 
4 1+ 62922 


r = 20log(G(Q2))) — 20log(G(22})) = 2010g( 
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Fig. 2.10 Filter specifications of Example 2.1 


since 2 >> 1=> BQ?" >>1- and 


[pen Qe 
i) = 20log(2") = N20log(2) ~ 6N dB/octave 
y PPQy 


This means that in the stopband, the logarithmic gain falls at a rate of 6N dB for 
every frequency doubling (one octave). The above relationship between the order of 
the filter and the cutoff rate explains the curves of Fig. 2.9b. 

Often, instead of giving Hs and {2g in the specifications, the cut-off rate is given, 
from which the order N can be calculated (e.g. given r = 24 dB/octave, the order is 
N = 24/6=4). 


r= 2010g( 


Example 2.1 Determine the Butterworth gain function Gy (@) that satisfies the spec- 
ifications shown in Fig. 2.10a. 
We identify the specifications: 


@c = 600 rad/s, @s = 1800 rad/s, 
Ao =2, Ho =19 and Hs=0.1 
Normalizing with wc = 600 rad/s we get the normalized specifications of Fig. 2.10b 


with 2¢ = 1 and {25 = 3. In order to use (2.9), we need a value for 6 and the order 
N which will be calculated from (2.13). 


H, \? DO ‘ 
Pax =] (F-) —1=y(qaq ) ~ 1 = 0:3286837  Binax = 0-1080329 


(Ho/Hs)?—1 20 4 
( Bimax ) 7 log(tos0335) — 3.7385 
2log Qs5 2 1log(3) 


log 
Ng= 
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The integer order will be the rounded up Ng, i.e. N = 4. Now Bin can be calculated: 


H2 


=D aes: | 22 
Hy —1 

Brin = ——-— = 24 — = 0.246605 and f2;,, = 0.0608 
Qh 3 


For 6 = Bmax the normalized gain function will be 


2 
V1+0.10803392% 


For 6 = Bin, the normalized gain function will be 


Gmmax (2) = 


2 
Gnin(2) = —————. 
V1 + 0.060828 


The corresponding denormalized gain functions for wc = 600 rad/s will be 


o 2 
Gimx(o) = G( )- 
c/ [1 + 0.108033 (gi%)8 


a) 2 
Grmino) = G( ) 


mC [1 + 0.0608 (265 )® 


2.2.4 The Normalized Butterworth Lowpass Transfer Function 


The gain function G(82) = |H(s)|s—j@ of (2.9) is well determined after the calcu- 
lation of the order N and the selection of the design parameter £. In fact, we now 
have the following relation: 


Hp 


Tear (2.21) 


|H(s)\5_j0 -_ 
From (2.21) and the fact that the denominator of the transfer function H(s) is a Hur- 
witz polynomial, with no roots in the right hand half-plane, H(s) can be determined 
from 
H(8)H(-s) = |HGQ)io__ 2 = G(2)" gr 


(a =-s*orQ= —js are used equivalently) (2.22) 
On letting |H(j2)| = aes in (2.22) we get 
Ho 
Hy Hp B 
H(s)H(—s) = (2.23) 


1+ B222N gpa ~~ 1 + B2(—s2) ~ ra a (—s2)N 
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The denominator of (2.23) is a binomial of the form x% + a with x = —s*. The 
roots of this binomial expression are of course the roots of the equation 


1 1, 
XN 4 (=) =0 van Pal _ B ei Qk+ lx =0 
and henceforth the roots are 


1 jx 
m= age fork=0,1,2,...,(N-1) 


Since we have set x = s”, for the roots s; we have: 


spa ite oT Pate with k=0,1,2,....0V—1) (2.24) 
pe p? 


Finally, the roots of ze + (—s?)% =0 are given below: 


sun Neier) ana 
B 
el j(2k+t1 7 7) 
Sp-= ao 2N 2 k=0,1,2,...,N—1 


The roots sgx_ and sg— are the poles of H(s)H(—s). It should be noticed from 
(2.25) that these do not lie on the jw-axis, i.e. their real part 


2k +1 Tt 
cos wa 
2N 2 


cannot become zero since this would require 


(2.25) 


2k+1 4 TU . 
we-~=h with 2 odd 
2N 2 2 


Working out this condition, we find that it requires 2k = N(A + 1) — 1, which is 
never true since 2k is even and N(A + 1) — 1 is always odd. 


“2N 2 
2k+1 
—2N- 
<= N(20+1)—1 must be even 


? . (2k+1 IT 
Moreover, real roots exist <= sin zrt—)=0 


w 
w+ on Am where A is an integer 


& N(20.+1)isodd © MN isodd 
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=> 
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1 = 
N/ Z — B 


For odd values of N, there exists a pair of real roots with value 
The N roots s;+ are all located in the left hand half-plane since 
2k +1 3 
Ce ed oe. Sepa dy 
2 2N 2 
whilst all N roots sy— of (2.25) are located in the right hand half-plane and are 


one-by-one opposite to sz. 
In view of all of these properties, (2.23) gives: 


p? B B 
A(s)H(—s) = — = x = 
a —s2)N TM — see) RG - 5k-) 
poles poles 
in the LHP in the RHP 
from which H(s) can be identified as: 
Ho 
P (2.26) 


H el 
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The poles of Hgyr(s) are given by 


1 , x 
i oe k=0,1,2,...,(N—1) (2.27) 
and are located in the s-plane on a circle with radius 
1 1 
N = 
—=B N (2.28) 
B 


It should be noted that the radius given in (2.28) is the magnitude of the poles and 
is equal to the 3 dB frequency of (2.20). Parameter # in (2.28) has a value given by 


H,/Hs)? —1 


Amin = WN 
2s 


(2.15), namely 


For k = 0 the first pole is obtained with phase angle + + 3, and the next poles 
are at a distance +, as shown in Fig. 2.11. Figure 2.12 shows the poles of the transfer 


function for N =3 and N = 4. 
By adjusting the index k in (2.27) so that it varies from k = | to N, we get 
Ho 
(2.29) 
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Fig. 2.11 Pole location of iQ 
: J 

normalized Butterworth L 

transfer function i 1 |" 


Fig. 2.12 Poles for N =3 j2 j2 
and N=4 
N=3 N=4 
0 - 0 e 
where 
1 /2k+4N- 
“= fer “N—™) fork=1,2,...,N (2.30) 
or 
got 2k+N—1 4 isi 2k+N-1 
= cos, ——_————_U sin |; WH 
ne 2N d 2N 
fork=1,2,...,N (2.31) 


The poles of the transfer function of (2.30) for given N, depend only on the 
design parameter 6, and each choice Bmin < 6B < Bmax from (2.15) leads to a differ- 
ent set of poles of the transfer function, the corresponding gain function |H(j2)| 
of which satisfies the specifications in its own way according to Sect. 2.2.1 and 
Fig. 2.7. 

It will be shown later in this book that the all-pole Butterworth lowpass transfer 
function can be realized not only with active circuits but also with doubly terminated 
passive ladder two-port LC circuits like the one in Fig. 2.13. Such a circuit, with the 
proper calculation of the element values, can realize a Butterworth response with 
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Fig. 2.13 Typical structure Rg L2 L4 
of a passive-LC doubly 
terminated lowpass filter 


C; C3 C5 Ry 


N =5S. The total number of lossless elements in this case (inductors and capacitors) 
equals the order N of the approximation. 


2.2.5 Table of Prototype Butterworth Filters 


The approximation of prototype specifications of Fig. 1.37 with G(1) = a Ho or 


Qmax = 3 dB requires that 6 = 1. In this case the prototype Butterworth lowpass 
transfer function is given by (2.32). 


Ay 


[e= elGnrt+ Is - ei GH+9)] aie el Sa? +9) 


Hyput(s) = (2.32) 


Since the only parameter in (2.32) is the order N, a table of prototype Butterworth 
lowpass transfer functions can be created. 

If the normalized lowpass filter specifications require G(1) = Hc # a Hy 
(Qmax # 3d B), the corresponding normalized transfer functions will simply be fre- 
quency scaled with (23¢8 of (2.20), ie. 


— — where — _— = - 
n\S pBUT 23 D,( “ ) 3dB B 


Example 2.2 Calculate the transfer function of a normalized lowpass Butterworth 
filter of order N = 3 with G(0O) = 4 and G(1) = 3.9. 

Obviously, since 25 and Hs are not specified, only Bmax can be calculated. From 
Table 2.1, we have for the 3rd order prototype Butterworth filter 


Hy _. 4 
Ds) s3 +252 +25+1 


Apsut(s) = 


that has G(1) = 0.7071 x 4 = 2.8284 while we require G(1) = 3.9. 
For the specified H, = G(0) = 4 and Hc = G(1) = 3.9, the 3 dB frequency can 
be calculated: 


1 


1 ¥ 1 3 
234B = (=) = (—— ) = 1.63713 
Bmax On 
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Table 2.1 Denominator of the prototype Butterworth lowpass transfer functions 


Denominator of the prototype Butterworth lowpass transfer functions 


Hppur (3) = paty|Hpaur U2) = atte with G1) = 9? Ho 
N D,(s) 


1 s+l 

2 s2+/25+1 

3 (s +1)? +541) =53 425742541 
4 

5 


(s? +0.765367s + 1)(s2 + 1.847759 + 1) =s4 +2.61312653 + 3.41421452 + 2.613126s + 1 


(s + 1)(s? + 0.618034s + 1)(s? + 1.618034s + 1) 
= 5° + 3.236068s4 + 5.23606857 + 5.23606857 + 3.236068 + 1 


6 (s2 +0.517638s + 1)(s2 + (/2/2)s + 1)(s? + 1.9318525 + 1) 
= 5° + 3.863703s° + 7.464102s* + 9.141620s? + 7.464102s2 + 3.863703s + 1 


7 (s +1)(s? +0.445042s + 1)(s? + 1.246980s + 1)(s? + 1.8019385 + 1) 
= 57 +4.493959s® + 10.097835s° + 14.591794s4 + 14.591794s3 
+ 10.097835s2 + 4.4939595 + 1 


8 (s? +0.390181s + 1)(s? + 1.111145 + 1)(s? + 1.662939s + 1)(s? + 1.961571 + 1) 
= 58 4+ 5.125831s7 + 13.1370715° + 21.846151s° + 25.688356s* + 21.84615153 
+ 13.137071s? + 5.125831s +1 


t 1)(s* +5 + 1)(s? +0.347296s + 1)(s? + 1.532089s + 1)(s? + 1.879385s +1) 
= 5? + 5.758770s® + 16.581719s7 + 31.163437s° + 41.9863865> + 41.986386s4 
+ 31.163437s? + 16.581719s? + 5.758770s + 1 


G(@)=|HGo)| G(@)=|HG2)| 


+ (0) 
, 0 Oc Os rad/sec 
2721000 2723000 
(a) (b) 


Fig. 2.14 Filter specifications of application Example 2.3 


and the transfer function will be: 


s )- Ho | 17.5514 
1.63713) Dy (qey3) 89 + 3.274265? + 5.36045 + 4.3878 


H(s)= Hyaur( 


Example 2.3 Calculate the transfer function of a lowpass filter with Butterworth 
response with the specifications given in Fig. 2. 14a. 
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By normalizing the given specifications with wc = 271000 rad/s, we get the 


normalized specifications of Fig. 2.14b. The normalized stopband edge frequency is 
Qs = Fey = 3. We next calculate Bmax from (2.10) or (2.15): 


H, 2 4 2 
tou = (#2)'-1= (4) -1-02019 


From (2.13), the fractional order of the approximation is calculated: 


H2 
l nm! A571 
0.7. 
08( Baax ) __ log(ya5792) 2918 


QlogQs ———- 2log(3) 


Nag= 


The integer order of the approximation will be taken N = 3. With this value of N, 
we can now calculate the minimum value of 6 from (2.15): 


BOs was 42 
H2 7 
Bmin = a y= =a = 0.208374 and f2;, = 0.04342 
S 


According to (2.29) and (2.30), the transfer function of the filter will be: 


Ho 

= 11. 23 

Hpgur(s) = —_#$___. with sx4 = ‘ <i OS 7) fork=1,...,3 
Tair — e+) B 


If for our calculations we use B = Amin = 0.208374, the poles of the transfer 
function of the normalized filter are found to be —1.686755 and —0.843377 + 
j 1.46077 and the transfer function of the normalized filter: 

19.196228 
(s + 1.686755)(s2 + 1.686755s + 2.845143) 

If 6 = Bmax = 0.2279 is used, the poles will be —1.637132 and —0.818566 + 
j 1.4178 and for the transfer function of the normalized filter we find: 
_ 17.5514 
~ (s + 1.63713)(s2 + 1.63713s + 2.6802) 

_ 17.5514 

~ $3 + 3.274352 + 5.36045 + 4.3878 

The second form of the transfer function, with the denominator as a formal polyno- 
mial, is not particularly useful and the factored form is preferred. 

Alternatively, since we know the order N of the approximation, we can take the 


transfer function of the prototype filter with N = 3 from Table 2.1 and use (2.33). 
From the table with N = 3, we get 


Amin(s) = 


H(s) 


(2.34) 


Ay 


with H, =4 
(s + 1)(s2 +5 +1) a 


Apput = 
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C; 


Ro 


C, 
L 
(a) 


Fig. 2.15 (a) Lossy integrator. (b) Lowpass Sallen—Key circuit 


Since in the prototype filters GU) = |AngurGl)| = Fa Ho, the transfer func- 


tion for our specifications with different value G(1) = Hc = 3.9 (i.e. B = Bmax = 
0.2279), will be 


H(s)=H ( 2 ) a 
S) = HpBUT = c 
Qn) G+ DIG) + GE) +H 


i Ve 1 \3 
where 02373 = (=- = oa) = 1.637132 
Bmax 0.2279 


Finally, the transfer function of the normalized filter will be: 


17.5514 
(s + 1.63713)(s? + 1.637135 + 2.6802) 


A(s)= 


As expected, the transfer function is identical to the previously calculated (2.34). All 
transfer functions determined in this example refer to the normalized filter which 
satisfies the normalized specifications of Fig. 2.14b. The corresponding transfer 
functions that meet the specifications of Fig. 2.14a will be simply frequency scaled 
by wc = 27 1000, ie. itor 


Example 2.4 The transfer function calculated in Example 2.3 using B = Bmax, can 
be factored as follows: 
Aj A2 


H(s)= x 
s+ 1.63713 s2 + 1.637135 + 2.6802 


(2.35) 


where A; A2 = 17.5514. The first term can be realized using a first order circuit like 
the one shown in Fig. 2.15a. The circuit is a lossy integrator and the voltage follower 
(buffer) is used to isolate the circuit from the next section. The second term can be 
realized with a lowpass Sallen—Key circuit like the one shown in Fig. 2.15b. 
The transfer function of the first order circuit of Fig. 2.15a is 
1 


RoCo 
1 


My(s) = with RoC, = = 0.6108 and A; = 1.63713 


1.63713 


RoCo 
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C; 


1.22165 


Fig. 2.16 Cascade connection of the two circuits 


Choosing Ry = 1, we get C, = 0.6108. This choice is not unique and any other 
would be acceptable as long as it satisfies R>C, = 0.6108. 


Ad : : 
The second term > 733.59-6800 $1.63713542,6802 of (2.35) is a 2nd order lowpass function of 


the form TEE stan with 
2.6802 
= V 2.6802 = 1.6371 d — =1 
Wo 680 63713 and @Q 1.63713 


and can be realized with the unity gain (k = 1) Sallen—Key lowpass circuit of 
Fig. 2.15b (see Chap. 10). This circuit has the following transfer function: 


1 
2 
H(s)= 5 a 
s+ slo) + Rag 
from which, with known Q and w,», we find 
2 1 
C,= Q and C) = ———~ 
WoR 2@ RO 
. . A iar 1 a 2, a 
In this circuit, Az = ROG == 2.6802. 


We can now choose any value for R, e.g. R = | (do not forget that we design a 
normalized filter from a normalized transfer function!), in which case: 
20 2 


1 
i a, TES nd Cee 0A 
i= oR Uea7is ane ee eaTe 


When cascading the two circuits, they have 
2 


Aj AG ra = 4.3878 


ovo 


Consequently, if we wish A; Az = 17.5514, we must add a unit with gain A = 


peat = 4, as we have done in Fig. 2.16, by replacing the buffer with a non- 


inverting voltage amplifier with gain 4. 
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C; 


19.4530 nF 


R 


10 KQ 10 KQ 


C; 
4.8630 nF | 


Fig. 2.17 Final denormalized circuit 


This filter satisfies the normalized frequency specifications with Qc = | 
and can be denormalized simply by dividing the capacitors by the specified 
@c = 2 x 1000. A resistor level adjustment, which does not affect the transfer 
function and the frequency response, is achieved by multiplying all resistors by Ry 
and dividing all capacitors by R,,. The value of R,, is so selected as to lead to reason- 
able resistor values of the order of 10 kOhm. In our case we select R, = 10* Ohm. 


0.6108 
R,=1x10*2=10k2 Co = =, = 9.7261 nF 
2m x 10° x 104 
4 1.22165 
R=1x10°Q=10kQ C\ = 19.4530 nF 


~ In x 103 x 104 


0.3054 


Se is ie 4.8630 nF 


2 


The values of resistors Ry and 3R, are not important, provided that they keep the 
correct ratio value to realize gain 4. Resistors in active circuits must be kept at high 
levels, e.g. 10 kOhm, and therefore R, could be 10 kOhm and 3R, = 30 kOhm. 
Figure 2.17 shows the final filter circuit and Fig. 2.18 the corresponding gain re- 
sponse. 

The section ordering is theoretically neither important nor obligatory and the fi- 
nal circuit can be that of Fig. 2.19. However, the circuit of Fig. 2.17 is preferred as it 
obeys the rule that sections are ordered according to the distance of the pole(s) they 
realize from the jw-axis and sections that realize distant poles go first [10, 12]. 

A designer’s creativity is only limited by the number of the circuits available for 
the realization of the various sections. The first order circuit, for example, can be 
realized using the inverting lossy integrator of Fig. 2.20a, and for the second order 
section a multiple feedback 2nd order lowpass circuit like the one in Fig. 2.20b can 
be used (see Chap. 10). 
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Fig. 2.18 Frequency response 
Cc; Ry 
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R 19.4530 nF 


10KQ 10KQ 


C; 
4.8630 nF 


Fig. 2.19 Alternative connection 


C, 


Ry 


R; 
V; 


(a) 
Fig. 2.20 Alternative circuits 


2.3. The Chebyshev Approximation 


According to Sect. 2.1.1, all approximations use a gain expression of the form 
of (2.7): 
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Ay 


Jl+y?2P,(2) 


It should be remembered that the approximating polynomial Py (S2) of degree N 
must be a complete even or odd polynomial in (2 and that in order to achieve low- 
pass gain characteristics, Py (S2) must assume low values for 0 < 2 < 1 and high 
values for 2 > 1. 

Due to the form of the gain of (2.36), certain characteristics of the approximating 
polynomial are inherited to the gain function. If, for example, Py (§2) is monoton- 
ically increasing for $2 > 1, then G(S2) will be monotonically decreasing in the 
same interval, as in the Butterworth case with P(N, 2) = 2. If Py(@) assumes 
zero values at certain frequencies, the related gain G({2) will be maximized at these 
frequencies, and at the frequencies of any extrema of Py (§2), the gain in (2.36) will 
be minimized. Such polynomials with roots and extrema in the passband are the 
Chebyshev polynomials [2] and when used in (2.36) lead to non-monotonic pass- 
band gain functions. 


G(2) =|H(j2)|= (2.36) 


2.3.1 Chebyshev Polynomials 


The general form of the Chebyshev polynomial of order N is 
Cy (2) =cos(N cos~!(2)) or Cy (2) =cosh(N cosh7!(2)) (2.37) 


This definition does not indicate that Cy ({2) is a polynomial. It will be seen shortly, 
however, that this is the case. Clearly, 


Co(2Q)=1 and Ci(2Q)=2 (2.38) 


Moreover, by using trigonometric relationships it can be shown that the Chebyshev 
polynomial of degree N is related to the polynomials of degrees (N — 1) and (N — 2) 
by the recursive formula: 


Cn (22) = 22Cy_-1(2)Cy_-2(2) (2.39) 


Equation (2.39) provides a way to calculate any Chebyshev polynomial of degree 
N recursively as follows: 


C(O) =22Ci(O) — Co(Qys 22? 1 
C3(@) ]29C63(2) = C\(2) = 2062 =) = 2 =407 30 


The parameter 7, which will be used extensively in this chapter to allow unified 
expressions, is defined by: 


_ 0 for N even 


(2.40) 
1 for N odd 
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Pele 22 peeueliey Chebyshev Polynomials for N = 0-9 


polynomials 
N Cy (&) =cos(N cos~!(2)) = cosh(N cosh !(2)) 
0 1 
1 Q 
2 227-1 
3 423 —3Q 
4 824 —827+1 
5 162° — 2023 +52 
6 322° — 48.24 + 1827-1 
7 64.27 — 11225 +5623 —72 
8 12828 — 2562° + 160924 — 3227 +1 
9 2562° — 57627 + 432° — 12023+92 


TBpIES = Pigperues of tte Fundamental properties of Chebyshev polynomials 


Chebyshev polynomials 
N odd Cy (0) =0, Cy(1) = 1, Cy(—2) = —Cyn (82) 
N even Cy (0) =+1, Cy(1) = 1, Cy(—2) = Cn (82) 
All N 92 =[-1, 1] > ripple between —1 and 1 


For §2 > | polynomials increase monotonically. 


Cy (2) = 3 (Con (2) + 1) 
Using 7, the general form of the Chebyshev polynomial of degree N will be given 
by 
Cn (2) = cn Q™ + cy-2QN? +...» +.€,2" 
3 
with: cy =2N-! and ce, =N"(-l) 2 (2.41) 
Table 2.2 has been created using the recursive formula of (2.39). 
Some easily demonstrable important and characteristic properties of the Cheby- 


shev polynomials are tabulated in Table 2.3. These properties are visualized in the 
graphs shown in Fig. 2.21. 


2.3.2. The All-Pole Chebyshev Approximation 


As a reminder, the parameters 


{Ho, Hc, Hs, 25} (2c = 1) 
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Cy(Q) 


Fig. 2.21 Graphs of odd and even Chebyshev polynomials 


G(Q)=|HGQ)| Ggp(Q)=20log|HGQ)| 
H dB 
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Fig. 2.22 Normalized lowpass specifications. (a) Plain gain (b). Logarithmic gain 
specify the normalized lowpass gain specifications (Fig. 2.22). In logarithmic gain 
terms, the specifications are of course 

{Qo, max: min, 2s} (Qc =1) 


where ay = 20 log(Ao), max = 20log(Ho/Hc) and amin = 20 log(H,/Hs). 
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Ey (Q)=1+82CA(Q) 


oY 


0 0.5 ] 


Fig. 2.23 The 2,(S2) function 


H, can be taken equal to | (i.e. a, = 0 dB) without loss of generality and there- 
fore the filter requirements are determined by three parameters: 


9s and {Hc,Hs} or {Omax. min} (2.42) 


referred to as the normalized lowpass filter specifications. 

Since Chebyshev polynomials Cj (S2) are even or odd, they can be used as ap- 
proximating functions in (2.7) or (2.36) so as to derive the Chebyshev approxima- 
tion: 


A 


Jl +62C4,(2) 


The ripple factor ¢ and order N are so chosen to keep the response Gcy(S2) 
within the specifications. 

In the interval from (2 = 0 to 22 = 1 the function &y(Q) = 1+ eC. (2) as- 
sumes values which vary from 1 to 1 + e* and Sy(1) = 1+ e? since Cy(Q) =1 
for odd and even N (Fig. 2.23). Therefore, atts = = assumes values 
“ ) Ven) f1-+62C2 (2) 


in the same interval [0, 1] and for §2 = 1| takes the value 


Gcu(2)= (2.43) 


Ho 


a/ 1+e2 


Ho 


a/ 1+e2 ; 


from | to 
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Fig. 2.24 Passband G(Q)=|HgQ)| 
approximation 


Fig. 2.25 Violation of the 
specifications in the stopband 


0 1 Qs 


For 22 > 1, function &y (£2) is positive and monotonically increasing and there- 
H H ys . ; 
fore £—_ ig positive and monotonically decreasing to zero as {2 > oo. 
Java © 4 8 


The ripple factor ¢ can be so selected as to ensure that 7" => Hc, 1. 
e2 
H2 omax 
e< /—2-1=yj10 © —1=emax (2.44) 
H2 
Cc 


For values of € < €max, the gain Gcy(S2) will vary in the passband between H, 
and —#e_ > Hc and for §2 = 1 it will assume the value Gcqg (1) = oS He. 


a/l+e2 / l+e2 


These properties are shown in Fig. 2.24. 
As far as the value Gcy (0) is concerned, we note that 


Ay 


V1+6? 


Finally, the Chebyshev gain of (2.43) with ¢ < max satisfies the passband spec- 
ifications according to Fig. 2.24 and (2.45) for Gcy(0). Keep in mind that for 
€ = €max, from (2.44) —~ Gcy(1) = Hc. However, the stopband specifications 
might not necessarily be satisfied as shown in Fig. 2.25. 

Since Chebyshev polynomials are monotonically increasing for {2 > 1, the gain 
Gcx(S2) is monotonically decreasing for the same interval and therefore if we en- 
sure that Gcy(25) < Hs, the stopband requirements will be met. This is done 


GcyH(0)=H, foroddN and Gcy(0)= forevenN (2.45) 
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below. 


H. 
Gcu (Qs) = ————"——— « Hs 


\/ 1+ 2C2, (Qs) 7 


H,/Hs)* -1 
&  Ch(as) 2 Se 


| (H,/Hs)? — 1 
<  Ncosh7!(Qs) >cosh7! a= 
E 


From the above equation, we get for the order NV: 


cosh! (yal 


cosh~! (Qs) 


N>Na= (2.46) 


The quantity Nq is in general a non-integer number referred to as the decimal order 
of the approximation. As mentioned in the Butterworth approximation, the com- 
plexity of a filter is directly proportional to the order of the approximation and this 
is the reason we try to keep N as low as possible. The decimal order Ny, if seen 
as a function of ¢, assumes its minimum value for ¢ = &max. Since normally we are 
looking for the minimum possible NV, the maximum value of ¢ from (2.44) must be 
used in (2.46) and finally the order equation is given below 


-1 (Ho/Hs)?-1 -1 (Ho/Hs)?-1 
cosh” ‘(,/ 2 )  cosh~*( FCAT ae 
N>Na= ; = i (2.47) 
cosh” *({25) cosh” * (25) 


In terms of the logarithmic gain specifications, the order equation (2.47) becomes: 


1, /10-W 1 
cosh” °(,/ ~amx—) 
10 10 —1 


N>Ng= 7 
cosh * (25) 


(2.48) 


The integer order of the approximation will be the minimum integer N that satis- 
fies N > Ng, i.e. Ng rounded up to the next integer. 

It is apparent from equations (2.47) and (2.48) that the order increases as (25 ap- 
proaches unity and becomes infinite for (25 = 1. In other words, the order increases 
as we try to make the transition band as narrow as possible. In effect, we also say that 
higher order filters can realize narrower transition bands. The order also increases as 
the passband tolerance decreases (Hc approaches Hy or (max approaches zero) and 
as the maximum allowed stopband gain Hy decreases (@min increases). Thus, as we 
try to make the specifications closer and closer to the ideal ones, the order becomes 
larger and larger, finally becoming infinite. This is another way of saying that the 
ideal specifications are unrealizable. 
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Fig. 2.26 Ripple factor G(Q)=|HGQ)| 
lower than the maximum H 
value 


Filters designed with the Chebyshev approximation as above are referred to as 
Chebyshev filters. Chebyshev filters can be implemented using any suitable tech- 
nology, e.g. as passive, active or digital filters. 

Finally, the Chebyshev gain function 


A : 
Gcy (2) = —————._ with 


J 1+62C% (2) 
€ <€max = J (Ho/Hc)2-1=y10 0 —1 and N>WNy_ (from (2.48)) 


satisfies the magnitude specifications in the manner shown in Fig. 2.26. 

Passband tolerance is reached only when € = &€max, in which case, Gcy (1) = Hc 
and Gcy (82s) < Hg. As far as the DC gain is concerned, it is Gc (0) = Hc when 
N is odd and Gc (0) = ea when N is even. In both cases, Gog (1) = aoe. 


1+e2 VJ Ite? 
It should be noted that the number of extrema in the passband is equal to the 


integer order N, including the extremum at 2 = 0. 
When the order N has been determined from (2.47) or (2.48), the minimum value 
of the ripple factor ¢ can be calculated since 


. cosh! (,/ (Hol Hs)—1) 


cosh~! (Qs) 


from which we get 


2 
gg at (2.49) 


rare naa 


The specifications are satisfied for any value of ¢ 


,/ H2/H2-1 
er A ee et 2.50 
Emin = Ses fa C = Emax (2.50) 


Cn (&s) 
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Fig. 2.27 Three choices of the ripple factor ¢ 


or in terms of logarithmic gain 


min 


10°10 —1] 10° —1 
Emin = ae ae Sex<yl0 —1=€max (2.51) 


Figure 2.27 shows the manner in which the specifications are met for three 
choices of the value of the ripple factor. 


Case I: € = €max | When the maximum value of the ripple factor ¢ = €max is used, 
the gain ripple exhausts the passband tolerance with Gcy(1) = Hc. However, the 
gain at the stopband edge frequency {25 is 


As min = G(Qs) < Hs 
Ho A (2.52) 


om. 


1+ (Ho/He}? = NC} (2s) 7 1+ do — 1c} (2s) 


As min = 


This is the minimum gain achieved with a Chebyshev filter of order N at the spec- 
ified $25 and with the specified passband tolerance. Filters designed with ¢ = &max 
are referred to as stopband edge frequency gain optimized. 


Case II: émin < € < €max | When the ripple factor ¢ is not selected to have neither 
the maximum nor the minimum value, neither passband nor stopband tolerances are 
exhausted. 


Case III: ¢ = €min When the minimum value of the ripple factor ¢€ = emin is used, 
the gain ripple reaches the stopband tolerance with Gcy (2s) = Hs. The gain at 
Q=1is 

Ac max = G(1) > He 


H, A 
Ac max = c = 2 > Hc (2.53) 


2 &min 
1 (Ho/Hs) -1 10°10 —1 
/ 7 Cy (2s) ee Ci, (25) 
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Ho 1 Passband i 
He max 0.99 
0.98 
Gen() | 
0.97 | 
0.96 
He 0.95 
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Stopband 


0 
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Fig. 2.28 Passband and stopband gain for the maximum and minimum value of the ripple factor 


This is the minimum passband ripple that can be achieved with a Chebyshev filter 
of order N and with the specified stopband tolerance and (25. Filters designed with 
€ = Emin are referred to as passband gain optimized (Fig. 2.27c). 


Example 2.5 For Hyp = 1, Hc = 0.95, Hs = 0.05 and 25 = 1.7, the order can be 
calculated from (2.47) as N = 5. From (2.50), we find €min = 0.14536 and émax = 
0.328684. If ¢ = &max = 0.328684 is chosen, the ripple will be from H, = 1 to 
Hc = 0.95 and Gcy (1.7) = As min = 0.0221. If € = Emin = 0.14536 is chosen, 
the ripple will be from H, = 1 to He max = 0.9896 and Gcx (1.7) = Hs = 0.05. 
Figure 2.28 shows these two cases. 


Example 2.6 Calculate the stopband edge frequency gain optimized Chebyshev 
gain function Gcy(S2) with the specifications given in Fig. 2.29. 

First, we identify the specifications: wc = 600 rad/s, ws = 1800 rad/s, H, = 2, 
Hc = 1.9, and Hs = 0.1. Normalizing with wc = 600 rad/s, the normalized spec- 
ifications, shown in Fig. 2.6b will be: Qc = 1, 25 =3, Ho = 2, H.C = 1.9, and 
Hs =0.1. 

Since the stopband edge frequency gain optimized filter is required, ¢y 4x must 
be used. From (2.50) we have: 
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G(o)=|HGo)| G(@)=|HGQ)| 


P oO i 
0 @c=600 —@g=1800 rad/sec 0 Qce=1  Qs=3 


(a) (b) 


Fig. 2.29 Specifications for Example 2.6a 


= Hy)” l= 2.0 )* 1 = 0.3286837 
WN Fi ~ V \ 7.90 = 


From (2.47), the decimal order Ny and the integer order N can be calculated: 


cosh7 !( i) cosh7!( eo) 
Na ae ae a Tas = 2.723146 
Therefore N = 3 and 
2 


Gon (2)= = : : 
/1+0.108033C3(@) V1 +0.108033(423 — 322) 


This is the normalized gain, and the gain which satisfies the specifications of 
Fig. 2.29a with wc = 600 rad/s will be 


2 


Gcu(@) = ; 
@ _20)2 
r US Jae) 


It should be noted that the Butterworth approximation with the same specifica- 
tions (see Example 2.1) led to N = 4. This is not accidental. In general, for a given 
set of specifications, the Chebyshev approximation leads to a lower degree than all 
other all-pole approximations. 
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Fig. 2.30 The 3-dB G(Q)=|HGQ)| 
frequency £2348 


0 Qc=1 QOsap 


2.3.3 The 3-dB Frequency and The Cut-off Rate 


The frequency $2373 at which the gain drops by 3 dB from its maximum value in 
the passband corresponds to that value at which the gain falls from its maximum 


value H, to the value za Ho as shown in Fig. 2.30. 


The frequency 2378 is determined as follows: 


H J2 
Gcou (23¢B) = : ° = Hy 
V1+e*Cy(23aB) 


& eCy(23aB) = 1 


1 
<  cosh(N cosh” !(23gR)) = — 
E 


from which we get 


1 1 
QraB = cosh] = cosh! (=) (2.54) 
N € 


It is apparent that for given order N, frequency (237 depends only on the choice 
of the ripple factor e. 

Another characteristic quantity of polynomial filters is the cut-off rate at frequen- 
cies 2 > 1. 

Figure 2.31 shows the plain and logarithmic gain of Chebyshev approximation 
for §2 > 1 and for a range of orders N = 3-7. In the logarithmic gain plot versus 
logarithmic (2 axis, the gain curves become almost straight lines with increasing 
constant slope for higher NV. This slope can be expressed in dB/octave and is referred 
to as cut-off rate and for $2; >> 1 can be calculated as follows: 


G(Q; 

G(222) 
1+62C2, (22 2C2, (22 

= ante Wiens ».) ~ 2016( sik Ac 


sf + €2C2,(21) yf £2CH (21) 


r = 20log(G(2)) — 20log(G(221)) = 2010g( 
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dB 
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Fig. 2.31 Chebyshev plain and logarithmic gain for 2 > 1 


= Cy (2821)\ | cn(2Q\)N ++. 
- 20108 CyGeD ) = 20108( cn(QpN +. ) 


which for 2) > 1>7r 20 log(2” ) © 6N dB/octave 


This means that the logarithmic gain in the stopband decreases at a rate 6N dB/ 
octave, i.e. 6N dB for every frequency doubling. If the cut-off rate r is specified, 
then the order is N = &. 


2.3.4 The Transfer Function 


In order to synthesize the filter, the transfer function itself is required. 

Thus far, the approximation process yields Gcy (82) = |H(S)|s=ja. Now we 
seek to determine a transfer function Hcy (s) = Boy for which we know its mag- 
nitude Gcy and that the denominator polynomial Dy (s) is a Hurwitz polynomial. 


As we have done in the case of Butterworth filters, from 


N(s)N(—S) eae 
Hcy (s)Hcu(—s) = DaG)DyCS ~ IGcuU2)lo— js 
H2 
= = PCR (Daan (2.55) 
we set 
N(s)N(-s)=H? => N(s)=H, (2.56) 
and 


Dy(s)Dy(—s) = 1 + €*C2,(2)|e=-js @Q57) 
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Fig. 2.32 Poles location of 


the transfer function of 
Chebyshev approximation 


-sinh(y) 


oO 


sinh(y) 


y= Z sink" (4) 


For a specific order N and ripple factor ¢, the denominator polynomial Dy (s) 
has N roots sy = ox + j 2x in the left half s-plane given by 


i De 1 1 1 
Ciepenisy i da CO OF) | Pel > 
2N N g 


Qn+2k—1 1 | 
a cos( 2) cosh] Sget (:)] (2.58) 
2N N € 


k=1,2,...,N 
For the values of 0; and (2; given by (2.58), it can be easily shown that: 


2 2 
% 2; 


+ 
sinh?[7 sinh!(4)] — cosh?[ 7 sinh! (4)] 


| (2.59) 


This implies that the poles of the Chebyshev transfer function lie on an ellipse with 
the major axis on the j §2-axis and the minor on the real axis of the s-plane, as shown 
in Fig. 2.32. This should be compared to the Butterworth case, in which the poles 
are all located on a circle. 


When N is odd, there is a real pole given by (2.58) for k, = Net: 


1 1 
ee sinh] tan (<)] + j0 (2.60) 
N E 


It should be noted that there are no poles on the imaginary axis since this would 
require sin( CNA Dr ) = 0, i.e. the positive integer k needs to be k = 5 — N which 
is impossible. 
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Finally, the transfer function is given in (2.61) 


H, 
Here ee with s¢ = oy + jQ% and 
TTa1 — Sx) 
_ (QN+2k-1)r\ . 1. 4f1 
ox = sin{ —————___—_ sinh] — sinh — 
2N N é (2.61) 
2 2k —1 1 1 
92; = cos Green cosh| — sinh~!( — 
2N N € 
k=1,2,...,N 


The coefficient cy in (2.61) is the coefficient of the highest order term QN in 
Cyn (&), taken from Table 2.2 or calculated as 

pp gnt 

The all-pole Chebyshev transfer functions can be implemented using active-RC 
or passive circuits. The complexity of the implementation depends on the order 
N and this is the main reason why we want it minimized. Since both Butterworth 
and Chebyshev filters have all-pole transfer functions, they are realized with similar 
circuits but of element values. 

At the end of this chapter a table is given for the denominator polynomial Dy (s) 
of the transfer function of the prototype Chebyshev filters with 2373 = 1. Unfor- 
tunately, a separate table is required for each value of the ripple factor. Tables are 
given for @max = 0.1, 0.5, 1.0, 2.0 and 3.0 dB where 


A 
QOmax = 2010e( 7+) = 20logV1+ e2 (dB) 


Example 2.7 Calculate the transfer function of the filter of Example 2.6. 

In Example 2.6, the order of the filter was found N = 3 and the 3rd order Cheby- 
shev polynomial is C3(2) = 423 — 322. Therefore, cy = c3 = 23-! = 4. From the 
specifications, H, = 2 and € = €max = 0.3286837. According to (2.61), the transfer 
function will be 


H,/(ecn) __ 2/(0.3286837 - 4) 


Acu(s) = — 
[3 (s — Sx) es (s — Sx) 


with sp = og + j 2, and 


_ ((64+2k—-1)r\ . | | 1 
oOo, = sin sinh} — sinh ———— 
6 3 0.3286837 


(6+ 2k — 1)x 1.4 1 
§2, = cos| ————————_ } cosh] = sinh ——— 
6 3 0.3286837 
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G(o)=|HGo)| G(o)=|HGQ)| 


H-4 N Ho= 
H=3.9 He-3.9 


Hg=0.7 + Hg=0.7 + 


' oO ‘ 
Oc Os d/ Q5=3 
e 2n1000 273000 : : : 


(a) (b) 


Fig. 2.33 Specifications for Example 2.8 


The poles are calculated for k = 1,...,3: 
5} = —0.3246 — 71.0325 52 = —0.6492 53 = —0.3246 + 71.0325 


The transfer function can then be calculated as 


2/(4 - 0.32868) 


A(s)= 
(s + 0.6492)(s? + 2 - 0.3246 -s + 0.32462 + 1.03252) 


This is the normalized transfer function. The transfer function which corresponds to 
@c = 600 and ws = 1800 rad/s will be the following 


H,(s) = H(s/600) 


Example 2.8 Find the Chebyshev transfer function from the specifications of 
Fig. 2.33a. 

First, the specifications are identified and normalized as in Fig. 2.33b. The max- 
imum value of the ripple factor is then calculated: 


H, \? ase 
= ay ad = —] —1=0.2279 
Emax (=) (=) 


The decimal order Ng is calculated from (2.47) 


42 
+1 
cosh! ( ae ? 
Ng = ——_13* — = 2.2119 
cosh” * (3) 


The integer order N of the approximation and the filter will of course be N = 3. 
The transfer function will be: 


Hy /(€c3) 


Hcy (s) = ———— 
ee TE — 58) 


with sp = on + fj 2x 
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R, 


a 


(a) (b) 


Fig. 2.34 (a) Lossy integrator. (b) A Sallen-Key 2nd order LP circuit 


where 


2: 2k — 1 1 1 
oOo, = sin Ges yr sinh] — sinh! ( — 
2-3 3 E 
2: 2k —1 
92. = cos ica a aie a cosh 1 ah-! . 
2-3 3 € 


Since the order is N=3 => cy =c3 = 4 (from Table 2.2). If the table is not 
available, cy can be calculated from cy = 24—!, 

Selecting the maximum ripple factor value ¢ = &max = 0.2279, the poles can be 
calculated fork =1...3: 


5] = —0.397169 — 7 1.05997 52 = —0.794339 53 = —0.397169+ 7 1.05997 


The transfer function is calculated from (2.61): 


4.38784 

(s + 0.794339) (s2 + 0.794339s + 1.38097375) 
4.38784 

~ 53-4 1.588677s2 + 2.011947s + 1.09696 


Hcy (s) = 


Example 2.9 Hcy (s) of Example 2.8 can be factorized as follows: 


Al A2 
x 
s +0.794339 52 +. 0.79433s + 1.38097375 


Hcu(s) = 


where Aj Az = 4.38784. The first factor => thaa5 


can be realized using a lossy in- 
tegrator (Fig. 2.34a). The second order factor A 


2 ; 
740.794335-+1.38097375 CaN be realized 


using a Sallen—Key second order lowpass circuit (Fig. 2.34b) with 


| 1.38097375 
@o = V 1.38097375 = 1.1751483 and Q= 9.704330 — 1.4794047 
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C; 
4.5770 nF | 


Fig. 2.35 Denormalized circuit 
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Fig. 2.36 Frequency response of the denormalized circuit 


It is observed that the value of the required quality factor Q is higher than the 
Q required for the 3rd order Butterworth filter of Example 2.4, which meets the 
same specifications. However, the Chebyshev filter can meet stricter specifications, 
for which a higher order Butterworth filter is required. 

The element values can be calculated as in Example 2.4: 


Ro =1 Co = 1.25891 R=1 C, = 2.5178178 C2 = 0.2876 
Next, the normalized element values are denormalized using R, = 10 kOhm and 
wc = 2710? rad/s (in order to shift the unity cut-off frequency from 1 to wc), ie. 
G(2 103) = 3.9: 

Ro = R=10kOhm Co = 20.04 nF C,; =40 nF C2 = 4.5770 nF 


The denormalized filter is shown in Fig. 2.35. Figure 2.36 shows the plot of the 
plain gain of the denormalized filter from its PSpice simulation. 
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(a) 


Fig. 2.37 Plot of Pascal polynomials 


2.4 ‘The Pascal Approximation 


According to (2.7), the approximating polynomial Py (2) must be an even or odd 
polynomial in order to lead to a realizable transfer function. 

Another set of polynomials are sometimes used in the approximation procedure, 
the so called Pascal polynomials. The Pascal polynomial [6] of degree N is given 
by 


_1)N 
P(N, 2) = ( = 2(82 — 1)(2 —2)-+-(2-N+1) (2.62) 
or equivalently 
pro 
P(N, 2) = WI Lest) (2.63) 


These polynomials, plotted for several orders in Fig. 2.37(a), assume extremely 
low values for 0 < §2 < N — | and very high values for 82 < N — 1. It is clear that 
they do not satisfy the required symmetry in this form since they are neither odd nor 
even. However, if they are appropriately shifted this condition can be satisfied. 


The Symmetric Shifted Pascal Polynomial P(N,{2) The shifted version 
P(N, &2) of the Pascal polynomial P,(N, 92) 


N 


_ N-1\_ (-1)% N-1 
PW, 2) = P(N, 2+ ; )- a II(e+>-#+1) (2.64) 
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P2(N,Q) 


-3 -2 -1 0 v| 2 3 


Fig. 2.38 Plot of shifted Pascal polynomials 


or equivalently 


ey = N+ 1 : 
accra eee ae ama 


1 for N odd 
2 cancels (2.65) 
0 for N even 


is even when the degree N is even and odd when the degree N is odd and therefore 
P?(N, &) is an even polynomial. Moreover, it can be shown that this shifted Pascal 
polynomial possesses the property 


1 1 
(w, wee) a4 = P(N, aes (2.66) 


Figure 2.38 shows the plot of P*(N, 2) for N = 5-7. 
It can be shown analytically that the higher local maximum P?,, of P?(N, 2) 
occurs for (2, between the higher roots of the symmetric polynomial P(N, £2), i.e.: 


N-1 N+1 
— -1<2Qn< + 


-—1 
2 


Since P2(N , §2) is an even function, this absolute maximum P2. occurs also 


max 
at —Qy. 
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Fig. 2.39 Detailed plot of P,(S2) polynomials 


The Shifted and Scaled Symmetric Pascal Polynomial P,(N,2) If we wish to 
maintain the condition | P(N, 1)| = 1, the property of (2.66) implies that a frequency 
scaling by (N + 1)/2 is required. We denote this symmetric Pascal polynomial by 
P(N, £2): 


N 
N+1 ei N+1 N-1 
P,(N,2)=P a Q k+1) (2.67 
uN.2)=P(W, AF ta) = SET (Stet 8 +1) (2.67) 
or 
a 2 2 
=I) (NEL Nae N+1 
P,(N, 2) = (SS = 2). (S = 2) ( a r) | 6s) 
N! 2 
k=1 
a __ gi for N odd 
where.7) = ti for N even’ 


The highest maximum Pmax of P,(N, §2), an indicative plot of which is shown 
in Fig. 2.39, occurs for S2max between the higher roots of Py (N, $2) 1.e.: 
N-3 N-1 
< 
N+1 
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Table 2.4 Characteristic 


values of P,(N, 2) ad 2max Prax 2b 
2 0.00000000 —0.12500000 0.47140452 
3 0.28867513 +0.06415003 0.57735029 
4 0.44721360 —0.04166667 0.65289675 
5 0.548 14429 +0.03026194 0.70639006 
6 0.61812758 —0.02347346 0.74582512 
7 0.66950940 +0.01901625 0.77599290 
8 0.70882772 —0.01588792 0.79978 194 
9 0.73987600 +0.01358345 0.81900877 
10 0.76500826 —0.01182234 0.83486553 
11 0.78576311 +0.01043707 0.848 16452 
12 0.80318872 —0.00932176 0.85947728 
13 0.81802376 +0.00840640 0.86921746 
14 0.83080378 —0.00764299 0.87769147 
15 0.84192645 +0.00699753 0.88513110 


Since P?(N, @) is an even polynomial, this highest maximum P2,,, occurs also 
at —S2Qmax. Therefore, the absolute extremum Pmax of P,(N, §2) occurs at +Qmax. 
This extreme value Pmax of Pa(N, §2) is negative when N is even and positive when 
it is odd, as shown in Fig. 2.39. It can be shown that there is always a frequency {2p 
in the range 82max < 2p < | at which the polynomial assumes the value — Pmax, as 
indicated in Fig. 2.39. If P,(N, §2) is used to approximate the normalized lowpass 
filter specifications in a manner described by (2.7), the minimum passband gain will 
occur at 2Qmax and 2p. 

Due to the nature of Pascal polynomials, Pmax and the related frequencies Qmax 
and {2p cannot be determined analytically. These characteristic values, calculated 
using mathematical software, are tabulated in Table 2.4 for N = 2-15 with reference 


to Fig. 2.39. 


The “Filter-Appropriate” Modified Symmetric Pascal Polynomial Pp(N, £2) 

It is desirable to have the value —Pmax at £2 = 1 instead of (2p. This would 
ensure that at §2 = 1 the gain will be exactly equal to the minimum gain in the 
passband which is due to the absolute extreme value — Pmax of P,(N, 82). To move 
§2p to 1, we simply scale the polynomial P,(N, $2) of (2.67) and (2.68) by 2p < 1, 
so defining Pp(N, S2): 


N 


(—1)% N+1 N-1 
Pp(N, &) = P,(N, 2p) = Qp2Q+—-—k+1) (2.69 
pW. 2) = Plt. 202) = GT] (“ene +1) (265) 
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Fig. 2.40 Plot of filter-appropriate Pp (2) polynomials 


From (2.69), it is clear that Pp(N, 2) has (N — n)/2 positive non-zero roots px 
given by 
_ (W+)—2k N-7 


<1 fork=1,..., —.— (2.70) 


Pe= “(N+ 1) 2 


and (N — n)/2 negative real roots —p,. Parameter {2p depends only on N and can 
be taken from Table 2.4. Equation (2.69) can therefore be written as 


“yi(n4i. \Y 
po(a) =I" (“Fh ap) 27 Yt? of 2.71) 
. k=1 


where px are the positive roots of Pp(N, S2) given in (2.70). 
The symmetric polynomial Pp(N, £2) is related to the original Pascal polyno- 
mial P,(N, S2) of (2.63) by the relationship: 


N+1 N-1 


The absolute extremum of Pp(N, 2) has the same value Pmax and occurs at 


Qmax/2p < 1. The property of Pp(N, 2) which makes it “filter-appropriate” can 
be expressed as 


IPo(N, Dl = 


Gens 
Pp (w. a) =| Pal (2.73) 
D 


The polynomial Pp(N, §2) is so constructed as to assume the value + Pax at 
§2 = 1 and to decrease monotonically from S2Qmax/@p < 1. Both characteristic 
frequencies, as well as Pmax, can be taken from Table 2.4. An indicative plot of 
Pp (N, &2) for N = 6 and N =7 is shown in Fig. 2.40. 


82 2 All-Pole Approximations 


Table 2.5 Roots of the filter-appropriate Pascal polynomial Pp(S2) 

Np p2 3 pa P5 P6 PT 
0.70710678 

0.8660254 

0.91898144 0.30632715 

0.94376568 0.47188284 

0.95771207 0.57462724 0.19154241 

0.96650368 0.64433579 0.32216789 

0.97248731 0.69463379 0.41678027 0.13892676 

0.97679052 0.73259289 0.48839526 0.24419763 

0.98001629 0.76223489 0.54445349 0.32667210 0.10889070 

0.98251382 0.78601105 0.58950829 0.39300553 0.19650276 

0.98449821 0.80549854 0.62649886 0.44749919 0.26849951 0.08949984 

0.98610865 0.82175721 0.65740577 0.49305432 0.32870288 0.16435144 
0.98743887 0.83552520 0.68361153 0.53169786 0.37978418 0.22787051 0.07595684 
0.98855417 0.84733215 0.70611012 0.56488810 0.42366607 0.28244405 0.14122202 


Olam ND NM) Bw vd 


eleleleleje 
Mm) BP) wl) N|R| oO 


Referring to the definition of Pp(N, §2) of (2.71), its non-zero roots are given by 


giVtDak 
~ (N+ 1)Qp 


en es 
2 


The (N — n)/2 positive roots px of interest are given by 


0: (2.74) 


= fork=1,..., 
(N+ 1)82p 2 0 for N even 


_ (N+1)-2k N-n n={j for N odd 
(Frequency 2p depends only on NW and can be taken from Table 2.4.) 
It is observed from (2.71) that for odd N, in which case n = 1, there will also 
exist a root at 2 = 0. Table 2.5 gives the positive roots of Pp(2) for N = 1-15. 
While for odd degree polynomials we have Pp(N, 0) = 0, even degree polyno- 
mials assume a very low value Pp(N, 0) at 2 = 0 given by: 


N-1 N+1 N+1 N-1I1 
Pp(N,0) = fe oe Pes P é 
2n-N! 2 2, 2 


1 N+1 Nat 
Pp(N,0) = dal 4 Veet 
a+ N! 3 2 


(2.75) 


I(x) is the Gamma function [7]. Table 2.6 gives Pp(N, 0) for the even N = 2-16. 
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Table 2.6 Values Pp(N, 0) N 


wa an fi N 


Table 2.7 Polynomial coefficients of Pp(N, 82) for N = 2-7 
Pp(N, 2) =ayQN +ay-1QN-!4.---+a12 +49 


N-> 2 3 4 5 

do —0.125000 0 0.023438 0 

ay 0 0.192450 0 —0.070639 
an 0.250000 0 —0.277522 0 

a3 —0.256600 0 0.396539 
a4 0.295751 0 

as —0.356162 
a6 

ay 


83 


Pp(N,0) 
—125- 10-3 
+23.4375 - 1073 
—4.882812-10-3 
+1.068115- 10-4 
—240.325928 - 10-6 
+55.074692-10~© 
—12.785196- 10-6 
+2.99653 - 10-6 


6 a 
—0.004882 0 
0 0.022171 
0.153199 0 
0 —0.2907494 
—0.564281 0 
0 0.800362 
0.439438 0 
—0.550800 


The coefficients of the polynomial Pp(N, 82) for N = 2-7 are tabulated in Ta- 


ble 2.7. 


For the coefficients of the highest and lowest order terms of Pp(N, 2), analytic 


formulae can be derived from the definition equations: 


—~1)% N 
ig (20) 


= ; (2.76) 
N+n (N—n)/2 2 
-1)7z (N+1 7 N+1 
ay = cO= (=F 20) ( = k) (2.77) 
7 k=1 
or 
N+n (N-n)/2 
= |) 
a T+ 1)70} I] (N + 1 — 2k)? (2.78) 


k=1 
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Fig. 2.41 The Pascal approximation gain 


2.4.1 Optimizing the Pascal Approximation 


The polynomial Pp(N, £2) is symmetric and therefore can be used for the definition 
of the Pascal approximation: 


Ho 


J 1+22P2(N, @) 


The non-equiripple nature of the Pascal polynomials appears in the gain of the 
Pascal approximation, as shown in Fig. 2.41. The minimum passband gain depends 


only on the order N, occurs at 2 = Sas and its value is Toa The gain takes 
a max 
the same value at 2 = 1. 


The constant factor 4, corresponding to the ripple factor ¢ of the Chebyshev 
approximation, is calculated next from the normalized lowpass filter specifications 
5 and {Hc, Hs} or {omax, &min}- 

The plot of G pg (2) of (2.79) must not enter the shaded areas of Fig. 2.42a. The 


gain at 2 = 1, Gpg() = Tt equals the gain at (Qmax/§2p) < 1 which is 
D 


the absolute passband minimum and decreases monotonically for 82 > 1. Therefore, 
as far as the passband is concerned, the gain will remain in the permitted area by 
selecting A to satisfy 


G pa(22) = (2.79) 


Ho 
Ge ie > Hc (2.80) 
\/1+42P3(N, 1) 
The term PE (N, 1) = P2,, and therefore 
H2 1 
He 10-1 — 1 
Xr < Amax = = (2.81) 


| Pmax | | Pmax| 
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G(Q)=|HGQ)| Gap(Q)=20log/HGQ)| 
dB 
Hy 
‘0 
Hc 
Go-Omax-4 
ke --.-----_ —— 
0 Q 2o-Amin4 
0 1 Q S 
(a) (b) 


Fig. 2.42 Normalized lowpass specifications: (a) Plain gain. (b) Logarithmic gain 


Using the maximum value for the 1 parameter we get the stopband edge optimized 
response: 


2 
R= ines, ES Gra(l) = Gro vest) — He 
D 


and 


H. 
Gpa(2s) = 2 < Hs (2.82) 


1 + om — 1 FpM29)2 


It will be shown that parameter 4 has also a lower boundary value Amin derived from 
the stopband requirement: 


H. 
G pa(Qs) = < < Hs (2.83) 


[1 +A2PR(N, @s) 


This implies that 


H2 
ca y 10° — 1 (2.84) 


A> 
min |Pp(N, 2s)| _ |[Po(N, &s)| 


The passband optimized response is derived by selecting 
A=Amin = Gpg(Qs)=Hs 


and 


A 
Gpa)= > Hc (2.85) 


‘a + (10° B — 1)( Poy 
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Finally, the ripple factor A can be selected from (2.81) in view of (2.84), or from 
their combined expression: 


min 


10-10 —1 ; er (om 1 
quo = oS < ay = 
|Po(N, @s)| MM TPD(N, 1)| 
with | Ppo(N, 1)| = | Pmax| (2.86) 


2.4.2. Order Calculation 


So far, the order N has not been known, but can be calculated from (2.80) by setting 
2. = Amin Or from (2.83) by setting A = Amax. In both cases, we end up with the order 
inequality 


2 


oO a 1 amax 
Pp(N, 1 Pu: 2 10°10 —1] 
| D(N, 1) | _ | MUS | Bges |e —<——— «1 (2.87) 
PD(N, &s) Pp(N, @s) | 10-10 — 4 


2: 
As 


In this inequality, the only unknown is the order N since the quantity g depends 
on the gain specifications. Therefore, for the calculation of the order, inequality 
(2.87) must be solved for N, but due to the nature of the Pascal polynomials, an 
analytic expression cannot be derived. However, the nomograph shown in Fig. 2.43 
can be derived by using a mathematical software package. 

The nomograph works as follows: We draw a vertical line from the point of the 
horizontal axis which corresponds to the specified (25. We then draw a horizontal 
line from the point of the vertical axis that corresponds to H P: 


1 
HP= 20-tog( ~) (2.88) 
& 


The two lines intersect at a point. The order N is the number of the curve that lies 
above this point. 

As an example, let us find the order if the specifications of the filter are 25 = 1.5, 
max = 0.5 dB and amin = 40 dB. Equation (2.88) gives H P = 49.14 and from the 
nomograph we get N = 8, since the point is located above curve 7. 


2.4.3. The Transfer Function 


The poles and the transfer function can, in theory, be calculated from 
H(s)H(—s) = G>,(Q)| 92-2 
Hy 


~ 1422 PRON, 2) = Gq (is) =Gpq(—Js) (2.89 
1+)2P2(N, 2) |o2—- 2 oa (iS) = Go,(—js) (2.89) 
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Fig. 2.43 Nomograph for the calculation of the order of the Pascal approximation 


4 


Since we have a polynomial approximation, the transfer function is expected to be 
all-pole of the form: 


H(s)= 


Cc Cc 


Meni 56) (5 4 sa) [TZ (s2 + 2Relsi] + lol?) 
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1 fe dd 
with y= aa (2.90) 
O for N even 


where sx = ox + j{2x are the (N — n)/2 conjugate pole pairs of H(s) and sr the 
real pole when N is odd. 
The constant C of (2.90) can be calculated by letting 


Pp(N, 2) =anQh +--+. + 4,2" 
in (2.89), which after some manipulation yields: 


A+ lon | 


(2.91) 


where wy is the coefficient of 2% in the polynomial Pp(N, 2) taken from Ta- 
ble 2.7 or calculated from (2.76). 

It seems again that no analytic expressions can be found for the poles and the 
use of numerical methods is inevitable in order to calculate the poles from equation 
(2.89). Note that a, depends only on the order N, and the ripple factor Amax depends 
on WN and the specified @max. In view of (2.89), the poles are therefore functions of 
N and Qmax, and a table giving the constant C and the poles can be created for all 
values of order N and all values of Qmax. Tabulation for 4 = Amin would require 
separate tables for values of S25 since Amin depends on {25 according to (2.84). 

Tables 2.8 at the end of this chapter give the constant C and the poles of the 
transfer function for N = 2—9 and a@max = 0.01, 0.1, 0.5, 1.0, 1.25 and 1.5 dB. All 
tables have been created for the stopband edge optimized case with 1 = Amax. For 
any other value Amin < 4 < Amax, a mathematical software package must be used. 


2.4.4 Design Examples 


Given the normalized specifications 25 and {Hc, Hs} or {@max, min}, the complete 

design procedure can be outlined as follows: 

1. Calculate H P from (2.88) and find the order N of the filter from the nomograph 
of Fig. 2.43. If the transfer function of the stopband edge optimized filter (A = 
Amax) is required, skip to step 4. 

2. Get Pmax and §2p from Table 2.4 for the calculated order N. 

3. Calculate the limits of the ripple factor A. If the stopband edge optimized filter 
is to be designed, Amax can be calculated from (2.86). If the passband optimized 
filter is required, L(N, 25) = Pp(N, S25) can be calculated from (2.69) or (2.71) 
and Amin from (2.86). At this point, all necessary information for the gain is 
available. 

4. If the stopband edge optimized filter is to be designed with 7 = Amax, the transfer 
function can be calculated using the tables at the end of the chapter. For any other 
value Amin < A < Amax, the coefficient C and the poles of the transfer function 
can be calculated from (2.89) using a mathematical software package. 
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Example 2.10 As an example, a Pascal filter transfer function with specifications 
Ay = 1, 25 = 2, max = 1.25 dB and min = 40 dB will be calculated and compared 
to the Butterworth and Chebyshev transfer functions with the same specifications. 

From (2.88), we find H P = 44.77. Using this value, the order of the filter can be 
found from the nomograph: N = 5 (Ngur = 8, Ncne =5). For the stopband edge 
optimized filter, the ripple factor, although unnecessary, is calculated from (2.86) 
Amax = 19.083796 

From Table 2.4 for N = 5, we get Pmax = 0.03026194 and 2p = 0.70639006. 
From Tables 2.8 for N =5 and @max = 1.25, we get C = 0.147125, real pole 
—0.383466 and two conjugate pole pairs: 


—0.286033 + j0.558421 — 2; =0.62741472, Q; = 1.09675171 
—0.094300 + j0.982733  — {27 =0.98724656, Q2 = 5.23459125 


Knowing C and the poles, the transfer function is calculated from (2.90): 


0.147125 
(s + 0.383466) (s? + Gis + 27)(s2 + Bes + 23) 


A(s)= 


The plot of the gain function G({2) = |H(jS2)| is shown in Fig. 2.44 (thick 
curve) together with the corresponding gain plots for the Butterworth design 
(Neut = 8, dotted curve) and Chebyshev design (Ncne = 5, thin curve). 


Example 2.11 As asecond example, let us design a Pascal filter with specifications 
M25 = 1.5, max = 0.5 dB and Amin = 40 dB. 

From (2.88), H P = 49.14. Using this value, the order of the filter can be found 
from the nomograph: N = 8 (Ngy; = 14, Nene = 7). For the stopband edge 
optimized filter 7 = Amax, the ripple factor is calculated from (2.86) as Amax = 
21.985965. 

From Table 2.4 for N = 8, we get Pmax = —0.01588792 and (2p = 0.79978194. 
From Tables 2.8 for N = 8 and @max = 0.5, we get C = 0.06514816 and four con- 
jugate pole pairs: 


—0.43824049 + 7j0.18275053 
—0.35480472 + j0.52718634 


—0.20803356 + j0.81122122 
—0.06129275 + 7 1.00838152 


21 = 0.4748184, Q; = 0.54173266 
(22 = 0.6354619, Q2 = 0.89550936 
23 = 0.8374711, Q3 = 2.01282686 
624 = 1.0102419, Q4 = 8.24261602 


++ + 4 


Therefore, the transfer function will be 


0.06514816 


A(s)= 
Thais? + Bes + 27) 
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Fig. 2.44 Gain plot of design Example 2.10 


Figure 2.45 shows the gain response G(2) = |H(jS2)| (thick curve) against the 
corresponding responses of the Butterworth (NVg,,; = 14, dotted curve) and Cheby- 
shev (Nche = 7, thin curve) responses. 


Example 2.12 In order to design the passband optimized filter with the same spec- 
ifications and G pg (S25) = Hs, the minimum value A = Amin must be used. Calcu- 
lation of the value Pp(N, 25) = Pp(8, 1.5) must firstly be performed from (2.69) 
or (2.71), and then Amin can be found from (2.86): Amin = 13.414. In this case, Ta- 
bles 2.8 for the transfer function constant C and the poles cannot be used. Using a 
mathematical software package, we find C = 0.10677611 and the four new conju- 
gate pole pairs: 


—0.4962400 = j0.1898488 —- 2; =0.531316, Q | = 0.53534173 
—0.4060296 + j0.5468592 — 22 =0.681113, Q2 = 0.83874807 
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Fig. 2.45 Gain plot of 1 ‘ 
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—0.2468183 + j0.8389962 —- 23 =0.874548, Q3 = 1.77164396 
—0.0769663 + j1.0296597  — 24 = 1.032532, Q4 = 6.70772459 


The transfer function will in this case be: 
0.10677611 


H(s)= 
Tai 6? + OS +O) 


It should be observed that the passband optimized design with 4 = Amin leads 
to lower Q values. The gain response of the passband optimized filter is shown in 
Fig. 2.46 (thick curve). 


2.4.5 Comparison to Other Polynomial Approximations 


If the order of a Chebyshev filter which meets certain specifications is Ncpep, then 
the order N of the Pascal filter that meets the same specifications is usually for low 
orders Ncjnep, as in Example 2.10. For higher orders, due to narrow transition bands 
(25 close to 1), the order of the Pascal filter can be, in the worst case Ncjpep + 2. 
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Fig. 2.46 Gain plot of 1 ——— 2 
design Example 2.12 
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This statement cannot be proved analytically but can be demonstrated and verified 
by constructing combined Pascal-Chebyshev order nomographs [6]. It should be 
noticed that the order of the Butterworth filters in these cases can even be as high as 
2NCheb, as in Example 2.11. 

As far as the pole-Qs are concerned, Pascal filters seem to exhibit lower val- 
ues, even when the Chebyshev filter that meets the same specifications is of lower 
order. In Example 2.10, Pascal filter with N = 5 has Q; = 1.1 and Q2 = 5.23. 
The corresponding Chebyshev filter with Ncpep = 5 has Q; = 1.5 and Q2 = 6.0. 
In Example 2.11, Pascal filter with N = 8 has Q; = 0.54, Q2 = 0.89, Q3 = 2.01 
and Q4 = 8.24. The corresponding Chebyshev filter with Ncnep = 7 has Q; = 1.1, 
Q2 = 2.58 and Q3 = 8.84. It should be noticed that the passband optimized Pascal 
filter of Example 2.12 has even lower Q values: Q; = 0.54, Q2 = 0.84, Q3 = 1.77 
and Q4 = 6.70. 

Group delay must be compared for filters that meet the same specifications, and 
not for filters having the same order. Under this principle, Fig. 2.47 shows the group 
delay plots for the three design examples. 

In Fig. 2.47(a), the order of the Pascal and the Chebyshev filter is Npg = 
Ncheb = 5, and the group delay of the Pascal filter (thick curve) seems to be slightly 
better and still comparable to the Butterworth delay (dotted). 

In Fig. 2.47(b), the group delay of the Pascal filter is smoother and absolutely 
comparable to that of Chebyshev, although Npg = 8 and Ncnep = 7. The group 
delay of the Butterworth filter (dotted) that meets the same specifications with 
Neut = 14 is slightly better. 

In Fig. 2.47(c), the group delay of the passband optimized Pascal filter is better 
than that of the Chebyshev filter and comparable to that of the Butterworth filter 
which meets the same specifications with Ngy; = 14. 

The classical polynomial approximations such as Butterworth and Chebyshev, 
leading to all-pole transfer functions, are extensively used in analogue and IIR digi- 
tal filter design. In this chapter, the Pascal approximation was also presented based 
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Fig. 2.47 Group delay: 

(a) Design Example 2.10. 
(b) Design Example 2.11. 
(c) Design Example 2.12 


on a suitably modified symmetric Pascal polynomial, Pp(N, S2). The optimization 
and the application of the Pascal approximation was demonstrated by several design 
examples. The mathematical complexity involved due to the nature of the Pascal 
polynomials do not allow the analytical expression of the order equation and the 
transfer function poles and for this reason an exact nomograph is used for the or- 
der calculation and detailed tables for the transfer function constant and poles. The 
order of the so derived Pascal filters was found to be comparable to that of Cheby- 
shev filters which meet the same specifications with the lowest possible order as 
compared to all other known polynomial approximations. The Pascal filters were 
found to require lower pole-Q values than their Chebyshev counterparts and exhibit 
slightly improved group delay performance comparable, in some cases, to that of 
the Butterworth filters designed to meet the same specifications. 

In all cases, for Butterworth, Chebyshev and Pascal approximations, once the 
transfer function is available, passive, active, or IIR digital filters can be realized 
using the classic well-established methods that will be presented in the next chap- 
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ters. For analogue high frequency integrated filters, a passive LC ladder filter can be 
initially designed, which can then be properly simulated to derive active structures 
suitable for integrated realizations. 


2.5 Chebyshev and Pascal Design Tables 
Design tables for the Chebyshev and Pascal approximations are presented in the 
following pages. 


2.5.1 Table: Chebyshev Approximation 


Denominator Dy (s) of Hcy (s) = afew) of normalized lowpass Chebyshev fil- 


ters (cy = 27! is the coefficient of 2% in Cy(2)) 


Q6=1 Cer ee byis)=[ 6-50 Sk = OK + JM 
vite? kal 
Of = Sin(x) sinh(y), $2, = cos(x) cosh(y), x = ae 
y= es sinh”! (<) 
N E 
H, ey 6 
Gcu(2) =|Hcx ({2)| = —— 4p = cosh| = cosh (=) 
J 1+ 62C4,(2) as e 
N Ripple 0.1 dB (¢ = 0.152620) ECN 923dB 
1 s + 6.552203 0.15262 6.552203 
2 s? + 2.372356s + 3.314037 0.305241 1.943219 
3 (s + 0.969406) (s” + 0.969406s + 1.689747) 0.610482 1.388995 
4 (s? + 0.528313s + 1.330031) (s? + 1.27546s + 0.622925) 1.220963 1.213099 
5 (s + 0.538914) (s? + 0.333067s + 1.194937)(s? + 0.871982s 2.441927 = 1.134718 
+ 0.63592) 
N Ripple 0.5 dB (¢ = 0.349311) ECN 923dB 

1 5s + 2.862775 0.349311 2.862775 
2 s? + 1.425625s + 1.516203 0.698623 1.389744 
3 (s + 0.626456) (s? + 0.626456s + 1.42448) 1.397246 ~—-1.167485 
4 (s? + 0.350706s + 1.063519) (s? + 0.846685 + 0.356412) 2.794491 = 1.093102 
5 (s +.0.36232)(s? + 0.223926s + 1.035784)(s? + 0.586245s 5.588982 1.059259 


+ 0.476767) 
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bles 


N _ Ripple 1.0 dB (¢ = 0.508847) ECN 
1s +1.965227 0.508847 
2 524+ 1.097734 + 1.10251 1.017694 
3 (s + 0.494171) (s? + 0.4941715 + 0.994205) 2.03589 
4 (s* + 0.279072s + 0.986505) (s? + 0.673739s + 0.279398) 4.070777 
5 (s +0.289493)(s? + 0.178917s + 0.988315)(s? + 0.468415 8.141554 
+ 0.429298) 
N _ Ripple 2.0 dB (¢ = 0.764783) ECN 
1 5 + 1.30756 0.764783 
2 57 +. 0.803816s + 0.82306 1.529566 
3 (s +. 0.368911)(s? + 0.368911s + 0.886095) 3.059132 
4 (2 +.0.209775s + 0.928675) (s? + 0.506445 + 0.221568) 6.118265 
5 (s +0.218308)(s? + 0.134922s + 0.952167) (s? + 0.353238 12.23653 
+ 0.39315) 
N _ Ripple 3.0 dB (¢ = 0.997628) ECN 
1 s + 1.002377 0.997628 
2 5% +.0.6449s + 0.707948 1.995257 
3. (s +.0.29862)(s? + 0.298625 + 0.839174) 3.990513 
4 — (s* +.0.170341s + 0.903087)(s? + 0.411239s + 0.19598) 7.981027 
5 (s + 0.17753)(s? + 0.109725 + 0.936025)(s? + 0.28725s 15.962054 
+ 0.377009) 
Pascal Tables 2.8 (see (2.90) and (2.91)) 4 = Amax 
N Cc Real sr Pair 1 Pair 2 Pair 3 
Omax = 0.01 
2 10.413869 —2.227764 
+ j2.337292 
QO = 0.724698 
3 5.206936 —1.589371 —0.794685 
+ 1.626215 
QO = 1.138815 
4 2.934297 —1.044855 —0.429585 
+]0.565886 + 1.376373 
QO = 0.568622 Q = 1.678195 
5 1.769666 —0.929117  —0.744100 —0.279541 
+ 0.768710 +71.259329 
Q = 0.718895 Q = 2.307319 


95 


23aB 

1.965227 
1.217626 
1.094868 
1.053002 
1.033815 


23aB 
1.30756 
1.074142 
1.032729 
1.018367 
1.011742 


23aB 

1.002377 
1.000594 
1.000264 
1.000149 
1.000095 


Pair 4 
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Pascal Tables 2.8 (Continued) 


NC 
6 = 1.112555 


7 0.719074 


8 0.473977 


9 0.317021 


Omax = 0.1 


2 3.276101 


3 1.638051 


4 0.923101 


5 0.556720 


6 0.349999 


7 0.226213 


8 0.149108 


9 0.099732 


Real sr 


—0.747272 


—0.667452 


—0.969406 


—0.652393 


—0.569057 


—0.535685 


Pair 1 


—0.787056 

+ 70.311634 
Q = 0.537767 
—0.667122 
+j0.497552 
Q = 0.623748 
—0.685759 

+ 70.214871 
Q = 0.523970 
—0.622821 
+]0.367348 
Q = 0.580491 


—1.186178 

+] 1.380948 
Q = 0.767359 
—0.484703 

+ 7 1.206155 
Q = 1.340928 
—0.687948 
+j0.457626 
Q = 0.600520 
—0.513602 

+ j 0.655532 
Q =0.810717 
—0.576657 
+j0.272841 
Q = 0.553142 
—0.503758 
+j0.445436 
Q = 0.667431 
—0.536721 
+j0.194964 
Q = 0.531966 
—0.497623 

+ 0.337401 
Q = 0.604094 


Pair 2 


—0.564546 
+]0.860564 
Q =0.911542 
—0.448356 
+ j 0.908832 
Q = 1.130140 
—0.571780 
+/j0.616491 
Q = 0.735273 
—0.496350 
+j0.696974 
Q = 0.861941 


—0.278303 
+7 1.131224 
Q = 2.092963 
—0.187406 
+] 1.093326 
Q = 2.959545 
—0.402354 
+ 0.758765 
Q = 1.067273 
—0.327070 
+ j0.819700 
Q = 1.349165 
—0.441631 
+ j0.561055 
Q = 0.808387 
—0.390185 
+j0.642298 
Q = 0.963038 
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Pair 3 


—0.201501 
+j1.193811 
Q = 3.004193 
—0.154870 
+j1.152746 
OQ = 3.755102 
—0.368266 
+70.936914 
O = 1.366801 
—0.310304 
+ j0.954500 
Q = 1.617242 


—0.138125 
+7 1.071182 
OQ = 3.909688 
—0.107841 
+ 7 1.056909 
Q = 4.925736 
—0.273459 
+ j0.858899 
Q = 1.648108 
—0.233680 
+70.885749 
Q = 1.960065 


Pair 4 


—0.124349 
+ 1.124942 
Q = 4.550879 
—0.103048 

+ 1.105038 
Q = 5.385007 


—0.087613 
+] 1.047051 
O =5.996295 
—0.073275 
+] 1.039887 
OQ =7.113384 
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Pascal Tables 2.8 (Continued) 


N C 
Omax = 0.5 


2 1.431388 


3. 0.715694 


4 0.403319 


5 0.243241 


6 0.152921 


7 0.098837 


8 0.065148 


9 0.043575 


Amax = 1.0 


2 0.982613 


3. 0.491307 


4 0.276869 


5 0.166979 


Real sr 


—0.626457 


—0.479538 


—0.452860 


—0.447883 


—0.494171 


—0.407030 


Pair 1 


—0.712812 
+ 7 1.004043 
Q = 0.863721 
—0.313228 
+7 1.021928 
Q = 1.706189 
—0.473019 
+j0.399956 
Q = 0.654778 
—0.367266 
+]0.591875 
Q = 0.948309 
—0.441502 
+ j0.250192 
Q = 0.574702 
—0.396560 
+70.414208 
Q = 0.723012 
—0.438240 
+70.182751 
Q = 0.541733 
—0.413955 
+ 70.318731 
Q = 0.631040 


—0.548867 
+70.895129 
Q = 0.956520 
—0.247085 
+ j0.965999 
Q =2.017720 
—0.385603 
+j0.377784 
Q = 0.699974 
—0.305853 
+ j0.566511 
Q = 1.052470 


Pair 2 


—0.185811 
+ 71.018171 
Q = 2.785057 
—0.127497 
+7 1.014480 
Q = 4.009746 
—0.295576 
+ j 0.699381 
Q = 1.284398 
—0.245068 
+ j0.766314 
Q = 1.641479 
—0.354805 
+]0.527186 
Q = 0.895509 
—0.318420 
+ j 0.608385 
Q = 1.078254 


—0.148193 
+j0.983002 
Q = 3.354099 
—0.102338 
+ j0.989590 
Q = 4.860703 


Pair 3 


—0.095139 
+7 1.011785 
Q =5.340876 
—0.074938 
+ 7 1.009831 
Q = 6.756307 
—0.208034 
+ 70.811221 
Q = 2.012827 
—0.179934 
+ j 0.843059 
Q = 2.395455 
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Pair 4 


—0.061288 
+ 1.008378 
Q = 8.241702 
—0.051527 
+ 7 1.007266 
OQ = 9.786973 
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Pascal Tables 2.8 (Continued) 


NC 
6 0.104977 


7 0.067849 


8 0.044723 


9 0.029913 


Omax = 1.25 
2 0.865781 


3 0.432891 


4 0.243950 


5 0.147125 


6 0.092495 


7 0.059782 


8 0.039405 


9 0.026356 


Real sr 


—0.402818 


—0.409609 


—0.453133 


—0.383466 


—0.386340 


—0.396944 


Pair 1 


—0.383801 
+j0.241065 
Q = 0.590447 
—0.350205 

+ 0.401443 
Q = 0.760595 
—0.395505 

+ j0.177699 
Q = 0.548148 
—0.377413 

+ j0.310934 
Q = 0.647831 


—0.499894 
+70.865964 
Q = 1.000106 
—0.226566 
+j0.950787 
Q = 2.157005 
—0.357779 
+/70.370834 
Q = 0.720123 
—0.286033 
+70.558421 
Q = 1.096752 
—0.364884 
+70.238135 
Q = 0.597062 
—0.334920 
+]0.397324 
Q =0.775785 
—0.381389 
+70.176063 
Q = 0.550706 
—0.365311 
+70.308401 
QO = 0.654350 


Pair 2 


—0.249813 
+j0.675152 
Q = 1.440849 
—0.209387 
+j0.744156 
Q = 1.845995 
—0.316890 
+70.513188 
OQ = 0.951660 
—0.286839 
+j0.594246 
Q = 1.150213 


—0.136308 
+j0.973361 
OQ = 3.605295 
—0.094300 
+]0.982733 
Q =5.234591 
—0.234913 
+j0.667338 
Q = 1.505827 
—0.197697 
+j0.736954 
Q = 1.929747 
—0.304335 
+70.508654 
QO = 0.973840 
—0.276347 

+ 0.589650 
Q = 1.178221 
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Pair 3 


—0.076689 
+ ]0.992848 
Q = 6.492463 
—0.060590 
+ 70.994713 
Q = 8.223764 
—0.179237 
+ j0.791172 
Q = 2.262982 
—0.156064 
+ ]0.824921 
Q = 2.689774 


—0.070751 

+ j0.987613 
Q = 6.997370 
—0.055947 

+ j0.990524 
QO = 8.866478 

—0.169760 

+ j0.784617 
Q = 2.364431 

—0.148181 

+ 70.818964 
Q = 2.808264 


Pair 4 


—0.049668 
+j0.995890 
Q = 10.037888 
—0.041834 
+ ]0.996687 
Q = 11.923013 


—0.045892 
+ 70.992424 
Q = 10.824132 
—0.038673 
+ 70.993746 
Q = 12.857736 


2.6 Problems 


Pascal Tables 2.8 (Continued) 


N C Real sr 
Omax = 1.5 

2 0.778464 

3 0.389232 —0.420112 
4 0.219346 

5 0.132287 —0.364010 
6 0.083166 

7 0.053753 —0.372639 
8 0.035431 

9 0.023698 —0.386388 
2.6 Problems 


Pair 1 


—0.461089 
+ 70.844158 
Q = 1.043049 
—0.210056 
+j0.939346 
Q = 2.291162 
—0.335093 
+ 70.365204 
Q = 0.739560 
—0.269761 
+ 70.551805 
Q = 1.138443 
—0.349191 
+ 70.235725 
Q = 0.603264 
—0.322204 
+j0.393930 
Q = 0.789742 
—0.369634 
+ j0.174714 
Q =0.553040 
—0.355221 
+ j0.306307 
Q = 0.660220 


Pair 2 


—0.126673 
+ j 0.966086 
OQ = 3.845942 
—0.087756 
+j0.977549 
Q =5.592095 
—0.222628 
+j0.660911 
Q = 1.566289 
—0.188031 
+ j0.731006 
Q =2.007118 
—0.293868 
+j0.504909 
OQ = 0.993987 
—0.267586 
+ j0.585850 
Q = 1.203477 


Pair 3 


—0.065902 
+j0.983651 
OQ =7.479746 
—0.052147 
+ 0.987350 
QO =9.480258 
—0.161907 
+j0.779188 
Q =2.457679 
—0.141638 
+j0.814018 
Q =2.916757 
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Pair 4 


—0.042796 
+70.989795 
Q = 11.574823 
—0.036079 
+70.991514 
OQ = 13.750098 


2.1 Show that all N — | derivatives of the Butterworth gain function G() of (2.9) 
assume zero value at (2 = 0. 


2.2 Verify that Gj max(@) and G2max(@) of Example 2.1 satisfy the specifications 


of Fig. 2.10a. 


2.3 


with the specifications given in Fig. 2.48 without using Table 2.1. 


Calculate the transfer function of the normalized Butterworth lowpass filter 


2.4 Use Table 2.1 to calculate the transfer function of the normalized Butterworth 


lowpass filter with the specifications given in Fig. 2.48. 
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Fig. 2.48 Filter G(@)=|HGgQ)| 
specifications for 
Problems 2.3 and 2.4 Ho=1 


He=0.866 


Hg=0.03 + 
: Q 
% 1 Os=4 
Fig. 2.49 Filter G(@)=|HGQ)| 
specifications for 
Problems 2.7—2.9 Ho=1 


He=0.89 


H,=0.0064 + 
0 


0 1 on % 


2.5 Follow Example 2.4 to realize the normalized transfer function of Problem 2.3 
or 2.4. 


2.6 Verify the results of Example 2.5. 


2.7 Calculate the order of the Butterworth and the Chebyshev filter which satisfy 
the specifications of Fig. 2.49. 


2.8 Calculate the transfer function H(s) of the normalized stopband edge frequency 
gain optimized Chebyshev lowpass filter with the specifications given in Fig. 2.49 
and design an active-RC circuit with voltage transfer function H(s). 


2.9 Calculate the transfer function H(s) of the normalized passband optimized 
Chebyshev lowpass filter with the specifications given in Fig. 2.49 and design an 
active-RC circuit with voltage transfer function H(s). 


2.10 Figure 2.50 shows the plot of the logarithmic voltage gain of a normalized 
lowpass Butterworth filter. Determine the corresponding voltage transfer function. 


2.11 Figure 2.51 shows the plot of the stopband logarithmic voltage gain of a nor- 
malized lowpass Chebyshev filter with 2 dB passband ripple. Determine the corre- 
sponding voltage transfer function. 
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0.1 1 10 


Fig. 2.50 Gain plot for Problem 2.10 


1 10 


Fig. 2.51 Stopband gain plot for Problem 2.11 


2.12 Calculate the poles of Pascal design Example 2.10 directly from equation 
(2.89) using mathematical software, e.g. MATLAB, Mathematica or Mathcad. Use 
A = hinax- 
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2.13 Repeat Pascal design Example 2.10 with amax = 1.5 and amin = 24 dB. De- 
termine the order of the Pascal filter from the nomograph of Fig. 2.43 and try to 
calculate the constant C of the transfer function and the poles using a mathematical 
software package with A = Amax. Finally, compare your results with the correspond- 
ing values from the tables. 
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Rational Approximations 


3.1 Introduction 


The approximations presented in the previous chapter are referred to as all-pole 
because they lead to all-pole transfer functions, i.e. transfer functions of the form 
H(s) = K/D(s) with constant numerator, without finite zeros. The absence of finite 
zeros ensures that the gain is monotonically decreasing for {2 > 1. These approxi- 
mations are also called polynomial approximations due to the fact that the approxi- 
mating function is in polynomial form. 

This chapter deals with some more complicated approximations which lead to 
transfer functions with j {2-axis finite zeros. This means that in the numerator poly- 
nomial of the transfer function, there exist factors (s + a ,) and therefore the mag- 
nitude response, the plain gain, becomes zero at the real frequencies {27, (transmis- 
sion zeros). Approximations with transmission zeros are also referred to as rational 
approximations since the approximating functions are rational functions. Figure 3.1 
shows the three rational approximations which will be presented in details in this 
and the next chapter. 

The gain shown in Fig. 3.1a is monotonic in the passband and transition band 
and exhibits equiripple behavior in the stopband. Such a gain is obtained by 
the inverse Chebyshev (or Chebyshev II) approximation. A similar gain curve 
is shown in Fig. 3.1b, but with non-equal stopband gain maxima. Such a stop- 
band gain behavior can be obtained by the inverse Pascal approximation. The 
gain of the elliptic approximation shown in Fig. 3.lc exhibits equiripple be- 
havior in both passband and stopband. Elliptic approximation can meet given 
specifications with the minimum order as compared to all other approxima- 
tions. 

Approximations with transmission zeros require higher design effort than all- 
pole approximations but possess certain desirable characteristics that are sometimes 
required by the filter application. 


H.G. Dimopoulos, Analog Electronic Filters, Analog Circuits and Signal Processing, 103 
DOI 10.1007/978-94-007-2190-6_3, © Springer Science+Business Media B.V. 2012 
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GQ) GQ) G(Q) 


Inverse 
Chebyshev 


Inverse 
Pascal 


aX 
1 Q71 Q72 1 Q7; Qz 
(a) (b) (c) 


Fig. 3.1 (a) Inverse Chebyshev. (b) Inverse Pascal. (c) Elliptic 


3.2. Rational Approximations 


As we have seen, the gain of the ideal normalized lowpass filter is generally approx- 
imated using a gain expression of the form: 


Ho 
G(2) =|H(j2)| = ————— (3.1) 
1+ y2F2(Q) 


where S2 is the normalized angular frequency. 

When F'(§2) is a polynomial of order N, as in the Butterworth, Chebyshev and 
Pascal cases of the previous chapter, the related transfer function takes the all-pole 
form 


A 
Tei (s — sk) 


and the poles s,; are given by the corresponding formulae in each case. 
In rational approximations, F({2) takes the form 


H(s)= (3.2) 


Nr(2) 
Dr(2) 


FrR(2)= 


where Nr(S2) and Dr(S2) are real polynomials of order N and np respectively: 
Npr(92) =AnQ™ + An-1QN-1 4 Ay_2QN~? +--- (3.3) 
Dp(Q) = By, 2"? + By) 2"?! + By, 22"? ++ (3.4) 
Substituting F(2) with Fr(2) in (3.1) yields 
A Ao 


(1+ v2FR(Q) [i+ 2 NR(2) 
YR@ 


G(2)=|H(j2)|= 


(3.5) 
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and 
H? H?D?(2 
G*(2) =|HG2)/° = caer od Set (3.6) 
14 y2Ng@@ — DR(Q) +? NR(2) 
Y DED 


The gain function G(S2) is the magnitude of the transfer function for s = j2, 
i.e. G(2) = |H(j82)|, and therefore is an even function of £2. 


In order for G(S2) of (3.5) to be even, ae (Q)= a 
R 


requires both polynomials Nr(s2) and Dr(S2) to be either odd or even. 

On the other hand, the denominator polynomial Dr (2) must be even, otherwise, 
according to (3.5) or (3.6), it would introduce a transmission zero at {2 = 0, which 
is not expected in lowpass filters. 

Finally, in Fr(§2) of (3.5), Nr(&2) is an even or odd polynomial of de- 
gree N, and Dr(S2) an even polynomial of degree np. To ensure the expected 
lowpass behavior for {2 — oo, the degree N of the numerator must be equal 
or greater than the degree n, of the denominator, i.e. N > np. When N > np, 
then limg—oo Fr(S2) = 00 and from (3.1) > G(oo) = 0. When N = ny» (even), 
limes Fr(2) = a = K where Ay and B, p are the coefficients of the highest 


order terms in Nr(S2) and Dr(S2) respectively. In this case, the gain for [2 > oo 
will be G(oo) = > 0, and K = _ must be as high as necessary in order 


Ho 
J l+y2K2 Np 
to satisfy the stopband gain specifications. 


The corresponding transfer function H(s) = wt a can be determined from 


must be even and this 


_ Nrr(s) Nrr(—s) 


_ -O)\|2 
H)H(-8) =|HG DN o2-2 = BO Deccs) (3.7) 
and therefore from (3.6) and (3.7) we get: 
H(s)H(-s) = Nrr(s) Nrr(—s) 
Drr(s) Drr(—s) 
H? D?(2)|g2=-92 (3.8) 


D3(Q)| gr 2 + y?7NR(Q)|q2=- 2 
Both Nr f(s) and Dr -(s) polynomials must have real coefficients and the degree of 
Nr r(s) cannot exceed the degree of Dy r(s) [6]. This is ensured by the conclusion 
of the previous paragraph, where it has been shown that N > np. 

The numerator of (3.8), as the square of an even polynomial of degree np, is also 
an even polynomial of degree 2n, and when 92? is replaced by —s? becomes an 
even polynomial in s of degree 21 ,, contributing np zeros zx (k = 1,2,...,np) to 
the transfer function. Moreover, since Dr(S2) is an even polynomial of degree np, 
and Nr (£2) is an even or odd polynomial of degree N > np, De (92) and Ni (2) are 
even polynomials. When {27 is replaced by —s*, the denominator of (3.8) becomes 
an even polynomial of s of degree 2N and contributes N poles p; to the transfer 
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function. It should be remembered that N is the degree of Nr(S2). Therefore, the 
transfer function in the case of rational approximations will be of the general form: 


TZ ( = zx) 


H(s)=A 
ThaG — Pk) 


with n, even and N >np (3.9) 


From the mathematical point of view, any rational function Fr (2) = me os with 


Dpr(S2) an even polynomial of degree ny and Nr(S2) an even or odd polynomial 
of degree N >, can be used as approximating function Fr (£2) in (3.5), provided 
that it assumes low values for the region 0 < 92 < | and high values for 2 > 1, in 
order for (3.5) to exhibit lowpass behavior. 

We will next show that, in addition to these necessary conditions (Dr(S2) even, 
Nr(S2) odd or even of degree N > n,), the np roots of the even polynomial Dr(S2) 
must be real or imaginary. 

Suppose that the even polynomial Dr(S2) had a complex conjugate root pair 
Pk = ag + jb. Then, since Dr(2) is even, — pz = —ax + jbg would also be roots 
and Dr(2) would contain the term 


(92? = Bap. ha? + b7 2" 4 2ag? a? 4-5) 


and D*, (2)|gQ2—_,2 in (3.8) would then contain the term 


(—s? + j2ags + ay + b2)?(—s? — j2ags + a, + be)? 
To separate H(s) and H(—s) using (3.7), 
either (—s* + j2a,s-+a?+b2)? or (—s? — j2ays +a? + 2)” 


should be allocated to the numerator N7 r(s) of H(s), which would have complex 
coefficients. Since all coefficients of Nr f(s) must be real, a, must be zero. This 
implies that the even polynomial Dr(2) cannot have complex conjugate root pairs 
of the form px = a, + jb, but either imaginary conjugate or real symmetric root 
pairs: 


Pe=HJQx~ or pre=t+L~ withreal 2, >0 (3.10) 


All known rational approximations are based on rational functions Fr(S2) with 
denominator polynomials with real root pairs p; = +{2,,. The cases of polynomials 
Dpr(S2) with imaginary root pairs or imaginary and real root pairs have not been 
reported and their investigation is beyond the scope of this textbook. However, two 
examples are given below. 


Example 3.1 Consider the rational function 


NrR(Q) 323 


= ith Np (2) = 32? and Dr(2) = 27 +2 
Da(Q) an ™ r(2) and Dr(S2) + 


Fr(Q)= 
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GQ) 1 
|HyGQ)| 
[HyGQ)| 0.8 

0.6 

0.4 

0.2 

7 1 10 
Q 


Fig. 3.2 Plain gain plot for Example 3.1 


in which the roots of Dr(@) are +j/2. According to (3.5), the corresponding gain 
function will be 


Hy Hy 


= 6 
Jl+rF@) 1+? ae 


G(2) = (3.11) 


For y = 0.5, this example rational approximation leads to the following transfer 
functions from (3.7) 


3 (s? — 2) 
Hi(s) = : 
(s + 0.917439) (s2 + 1.584106s + 1.453322) 
or 
Bie z(s + V2)? 
2 = 


(s + 0.917439) (s2 + 1.584106s + 1.453322) 
The plain gain plot from (3.11) and as | H1 (jS2)| and |H2(j2)| is shown in Fig. 3.2. 


Example 3.2 Consider the following rational function in which Dr(S2) has real and 
imaginary root pairs +4 and +j8 


Nr(Q) _ 975 - 2° 


i= Dr(Q) (22 —16)(22 + 64) 


According to (3.5), the corresponding gain function will be 
A A 


G(2) = 5 ; — ; ; 5752.10 
ylty?FRQ) 1+ gsonerrea 


(3.12) 
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dB 
20logG(Q) 0 
20log|HiGQ)| 


aa 1 10 100 


Fig. 3.3 Logarithmic gain plot for Example 3.2 


For y = 0.5, using (3.7), this example rational approximation leads to the transfer 
function shown below: 


2.051282 - 1073(s2 — 82)(s? + 42) 


H = 
16s) (s + 1.174231)(s2 + 1.868734s + 1.35714)(s2 + 0.692452s + 1.318096) 


The logarithmic gain plot, both from (3.12) and 20log|M(j&2)|, is shown in 
Fig. 3.3. 


If the roots of the even polynomial Dpr(S2) are real pairs of the form px = +2zx, 
the polynomial will contain the term Th, = 22 ;) and the numerator of 
H(s)H(—s) of (3.8) will contain the term 7 + 2 Dae If we limit our at- 
eae to this case, considering that the even polynomial Dr (2) of even degree np 
has “2 P real symmetric root pairs +£2,,, then Dr(S2) will be of the form: 


as Np 
22. 
De(@) =B,, | (2? 22) => D R(@) = Br, | [(2? - 23)” (3.13) 
k=1 k=1 


where Bnp is the coefficient of the highest order term of Dpr(S2). Therefore, 
from (3.8): 


Np 


Nrr(s)Nrr(—s) = Hy - By, - | [@? + 23° (3.14) 
k=1 


= 
S 


= 


=> Nrr(s)=Nrr(—s) = Ho -|Bn,|- (s? + 2%) (3.15) 


> 
Il 
it 


Finally, the general form of the transfer function of rational approximations when 
Dpr(&) has only real roots +2,; is given below: 
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np 
Hy - |Bn,| ‘ Tie" + 22) 
B-T]jLi(s — pr) 


B, is the coefficient of the highest order term in Dr(S2), and B will be discussed 
later. 

The n,/2 conjugate pair zeros +j{2-, of H(s) have been contributed by the 
np/2 real pair roots +2, of the real even polynomial Dr(S2) of the denominator 
of the approximating rational function Fr(s2). The poles py of H(s) are the LH 
half s-plane roots of the even denominator polynomial of (3.8): 


A(s)= with n, even and N >np (3.16) 


Drr(s)Drr(-s) = De(Q)| gr 2 +7 NR(Q)|Q2e_2 =O or 


(3.17) 
Drr(s)Drr(—s) = Bp, - | [67 + 23)? +? NR(Q)qa_.2 =0 
k=) 

The calculation of the poles is the most laborious task in all approxima- 
tions and in many cases they cannot be expressed analytically. However since 
Drr(s)Drr(—s) is an even polynomial, half of its roots are located in the left 
half s-plane and can always be allocated as poles to a realizable transfer function. 

The symmetric numerator polynomial Nr(S2) of order N takes the general form: 


Nr(2) = AyQN + Ay_-22N-2 4+--.+ Aq when N is even 
Npr(Q2) = AynQN + Ay_2QN-7 +--.4+A,;2 when N is odd 


The order of the polynomial of (3.17) is 2N and if N > np, the coefficient g2y of 
the highest order term is goy = y7? Ay where Ay is the coefficient of the highest 
order term of Nr(S2). If N =n,» (even), then it is clear from (3.17) that goy = 
y? Aa, + Be Therefore, the coefficient B in (3.16) will be 


y|An| when N > np 
~ | \/y?Ai, +B?) when N = eee 
vv yt in, When N=np (even) 
and finally the transfer function will be 
np 2 
Tar? +25) 
H(s) = Hy: C - —{————— with n, even and N >np (3.19) 
Ta — Px) 
where 
Bn, 
C= ! when N > np (3.20) 
vyIAn| 
Bn, 
C= ! when N = np (even) (3.21) 


y2Ay + Les 
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The above analysis sets the necessary conditions for the selection of a rational 
approximating function Fr(2) = os aaa for use in (3.5): 


i. The numerator polynomial Nr(i2) of degree N must be symmetric (even or 
odd). Moreover, in order to maintain lowpass characteristics for £2 —> oo, the 
order N of the numerator polynomial Nr(S2) must be equal or higher than the 
order np of the denominator polynomial Dr(2). 

ii. The denominator polynomial Dr(S2) must be an even polynomial of even de- 
gree np. 

ili. The even polynomial Dr(S2) can have imaginary root pairs +7 (2,, or/and real 
root pairs +§2,,. If Dr(S2) has only real roots, frequencies §2,, must be located 
in the stopband, i.e. 2,% > S25 in order to ensure lowpass behavior. 

When all roots of Dr(S2) are real, (3.16) implies that the corresponding transfer 

functions will have only j§2-axis zeros + j 22,;, i.e. real transmission zeros at {2;,. 

The necessary conditions i—iii can also be proved sufficient, i.e. when met by 
F r(&2), the corresponding transfer function is realizable. 

Several rational functions Fr(s2) have been successfully deployed leading to 
realizable transfer functions and filters with distinct and different characteristics. 
However, all known rational approximations use Dr(S2) with all roots to be real 
in the approximating rational function Fr(2) = ee as for example the elliptic 
and the inverse Chebyshev approximations. 


3.3. Thelnverse Chebyshev Approximation 


Equation (3.5) with y = €—! and the rational function 


Fr(82)= — (3.22) 
Cy(% =) 


defines the gain of the inverse Chebyshev or Chebyshev II approximation: 
Qs 
Ab = €Ho|Cn (BI 


Gicn(2)= = 
iL —— ~ f+ ec (2 


(3.23) 


It should be noted that in contrast to the polynomial approximations, the approxi- 
mating rational function Fr(2) depends on 25, the specified stopband edge fre- 
quency. 

The Chebyshev polynomial Cy (x) of degree N used in (3.22) and (3.23) can be 
expressed as 


Cw (x) =cosh(N cosh! (x)) = ewx% + ey_ox8-? +--+ + eq” (3.24) 


where the coefficients of the highest and lowest order terms are given by 


cy =2%-1 and cy=N"(-1)2" (3.25) 
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Parameter 7, which will be used extensively in this chapter to allow unified expres- 
sions, is given by: 


O when AN is even 
n= . (3.26) 
1 when AN is odd 


Taking into account (3.24) and (3.26), (3.22) yields: 


Fe(Q) 1 QN 
R = 5 
CyB) NCHS) 
QN 
=> FR(2)= "i a os (3.27) 
cn Rs + cny-22, 2 He $C) 252 =J} 
_ Nr(&) 
Dr(2) 
From (3.27) it becomes clear that 
Npr(2)=2% and 
2 
Dr(Q)= a"cy( 2) = cys +cy-2.23 72? (3.28) 


tee $e QEQn 


The order of Dr(&2) is np = N — n, always even. 
The three realizability conditions are satisfied in the case of the inverse Cheby- 
shev approximation with the approximating rational function of (3.27): 
i. The numerator polynomial Nr(@) = 2 of degree N is symmetric (even or 
odd) and N > np, = N — n, ensuring lowpass characteristics for {2 — oo. 
ii. The denominator polynomial Dr(S2), given in (3.28), is an even polynomial 
since (N — 7) is always even. 
ili. It is shown below that the even polynomial Dr(S2) has (N — n)/2 real root pairs 
+2,, with |224| > Qs. 
Chebyshev polynomials Cy (S2) of degree N have (N — 7)/2 positive roots given 
by 


2k —1 N-7 
= k= 1,2, 2..;—_—— 3.29 
Pk cos( oN n) 5 (3.29) 
and (N — n)/2 negative roots —px. Therefore, the roots 2,, of Dr(2) = 
QNCy (ZS) will be 2x = aoe For 2 = 0, from (3.28) we have Dr(0) = 
ey, =2" Ok SV, 

According to (3.13), the even denominator polynomial Dr(S2) can be expressed 
as: 


(N—n)/2 
Dr(2)=|cy|24 [[ (27-23) 
k=1 
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Qs Qs 
where {2,4 = a | 
Pk cos(=3y-7) 
(7 from (3.26) and c, from (3.25)) (3.30) 


with |§2,;| > (25, since from (3.29), px < 1. Taking (3.30) into account, the approx- 
imating rational function of the inverse Chebyshev approximation of (3.22) yields: 


QN 


Fr(Q) = _ ; 
NT (02 _ &3 
len |S25 Tei (2° — oe 


2k—-1 N+3n 
where px = cos aN m } andc, = N"(—1)"2 (from (3.25)) (3.31) 


The gain of the inverse Chebyshev approximation can be found from (3.1) using 
y =e—! and Fr(&) of (3.31) 


NITE (o2 _ & 
Ao|cnleS25 |], 2 (2 ~ ee 


Gicn(2)= 


N=n 2 
2 2 
[928 che? ae res (22 r 2 


2k —1 N+3y 
Pe= cos( oN n) and c, = N"(—1) 2 (from (3.25)) (3.32) 


Equation (3.19) with y = «~!,n, =N —n, Ay =1 and B 
the transfer function of the inverse Chebyshev approximation: 


= |cy| ay yields 


Np 


Nat 
HoK J],2) (8? + 2) 


H(s)= (3.33) 
[Tei (8 — pe) 
where (2,4 = 2s = 2s/cosh(4517) and coefficient K can be taken from (3.20) 
and (3.21) which can be expressed in a unified form using 7: 
éle, | 
K lenl 2s (3.34) 


yl $22.3" =n) 


In the above equations, c, is the coefficient of the lowest term of the Chebyshev 
N+3n 


polynomial Cy (2) taken from (3.25): cy = N7(—1) 2. 
In (3.33), px are the left hand half s-plane roots of the even polynomial of or- 
der 2N 


aoe Q2 2 
PN 4 (1M 6702.25" T] G " =) (3.35) 
k=1 k 


which will be calculated next. 
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The gain function of the inverse Chebyshev approximation of (3.23) is repeated 
here for convenience: 


Hy €Ho|Cn(2)| 
GicxiQ\i= = (3.36) 
“ ive glee) 

CX (2) N\Q 


Since the denominator has the same form ,/1 + «°C? (x) as in the Chebyshev case, 
the poles of Aycu(*) will be those of Hcy (s) for s = 2s The poles of Hcy (s) 
have been given in the previous chapter in (2.61), from which we get: 


Qs : 
— =o. + j2x where 
Pk 


_ (2N4+2k-1 . 1. ofl 
ox = sin ——————— ] sinh] — sinh - 
2N N € 
2N +2k—1 1 1 
2. = cos ial cosh| — sinh~!( — 
2N N € 


ea 1. (3.37) 


The poles px of H7cH(s) can be calculated from (3.37): 


440 Qsox , Qs 2k th 
=O a W1 
Pk ki 1 J M¢ki of + 22 Top + Qe 
2N+2k—1 1 1 
On = sin( SS) sinh sinh! (=) 
2N N € (3.38) 
2N+2k—-—1 1 1 
{2% = cos alia cosh} — sinh~!( — 
2N N € 


k=1,2,...,N 
Equation (3.33) fully defines the transfer function of the inverse Chebyshef ap- 
proximation with K from (3.34) and the poles p; from (3.38). However, the order NV 
and the ripple factor € are still unknown and will be calculated in the next sections. 


3.3.1. Gain Analysis 


The gain of the inverse Chebyshev approximation of (3.23) can also be expressed as 


1 


—- + 5-~ (3.39) 
1+€203,(2) 


GicH(2)= Hol} 
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A more detailed form can be derived using (3.31) in (3.5) with y = et; 


N= Q2 
H, Ho€|en|23 Teo (2? — ra 
Gicu(2)= : = = k ; (3.40) 
NR(&@) 2 > Q 
i + Spr @ [228 + e725" TTp2) (2? — 75)? 


where from (3.25), ¢, = N"(—1) a is the coefficient of the lowest term of Cy (2) 
and 7 as defined in (3.26). Next, it will be shown that: 
1. The function G;¢y (2) is monotonically decreasing in the interval 0 < 92 < 925. 
2. In the stopband, there exist (NV — n)/2 maxima with values equal to G7cH (25) 
If the above two conditions hold, then in order to satisfy the specifications it is 
sufficient to ensure that G7cq(1) > Hc and G7cy (2s) < Hs. 
Defining 


Ey(x)=1+ CH), 


the following properties can easily be shown and are visualized in Fig. 3.4: 
i. Syl) =14+e?C% (1) = 1+? forall N. 
ii, Sy(0) =14+ CVO) =14+(1-ne?={ 
iii. Forx > 1, Sy(x)=1+ rau Ore (x) is increasing monotonically following Cy (x) 

iv. For 0 <x <1, Zy(x) presents equal ripple from 1 to 1 + €? 

Therefore the function Byo(@) = By(2s/2) = 1+ €?C%(2s/2) has the fol- 

lowing basic properties: 

i. Evo(@s) = En) =1+€2C% (1) = 1+? forall N. 
li. Byo(0o) = Fy (0) = oe anaes 
iii, Byo(@) = By(2s/L2) = 1+ €?C%(Qs/L) is decreasing monotonically for 
0<2< 25 

iv. For 2 > 25, Bnyo(@) = Fy (25/2) presents equal ripple between | to ie, 
Taking these properties into account, the inverse Chebyshev gain of (3.36) and 

(3.39) is repeated in (3.41). 


1 for N = odd 
1+? for N =even 


I €HolCn (I 
Grcu(2) = Hoy a (3.41) 
1+e*Cy (3) /1 + €2C%,(2:) 


Gicuy(S) is monotonically decreasing for 0 < 2 < Qs, since By(Q5/2)=1+ 
eCy (25/2) is monotonically decreasing in this interval, as shown in Fig. 3.5. 
For 2<«1,1+ Ch, (5/2) assumes very large values, and therefore G7cy (2) 
assumes values very near H,. For 25/2 = 1,1.e. for 2 = 25 


En(2s/2)o=05 = ENA) =14+ PCy) = 14+? 


and therefore 
€Ho 


Gicno (2s) = wie 
€ 


(3.42) 
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Fig.3.4 Plots of Cy (x) and &y(x) =1+ Cy (x) for odd and even N 


Gicp4(Q)=Hy |1- ——L_ 
. ae: 1+22CR, BS) 


ee Pe en ne at 


Fig.3.5 Plots of Sy (x) and Sy (1/x) with x = 2/25 
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By definition, G7c 7 (S2) becomes zero when Cy (25/82) = 0. Moreover, since 
Cy (252) =cos[N cos! (25/2)] 


Cy (¥8) becomes zero when N cos~! (25/2) is an odd multiple of 7/2, i.e. when 


Ncos7! 5) = (2k — ee From this result, the (NV — 7/2) discrete values which 
make G;cy(S2) = 0 can be obtained: 


25 


N = 
= —S —  fork=1,..., —, nfrom(3.26) (3.43) 
cos(S5-7) 2 


22x 


Notice that this is the same result expressed in (3.31). 
For 2 > 1, when Cy(@s/@) = +1, the expression 1 + €7C%,(@s/@) as- 
sumes its maximum value 1 + €”, and the gain G7cy (2) assumes also maximum 


value are . Therefore, the stopband maxima have the same value Fre with 
Gicn (Qs). 
Cyn (825/82) assumes the value = +1 when NV cos! (3s) is an even multiple of 


z, i.e. when N cos! (28) = 2k, from which we get (N — n/2) discrete values of 


82m axk, for which the gain becomes maximum in the stopband: 


25 N-n 1 for N odd 
2 = ——— k=1...| ——], n= 3.44 
meee cos(447) ( 2 ) i f for N even oe 


3.3.2. Ripple Factor and Order Calculation 


Having all the details of the gain function of the inverse Chebyshev approximation, 
we can now deal with the ripple factor « and the order N. Let us start from the 


stopband, for which it has been found that the maxima have the value fe = 
+e? 
Gicn (Ss). 
Requiring that aa =< Hs,a first estimate of € can be obtained: 
+e 
1 1 
€ < €max = (3.45) 


/(H2/HB) - 1 : Voc —1 


It should be noted that the maximum value €max of the ripple factor depends only 
on H, and Hs (or only on apn). If this maximum value € = €max is selected, the 
stopband tolerance is fully reached with G7c (5) = Hs and all maxima at Hs. 

In the monotonic passband 0 < 2 < 1, we have from (3.41) that G7cq (0) = Ho 
and it is required that 


: > 
1+ PgR (2s) ~ 


Gicu() = Ho He (3.46) 
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from which we find 


cosh—! (4 He/Hs)"—1 /Hs)"~ by cosh”! (2) 


N > Na = ; €max ; 
cosh * (25) ~ cosh cons) 
H,/Hc)? -—1 _ uae 
where g = (Ho/ ay (3.47) 
(H,/Hs)2—1 


In terms of the logarithmic gain specifications, the above order equation (3.47) be- 


comes: 
1 10 1 
cosh” "(,/ —amax— ) 
10 10 —] 


cosh~! (Qs) 


N>Na= 


(3.48) 


The non-integer order Ng in general takes a decimal value. The integer order of 
the approximation will be the minimum integer N that satisfies N > Ng, i.e. Na 
rounded up to the next integer value. 

It should be noted that the order equation (3.47) and (3.48) of the inverse Cheby- 
shev approximation is identical to the order equation (2.47) in the case of the Cheby- 
shev approximation. 

From (3.47) and (3.48), it is apparent that the order increases as (25 approaches 
unity and becomes infinite for {25 = 1. This means that the order increases as we 
try to make the transition band as narrow as possible. It also means that higher 
order filters can realize narrower transition bands. The order also increases as the 
passband tolerance decreases (Hc approaches Hy or max approaches zero) and as 
the maximum allowed stopband gain Hs decreases (Qmin increases). 

Filters designed with the inverse Chebyshev approximation are referred to as 
inverse Chebyshev filters and the name implies only that they realize this type of 
response, no matter how they are implemented. Inverse Chebyshev filters can be 
implemented using any suitable technology, e.g. as passive, active or digital IR 
filters. 

Since cosh! (x) is an increasing function of x, Na(€) decreases as € increases 
and therefore Ng(€max) is the minimum value for all permissible values € < €max. 
Figure 3.6 shows this situation. 

It is clear from Fig. 3.6 that there is a value €min for which Ng(€min) becomes 
equal to the integer order N. For € < €min, higher order is required. Given the integer 
order NV, the minimum value of € can be determined from (3.47) setting 


-1¢1 
cosh (3) 


——- = f 47 
cosh™ ! (25) ae Sconnnereen 
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Fig.3.6 N, as a function Na(e) 
of € 


from which we find 


! 1 
€min = = 
H2 amax _ 
cw(as),| = 1 Cy(Q9V10%" —1 


For a specific order N, the minimum value of the ripple factor depends not only on 
the passband tolerance, but also on the stopband edge frequency (25. 

Finally, when the order N of the approximation has been determined, the ripple 
factor can be chosen from the interval given below. 


(3.49) 


1 
Emin = ses ——— €max (3.50) 


H2 
Cn(G@s),/ 3 — 


or, in terms of logarithmic gain 


1 1 
Emin = an SEs SS = Emax 
Cy(2s)v 10-10 — 1) ion 4 


(3.51) 


3.3.3 Optimization 


Given the specifications 225 and {H,, Hc, Hs} or {@o, max, min}, the order of the 
approximation can be determined from the order equation (3.47) or (3.48), and in- 
verse Chebyshev approximation can be optimized as to meet certain criteria and 
exhibit different characteristics. 


3.3.3.1 Optimization Using the Ripple Factor 

The boundary values of the ripple factor « depend only on the filter specifications 
and can be calculated as soon as the order N has been determined from the order 
equation (3.47) or (3.48). Different gain characteristics are obtained for each selec- 
tion of Emin < € < €max- 
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Fig.3.7 Case A: € = €max Gicy(Q)=|HGQ)| 
(passband optimization) 


Fig. 3.8 Case B: Gicy(Q)=|HGQ)| 
€min < € < €max Ho Piait)) eee, Emin<€<Emax 
ar 
I+e’CR (Qs) 
Hy 
H = eH 
Smin {ite 


Case A: € = €max (Passband Optimization) Choosing € = €max, the maxima of 
the stopband gain become exactly equal to the specified minimum stopband gain, 
and in addition G7cy(@s5) = Hs. In this case, shown in Fig. 3.7, the plain gain at 
§2 = 1 assumes the value 


Apé€max|Cn(@s)| _ —— Ho|Cn(825)| 


1 + BaxC3,(2s) {#- 1+ C2,(Qs) 
Ss 


He max = GicH() = > Hc (3.52) 


and the logarithmic passband ripple becomes minimum 
Hy ) 
HA max 


Case B: €min < € <€max For a value €min < € < €max, the specifications are sat- 
isfied as shown in Fig. 3.8 with G7cy(1) => Hc, and the stopband gain maxima 
assume the value G7cy (5) < Hs. 


QC min = 20 loe( 


Case C: € = €min (Stopband Edge Frequency Gain Optimization) — For « = 
€min, passband tolerance is reached with G7cy (1) = Hc. The maxima of the stop- 
band gain in this case assume the value Hs min = GrcH (82s) < Hs (see Fig. 3.9). 
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Fig.3.9 Case C: € = min GcH(Q=|HG2)| 
(stopband edge frequency 
gain optimization) 


As min = Grcn(@s) = a = <Hs (3.53) 
fit+ein i + C2(Qs\(F$ = 1) 
Cc 


The frequency 2475 at which G7cy(S2Hs) = Hs is given by 


QHs = as where g = (Ho/ He)" = 1 (3.54) 
oo cosh[ 4 cosh! (gC (2s))] BV (Ho/Hs)2 — 1 


3.3.3.2 Transition Band Optimization 25 min 
If we require that G7cy(1) = Hc and GycH(2s) = Hs, as shown in Fig. 3.10, 
then €min and €max must become equal: 


1 1 


Hy 2 


= Emax (3.55) 


Emin = 


This can only happen if there is a frequency {25 min at which Cy (S25 min) takes the 


value: 
i (Ha/Hgy = 1 
Cy (825 min) = ,| ——-——_ 3.56 
n( Smin) (H,/Hc)2—1 ( ) 
from which we find 
1 _, | (Ho/Hs)? -1 
925 min — cosh( cosh (H,/Hoy —1 < 25 (3.57) 


This means that the filter can be designed with stricter transition band specifica- 
tions ({25 min < S25). For the given magnitude specifications, the filter designed with 
925 min < S25 has the steepest gain in the transition band and is referred to as transi- 
tion band optimized. Figure 3.10 shows the gain plot of a filter designed with 925 min 
instead of the specified (25. It should be noted that 25min given in (3.57) is such 
that the order remains WN as if it has been calculated using the specified 25. In fact, 
the use of §25 min in (3.47) or (3.48) leads to integer Ng = N. 


3.3. The Inverse Chebyshev Approximation 121 


Fig. 3.10 Transition band Gicy(Q)=|HGQ)| 
optimization (25 min Hy 
He 
Hs 
Q 
0 IFO 
Qsmin 
Fig. 3.11 Stopband Gicu(Q)=|HGQ)| 


optimization £25 max 


3.3.3.3 Stopband Optimization 2 max 

One more optimization can be performed in the inverse Chebyshev approximation. 
Let us suppose that we have the stopband edge frequency gain optimized design with 
€ = €min Of Case C (Fig. 3.9), where the stopband maxima and G;cy (S25) assume 
equal values Hs min (see (3.53)), lower than the specified Hs. The frequency Q2y;5 
at which G7cy (Hs) = Hs is given by (3.54): 


ne Qs =, | Ce/ Hey = 1 
Hs = i =i < Ss where g=,/-_—___,_—_ 
cosh[ + cosh! (gCy(2s))] (Ho/Hs)° — 1 


If we drag (27; to the right until the curve touches the point {25, Hs}, the fre- 
quency at which the gain becomes equal to the stopband maxima moves to a fre- 
quency 25 max > S25. Moreover, the stopband maxima will decrease, as can be seen 
from (3.53) for 25 = Qsmax. This situation is shown in Fig. 3.11 and frequency 
925 max can be calculated from 


22 H,/Hc)* -1 
ee ome where g = peal (3.58) 
cosh[ cosh™*(gCy (2s max))] (Ho/Hs)* —1 


Therefore, if minimum stopband ripple is required, the filter can be designed 
using S25 max instead of the specified S25 without change of the order. However, the 
solution of (3.58) for £25 max is not an easy task. In fact, the following equation must 
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1.5 1.55 Deige 16 1.65 1.7 


Fig. 3.12 Graphical calculation of 25 max 
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Fig. 3.13 Stopband details of the four optimized designs 


be solved, 


Qom 
cu( see) Sy gens (3.59) 
S 


which cannot be solved analytically, and the use of numerical methods is inevitable. 
Figure 3.12 shows a way to calculate 25 max graphically for N = 6, Q5 = 1.5, 
H, =1, Hc =0.9 and Hs = 0.03 to find 25 max = 1.5774. 

Figure 3.13 shows the stopband details of the four optimized designs for a filter 
with specifications 225 = 1.5, Hj = 1, Hc = 0.9 and Hs = 0.03 from which N = 6. 

Inverse Chebyshev transfer functions can be realized using various technologies, 
e.g. active-RC or passive. When they are realized with doubly terminated passive 
ladders, they may look like the circuits of Fig. 3.14, with parallel resonant LC cir- 
cuits in the series arms to realize the transmission zeros. 
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C; 


Fig. 3.14 The structure of passive inverse Chebyshev filters 


G(@)=|HGo)| G(Q)=|HGQ)| 
2.0 2.0 
1.9 1.9 
0.25 0.25 
0 o 0 Q 
0 @c=22600 wg=271800 rad/sec 0 Qc=1 — Og=3 
(a) (b) 


Fig. 3.15 (a) Lowpass filter specifications. (b) Normalized specifications 


Example 3.3 Find the inverse Chebyshev plain gain function G7cy(2) and the 
corresponding transfer function H7cy(s) from the plain gain specifications of 
Fig. 3.15. 

The specifications are identified as follows: 


@c = 21600 rad/s, Ws = 271800 rad/s, 
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Ho =2, Ho =1.9, and HAs =0.25 
The normalized specifications shown in Fig. 3.15b will be 
Qc =1, Qs = 3, Hy =2, Ho =1.9, and Hs =0.25 
In order to calculate the normalized gain 
Gicu(2)= HCN 
1+€203,(28) 


which meets the normalized specifications, €max Will be first calculated from (3.50): 


1 


€max = = 0.125988 
Jz 
Aa = Ve = 
The decimal order Ng is then calculated from (3.47): 
H2 1 
AG 
={ H 22 
cosh’ "¢ ae i” cosh7!(_ / 225 ; ) 
Na= 7 = 7 = 2.1993 
cosh“ (25) cosh” ‘ (3) 


and the integer order will be N = 3. Having N, the minimum value of the ripple 
factor can be calculated from (3.50) for N = 3 and 25 =3: 


C3(33)=4-37-3-3 > C€3(3)=99.0 


1 1 
€min = = = 0.03073167 


Cy (2s) (Ho/Hey2— 1 99.0,/(22/1.92) = 1 


Finally, for N = 3 and {25 = 3, the gain will be 


1 €H,|C3(3)| 
Grew 2) = Hol = : 2 


3 
I+C3%) [1 4.202(3) 


where €min < € < €max and C3(x) = Ax? — 3x 


The gain function G7c7({2) satisfies the normalized specifications and its plot is 
shown in Fig. 3.16 for the two boundary values of the ripple factor e¢. The value of 
€ does not affect the position of the transmission zero, but mainly the value of the 
gain at 2 = 925 and 2 =1. 
For N = 3, the unique, since (N — 7)/2 = 1, zero of the transfer function is given 
by (3.29): 
3 


21-1 
a3 7) 


= 3.464 


— cos( 
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2 


1.75 
GtcH(Q) 


Fig. 3.16 Gain plot of G7cq (2) for € = €min and € = Emax (dashed) 


The constant K is determined from (3.34) and the poles p, of the transfer func- 
tion from (3.38) fork =1,...,3: 
For € = €max = 0.125988, we find K = 1.1338934 and 
Pi = —0.8487 — 72.021273 p2 = —2.831293 
p3 = —0.8487 + j2.021273 


2- 1.1338934 - (s? + 3.4642) 
(s + 2.831293) (s2 + 2 - 0.84875 + 0.84872 + 2.0212732) 


> A(s)= 


For € = €min = 0.03073167, we find K = 0.2765849 and 


p| = —0.656601 — j 1.287085 py = —1.589787 
p3 = —6566 + j 1.287085 


2 -0.2765849 - (s2 + 3.4647) 
(s + 1.589787)(s2 + 2 - 0.656601s + 0.6566012 + 1.2870852) 


=> Ay(s)= 


The plots of Gaicu (2, €max) = |Mi(2)| and GyrcH (2, €min) = | H2(j2)| are 
shown in Fig. 3.17. The plots are of course identical with those of Fig. 3.16. 
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H-=1.9}---- 
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Hs=0.25 


0 
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Q 


Fig. 3.17 Gain plot of Gy;cq(S2) from the transfer functions 


If HrcH(s) satisfies the normalized specifications, the transfer function that 
satisfies the specifications with wc = 27600 rad/s (f¢ = 600 Hz) will be sim- 
ply Hic (s/@c) and the corresponding gain function will be |H7cH(jw/@c)| = 
|\Hicu Uf/fc)|. Figure 3.18 shows the denormalized plain gain plots and Fig. 3.19 
the corresponding logarithmic gain plots, where the stopband details are better vi- 
sualized. 


Example 3.4 Find the gain function G7cy(S2) and the transfer function H7cyq(s) 
so as to satisfy the plain gain specifications of Fig. 3.20. 
The specifications are identified as follows: 


@c = 211000 rad/s, Ws = 271500 rad/s, 
Ho =1, Hc =0.9, and Hs =0.03 


The normalized specifications shown in Fig. 3.20b will be 


2c =1, Qs = 1.5, Ho =1, Hc =0.9, and Hs = 0.03 
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Fig. 3.18 Gain plot of denormalized G7cHa() 
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Fig. 3.19 Logarithmic gain plot of denormalized GicHa(@) 
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In order to calculate the normalized gain, the maximum value of the ripple factor 
€max 1S first calculated from (3.50): €max = 0.03001351. The decimal order Ny is 
then calculated from (3.47): Ng =5.116465 => N=6. 
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G(@)=|HG)| G(Q)=|HGQ)| 
1 1¢ 
0.9 0.9 
0.03 0.03 
0 7 0% 
0 fc=1000 f5=1500 A Geis 
(a) (b) 


Fig. 3.20 (a) Lowpass filter specifications. (b) Normalized specifications 


The minimum value of the ripple factor can be calculated from (3.50) for VN =6 
and (25 = 1.5: €min = 0.01282448. 

Figure 3.21 shows the gain plot from (3.23) with N = 6, 25 = 1.5, for € = €min 
and € = €max. The value of € does not affect the position of the transmission zero, 
but mainly the value of the gain at 2 = Q5 and 2 = 1. 

For N = 6 (ny = 0), the (N — n)/2 = 3 conjugate imaginary zero pairs of the 
transfer function are calculated from (3.29): 


922) = £71.552914 222 = £j2.12132 223 = £j5.795555 


The constant K is calculated from (3.34) and the poles p; of the transfer function 
from (3.38) fork =1,...,6: 
For € = €max = 0.125988, we find K = 0.3 and 


pi = pi = —0.19523 — 1.20567 pp = pS = —0.74816 — j 1.23803 


p3 = px = —1.71103 + j0.75866 


0.03 - (s? + 1.55297)(s? + 2.12137)(s? + 5.79567) 


H = 
18) (s? + 0.3905s + 1.4918) (s? + 1.49635 + 2.0925) (s? + 3.4221 + 3.5032) 


For € = €min = 0.03073167, we find K = 0.012823 and 


pi = pe = —0.20091 — j1.09198 pp = p® = —0.71963 — 1.04803 
p3 = px = —1.42685 + j0.55679 


0.012823 - (s? + 1.55297) (s? + 2.12137) (s? + 5.79567) 


H. = 
2(s) (s2 + 0.4018s + 1.2328) (s2 + 1.43935 + 1.6162) (s2 + 2.85375 + 2.3459) 


If H7cH(S) satisfies the normalized specifications, the transfer function that sat- 
isfies the specifications with wc = 271000 rad/s (fc = 1000 Hz) will be sim- 
ply Hic (s/@c) and the corresponding gain function will be |HicH(jow/oc)| = 
|\HicuVUf/fc)|. Figure 3.22 shows the denormalized plain and logarithmic gain 
plots for the two boundary values of the ripple factor. 
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Fig. 3.21 Gain plots of Example 3.4 for émin and €max (dashed) 
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Fig. 3.22 Plain and logarithmic gain plots of Example 3.4 for €min and €max (dashed) 


3.4 The Inverse Pascal Approximation 


Inverse Pascal approximation is based on the properly modified Pascal polynomials 
[4] of Sect. 2.4 of the previous chapter and leads to monotonic passband gain, like 
its inverse Chebyshev counterpart. The stopband response is similar to that of the 
inverse Chebyshev and elliptic approximations but is non-equiripple as shown in 
Fig. 3.23. 
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Fig. 3.23 Typical inverse Gre. (Q)=|H pp. JO 
Pascal magnitude response 1a(S2)=/Hipa(j2) 


The filter-appropriate Pascal polynomial denoted as Pp(S2) has been introduced 
in the previous chapter ((2.69) and (2.71)) and its definition is repeated here for 
convenience: 


N 
(—1)% N+1 N-1 
Pp(2)= 2p? + ———k+1 3.60 
p(2) = — Il 5 2p + —; + (3.60) 
or equivalently 
me 2 2 
-1)"(N+1 a N+1 N+1 
Pp(2) = $ ) ia ye Q" wT 60 _ wa 
N! 2 a 2 2 


or 


N 


_(-D1/N+1 Ps ze » (NS1—2e\? 


where 77 is used again in order to unify the expressions for even and odd N: 


. (3.63) 
1 when AN is odd 


' when JN is even 
n = 
§2p can be taken from Table 2.4, repeated here for convenience. An indicative plot 
of Pp(S2) for N = 6 and N =7 is shown in Fig. 3.24. 

From (3.61) or (3.62), it is clear that Pp(S2) has (N — n)/2 positive non-zero 
roots px given by 


N+1)—2k i 
a eat) 2 feo, — (3.64) 


ea ah 2 


and (N — n)/2 negative roots —p;. Parameter {2p depends only on N and can be 
taken from Table 3.1. Table 3.2 gives the positive roots of Pp(S2) for N =2— 15. 
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Table 3.1 Parameters of 


Pp(N, 2) N Qmax Pmax 2p 
2 0.00000000 —0.12500000 0.47140452 
3 0.288675 13 +0.06415003 0.57735029 
4 0.44721360 —0.04166667 0.65289675 
5 0.54814429 +0.03026194 0.70639006 
6 0.61812758 —0.02347346 0.74582512 
7 0.66950940 +0.01901625 0.77599290 
8 0.70882772 —0.01588792 0.79978 194 
9 0.73987600 +0.01358345 0.81900877 
10 0.76500826 —0.01182234 0.83486553 
11 0.78576311 +0.01043707 0.848 16452 
12 0.80318872 —0.00932176 0.85947728 
13 0.81802376 +0.00840640 0.86921746 
14 0.83080378 —0.00764299 0.87769 147 
15 0.84192645 +0.00699753 0.88513110 


Fig. 3.24 Graph of polynomial Pp(S2) for N = 6 and N =7 


Equation (3.62) can therefore be written as 


-1)"(N+1 Bias 
Pp(Q2) = cm (FE 20) Q” | [f2? — pz] (3.65) 


where p x are the roots of Pp(§2) calculated from (3.64) or taken from Table 3.2. 
It should be noted from (3.65) that for odd N, in which case n = 1, there will 
also exist a root at 2 = 0, i.e. Pp(O) = 0. 
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Table 3.2 Roots of the filter-appropriate Pascal polynomial Pp(S2) 

N pi p2 3 pa P5 P6 PT 

2 0.70710678 

3 0.86602540 

0.91898144 0.30632715 

0.94376568 0.47188284 

0.95771207 0.57462724 0.19154241 

0.96650368 0.64433579 0.32216789 

0.97248731 0.69463379 0.41678027 0.13892676 

0.97679052 0.73259289 0.48839526 0.24419763 

10 0.98001629 0.76223489 0.54445349 0.32667210 0.10889070 

11 0.98251382 0.78601105 0.58950829 0.39300553 0.19650276 

12 0.98449821 0.80549854 0.62649886 0.44749919 0.26849951 0.08949984 

13 0.98610865 0.82175721 0.65740577 0.49305432 0.32870288 0.16435144 

14 0.98743887 0.83552520 0.68361153 0.53169786 0.37978418 0.22787051 0.07595684 
15 0.98855417 0.84733215 0.70611012 0.56488810 0.42366607 0.28244405 0.14122202 


Ol, MAN ND WN 


Even degree polynomials assume a very low value Pp (0) < 0 at 2 =0: 


Forodd VN: Pp(0)=0 


N a 2 
(-l)? 4/N+1 
F N: PpO)= | k (3.66) 
or even DO) WI I1( 5 ) 


ForoddandevenN: 82—->c => Pp(2)> co 


The coefficients ag of the odd or even polynomial Pp(S2) when expressed in 
their expanded form 


Pp(2) =anQ™® +ay-22N7 + 2s Gy S2" 


h 1 for N odd (3.67) 
where 7 = : 
0 for N even 


are tabulated for N = 2-7 in Table 2.7. For the coefficients of the highest and lowest 
order terms of Pp(S2), analytic formulae have been derived in the previous Chapter 
((2.76)—(2.78)) from the definition equations and are repeated here: 


=p -f/Na1 mY 
ay = (20) (3.68) 
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(N=n)/2 
(-1) N+1 ‘ N+1 
ay = Ses ee 5 2p) - I] NaN a) (3.69) 
k=1 
or 
Nn (N=n)/2 
(le. a 2 
an = SAN + "25 - I (N +1 —2k) (3.70) 


The absolute extremum of Pp(S2) for 0 < 92 < 1 assumes the value Pmax and 
occurs at 27, = 2Qmax/2p < 1. Polynomial Pp(S2) is so constructed as to assume 
the value — Pmax at £2 = 1 and be monotonic for 2 > 2m = Qmax/2p. The main 
property of Pp(S2), as expressed in Sect. 2.4 of the previous chapter, is: 


Pp) = —Pp(2m) = Pmax oF 


Oe (3.71) 
|Pp(1)| = |Pp(2m)| = | Pmax| where 22, = —— 
2p 
Table 3.1 gives the characteristic values Pmax, S2max and S2p. 
3.4.1. The Pascal Rational Function Fp(2) 
Substituting 2 with 25/ in (3.62), we obtain: 
‘ N=n 
P Q5\ _ Oe (AF ap)" 23 Tei (25 — pp2*) (3.72) 
ere QN 
Defining the Pascal rational function as 
Fp(&) : (3.73) 
P =—o.. . 
Po(B) 
we get 
Nr(S2) Qn 
Fp(2)= - G.74) 
DR(Q) (- =I)" 


Y (AF 2p Warr, (22 — peo) 


where px are the positive roots of the filter-appropriate Pascal polynomial Pp ({2) 
given in (3.64). 
The numerator and denominator polynomials of Fp (§2) are given below: 


Nr(Q@) = 2% (3.75) 
i i i oy ek bed 
pa) = FP (***a0) 23 | [25 - of 27) (3.76) 


k=1 


3.4 The Inverse Pascal Approximation 135 


or 


aire N Net le 2 
Dr(2) = —— att] (pj) i 2 (3.77) 
k=1 
The denominator polynomial Dr({2) is always even and, when expanded, will 
be of the form: 
Dr(Q) = By—y 2 + By—y-22N 1? +--+ + Bo Q? + Bo (3.78) 


Using (3.77) and (3.70), the coefficient By _, of the highest order term QN-" of 
Dpr(&2) can be expressed as: 


eh pve, V2.2 7 vet 
By-»= a (~H2») cpp I] (= = t) (3.79) 
k=1 
or 
By-n =a7it, (3.80) 
For the constant term Bo we can find from (3.77) and (3.68): 
te cy" (“tenas) or By = ay 2 (3.81) 


Quantities a, (ao or a;) and ay are the corresponding coefficients of Pp(2) and 
can be calculated from (3.70) and (3.68) respectively, or taken from Table 2.7 of the 
previous chapter. 
The even polynomial Dr(2) has (N — n)/2 positive roots 
2 N-yn 
Q4=— fork=1,..., —— (3.82) 
Pk 2 
and (N — n)/2 negative roots —S2,,. px are the positive roots of Pp(S2) given in 
(3.64). 
Before we continue, it is worth studying the Pascal rational function Fp (2). 
i. For 2 =0=> Fp(0)=0 sce Pp(~w)= 
ii. For2Q=1> Fp()= Pp(@s) & y° Since 25 > a |Pp(&@gs)| has a value > | Pmax| 
and therefore |F'p(1)| <|p—. 
iii. For0 < 2 <1, the Pascal: rational function F 'p(S2) starts from Fp(0) = 0 and 
is monotonically increasing for even N and decreasing for odd N. In both cases 
the end value | Fp(1)| = | Potto | is very sal since | Pp(2s)| >> | Pmax|- 


iv. For 22> «o> 2s =0=> Fp(ow)= PO ae Since Pp(0) = 0 for odd N and 
assumes a very low value for even N, [F P(co)| becomes infinite when N is 
odd and assumes a very high value when N is even. 

v. For 2 = Qs5 => Fp(Qs) = a = 


max 
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Fig. 3.25 Plot of the rational function Fp(92) for N =4 and N =5 


Vi. 


Vii. 


Vill. 


For 2 = Hoe => Fp (3322) = PAD = Po: These are the frequency and 
the value of the first local extremum of Fp(S2) for (2 > (25 and corresponds 


to the last and highest extremum of Pp({2) at 2 = Shs <i. 


The extrema of Pp(2) for Qy < Sus < 1 are mapped to the extrema of 


Fp(82) at frequencies 2 = 3 > Spee > 925 with absolute values higher 


1 
Baa 

If px are the roots of Pp(S2), then from (3.73) and (3.82) > Fp(82z.) = 
Fp (GS) = 00 


than the value of the first extremum, ice. | F p(85)| >| 


Figure 3.25 shows two indicative plots of Fp(§2) for 82 > 1 and for N = 4 and 
N =5, and Fig. 3.26 the corresponding plots of | Fp(S2)|. 

The rational function Fp (§2) of (3.73) meets the three conditions set in Sect. 3.2: 
1. From (3.75), the numerator polynomial is Nr(S2) = QN of degree N and is 


Ss 


ymmetric (even or odd). 


2. The denominator polynomial Dr({2) is given in (3.76) or (3.77) and is clearly 
an even polynomial. 
3. The even denominator polynomial Dr(2) has (N — 7)/2 real root pairs 4 a 


| 2s 


~ Pk 


E224 with 224 > Qs. 
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Fig. 3.26 Plot of |Fp(@)| for N=4 and N =5 


Therefore, the Pascal rational function Fp(2) = 1/Pp(S2s5/S2) can be used as 
an approximating function in (3.5) to derive the inverse Pascal approximation. 
3.4.2 Definition of the Inverse Pascal Approximation 


The inverse Pascal approximation is defined using the Pascal rational function 
Fp(&) of (3.73) in (3.5) with y =A7!: 


Ho Ho _ A Hol Po( 8)! 


—2 72 ~ 1 7 2 p2(&s 
[1 +A-2F2(2) {+ sae (1 +a2P2 (88) 


Gi pa(2) = (3.83) 


Figure 3.27 shows two indicative gain plots of the inverse Pascal approximation for 
N =4 and N =5 corresponding to Fp(2) of Figs. 3.25 and 3.26. 
According to (3.19), the related transfer function will be 


N=n 
C Tei (s* + 22.) 
Tei (s — sx) 


H(s)= 
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Q 
Q7 Q2 
Fig. 3.27 Typical inverse Pascal gain plots 
Hoda 23 _ Qs N +1 -2k 


C= —, a = (3.84) 


ae N+) 
(l—n)a2a2 +1 Pk (N+ 1)2pD 


Poles s; are calculated from (3.17) as the LH half s-plane roots of 


N=-n 


= 
s+ (-1)107a2.25" |] 62 + 23," =0 (3.85) 
k=1 


where, from (3.84), 22, = (Aven es) and a, can be calculated from (3.69) 

or (3.70). From (3.84), it becomes apparent that for the calculation of the transfer 

function of the inverse Pascal approximation, the following are required: 

1. The order N and the ripple parameter 1: These both depend on the specifications 
and the necessary means for their calculation will be provided below. 

2. Qp: Depends only on N and is taken from Table 3.1, when order N has been 
determined. 

3. Coefficient a, (ap or a,): Depends only on WN and is calculated from (3.69) or 
(3.70) or taken from Table 2.7 of the previous chapter. 

4. The N poles sx, ie. the left half s-plane roots of the even polynomial 
Drr(s)Drr(—s) of degree 2N of (3.85). When order N and the ripple pa- 
rameter A have been determined, poles s,; can be calculated numerically. 
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3.4.3 Gain Analysis 


The gain function of the inverse Pascal approximation as defined in (3.83) is: 
A Ho 


2 p2(2 = 1 
(140-2 F228) {+ zc 


Gi pa(2) = (3.86) 


Following the analysis of the behavior of Fp (2) of Sect. 3.4.1, in the passband, 
since | Fp (§2)| is monotonically increasing, the gain of (3.86) will be monotonically 
decreasing from 


GrPa (0) = A 


down to 


H, 
G1pa(1) = ———— (3.87) 
V a 22 P2 (Qs) 


| F’p(2)| is also monotonically increasing for | < §2 < 925 and at Qs it assumes the 


value | Fp(25)| = par Therefore, G7 pqg(§2) will be monotonically decreasing in 


the transition band and 


4. Ho| Pmax| 


Gi pq(25s) = ——— (3.88) 
V1+)? Prax 
The same gain value is assumed at the frequency @s 2p of the first and highest 


max 


stopband maximum. Consequent stopband gain maxima assume lower values. 
Finally, at the stopband frequencies es which correspond to the (NV — n)/2 pos- 
itive roots px of Pp(2), the gain will be zero. Roots px are given by (3.64): 


_ (N+1)—2k N-n 


pe id Pee 3.89 
ay. 2 aed, 


3.4.4 Filter Design Using the Inverse Pascal Approximation 


The normalized lowpass filter specifications of Fig. 3.28 are given as 
9s and {Hc,Hs} or {Omax. min} (3.90) 
In this section, the normalized lowpass filter will be designed from these specifica- 


tions. The maximum passband gain H, is usually taken as equal to 1, in which case 
a, = 0. 
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Fig. 3.28 Normalized lowpass specifications: (a) Plain gain. (b) Logarithmic gain 


3.4.4.1 Calculation of the Ripple Parameter \ and Design Optimization 
Given the specifications of (3.90), the plot of Gy; pg(Q@) of (3.86) must not enter 
the shaded area of Fig. 3.28. In the passband, where G7; pq(S2) is monotonic and 
G1pa(O) = Ho, this can be ensured by selecting A to satisfy 


H, 
2 > Hc (3.91) 


1 +A-2P52(@s) 


Grpa(l) = 


Solving for A we find: 


! 1 
— = ————= = Amin (3.92) 
Poi — 1 WPo(esiiv 10°F —1 
Selecting the minimum value Amin of ripple parameter i: 
h=Amin => Grpa)=Hce (3.93) 


It can also be shown that for A = Amin we have G7 pa(S2s5) < Hs, and the so designed 
filter is referred to as stopband edge frequency gain optimized and has the minimum 
stopband edge frequency gain. 

In the stopband we must ensure that 


H, 
: < Hs (3.94) 


(iis a 


Grpa(@s) = 


from which we get: 


1 1 
AS = = Amax 
2 min 
Poti —1 [Pp cyly 108" = 1 
Ss 


(3.95) 
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Fig. 3.29 Typical inverse Pascal gain plots 


For A = Amax of (3.95), the value of the first and highest extremum of the stop- 
band gain which occurs at ae will be: 


Gens, 
A = dmax > Grro( Q 


) = Gi pa(2s) = Hs (3.96) 


max 


It can also be shown that for 4 = Amax, the gain at 2 = 1 is Gy pqg(1) > Ac and 
the so designed filter is referred to as passband optimized and has the minimum 
passband gain tolerance. 

Finally, the ripple parameter 4 can be chosen from the following range: 


Amin < A < Amax (3.97) 


Parameters 2p, Qmax and Pmax depend only on order N and can be taken from 
Table 3.1. A typical gain plot of the inverse Pascal gain is shown in Fig. 3.29. Re- 
member that G7 pg(25) assumes the value of the maximum stopband gain and the 
first transmission zero occurs at §2,; where {25 < 221 < 252p/Q2ymax.- 


3.4.5 The Order Inequality and the Order Nomograph 


So far, the order N is not yet known but it can be calculated from (3.91) with A = 
Amin Or from (3.94) with A = Amax. In both cases, we will end up with the following 
order inequality: 


| Pp() 


H2/H2-1 10°10" —] 
<g where g=,/—2- © _ = = <1 (3.98) 
Pp(825) & & i ‘ min 


H2/H; -1 Vio 1 
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Fig. 3.30 Nomograph for the calculation of the order of the Pascal and inverse Pascal approxima- 
tion 


Polynomial Pp({2) is of degree N, and the minimum N which satisfies (3.98) must 
be determined. Order inequality (3.98) has the same form as the order inequality in 
the all-pole Pascal case (see Sect. 2.4.2 in the previous chapter) and must be solved 
numerically for N. However, since the order inequality (3.98) is identical to the 
order inequality of the all-pole Pascal approximation, this can be handled using the 
same nomograph given in Fig. 2.43, repeated for convenience in Fig. 3.30. 
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The nomograph is used in the same way as in the all-pole Pascal approximation: 
A vertical line is drawn from the point of the horizontal axis which corresponds to 
the specified (25. A horizontal line is then drawn from the point of the vertical axis 
that corresponds to H P: 


1 
HP =20-1on( =) (3.99) 
& 


The two lines intersect at a point. The order of the approximation is equal to the 
number of the curve that is above this point. As an example, let us find the order 
if the specifications of the filter are 25 = 1.5, @max = 0.5 dB and @min = 40 GB. 
Equation (3.99) gives H P = 49.14 and from the nomograph we get N = 8, since 
the point is located above the curve 7 and below curve 8. 

When order N has been determined from the nomograph, the ripple factor A can 
be selected from (3.97), repeated here: 


1 1 
Omak = Amin <A < Amax = ; (3.100) 
|Pp(825)|v 10°10 — 1 |Pp(1)| hou = 
For the calculation of the boundary values of A, since |Pp(1)| = | Pmax|, it can 


be taken from Table 3.1. Pp(5) can be easily calculated from the definition of 
polynomial Pp(£2) given in (3.60)-(3.62). 

The order inequality (3.98) is valid for the minimum integer order N calculated 
from the nomograph or using a mathematical package. The point of intersection of 
the two lines in the calculation of the order from the nomograph lies between two 
curves corresponding to two integer orders, N and N — 1. Selecting the order which 
corresponds to the upper curve, we in fact turn order inequality into order equation: 


a@max 


Poti 10°10 —1 
| EE dee (3.101) 
Pp(S&s) 10-10 — 1 


by admitting that the filter with integer order N can satisfy stricter specifications 

which would have made the intersection point lie on curve N from the beginning. 

This means that if two of the three {{25, @max, @min} are kept as specified, the third 

could be stricter. 

The order equation (3.101) involves four variables: {N, 25, @max, @min}.- 

A. When solved for N with given {25, @max}, order N assumes a non-integer value 
which becomes integer only by increasing pin. The integer order filter will have 
exactly max passband gain tolerance and at S25, the gain, denoted by as max, 
will be lower than the specified @min. This corresponds to the stopband edge 
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frequency gain optimized filter using 2 = Amin, in which case 
Ay 
Gi pa(Ss) = As min = < Hs 


[i+ PD (s)(100 Famas—1) 
Poi) (3.102) 


A 
Os max = 20 log ae > Amin 
min 


B. When solved for N with given {§25, @min}, order N assumes a non-integer value 
which becomes integer only by decreasing @max. The integer order filter will 
have exactly (min Stopband gain tolerance and at §2 = | the gain, denoted by 
Cc min, Will correspond to lower passband tolerance dmax. This corresponds to 
the passband optimized filter using 4 = Amax, in which case 


Ho 
GrpaQ) = He max = > Ac 


2 0.1-Omnin — 
i 4 oT oe a 


Ao 
&c min = 20 log Re < max 
max 


C. When solved for §25 with given {N,Qmax,@min}, (25 assumes a value S25 min 
which is lower than the specified stopband edge frequency. The filter of order NV 
will have exactly the specified @min and @min but the stopband edge frequency 
will be 25min, lower than S25 of the specifications. This is the transition band 
optimized filter [3], which satisfies the passband and stopband gain specifica- 
tions in an exact manner with the minimum stopband edge frequency. Frequency 
25min can only be calculated numerically from 


P21) Pe, 
Pp(Qsmin) = = (3.104) 


Notice that £25 min does not depend on S25 and can be determined directly from 
{N, max, @min}- 
The positive Parameter H P of (3.99) 


i 1o-W" — 4 
HP= 20 : toe(—) = 20 . oe =) (3.105) 
§ 


10°10 —1 


is an increasing function of amin and a decreasing function of Omax. 

When calculating the order from the nomograph using the specified values for 
{925, max, Amin}, point xo of intersection of the two lines, lies between two curves 
corresponding to N and N — 1. This is shown in Fig. 3.31 and implies that if 
§25 and Qmax are kept to the specified values, amin can be increased to its highest 
value o&5max, Which corresponds to point x2 = {{25, H Py} on curve N, as shown 
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{0 max 05 max? 


<> HP, - 
{0.Cnin 2% mint | N 


{max min} <4 HP 


Smin 


Fig. 3.31 Detail of the Pascal order nomograph 


in Fig. 3.31. This is analogous to the traditional rounding up of the calculated deci- 
mal order to the next integer value and can also be achieved by keeping amin to the 
specified value and decreasing Qmax to its lowest value aC min, Which corresponds 
to point x2 = {Q 5, H Py} on curve N of Fig. 3.31. 

The first case, where (25 and Qmax are kept to the specified values and admin 
is increased to @s5 max, Corresponds to designing the stopband edge frequency gain 
optimized filter with A = Amin. In this case, 

Ay 
Gipa(%s) = Hs min = < Hs 


P2 (Qs)(100-1-amax —] 
[i+ a ae ) 
D (3.106) 


Ay 
Os max = 20 log > Amin 
As min 

This can be interpreted in two ways: 
a. The gain of the filter of order N at 82 = 1 will be exactly amax below a, but at 

92 = 925 will be as max > Amin below ao. 
b. The maximum stopband tolerance that can be used with {N, 25, @max} 18 5 max- 

The second case, where S25 and Qin are kept to the specified values and amax 
is decreased to @C min, corresponds to designing the passband optimized filter with 
Xd = Amax.- In this case, 

A 
GrpaQ) = Hc max = > Hc 


P2.(1)(10°! min — 1) 
Vi + PBs) 
BP. (3.107) 


Ao 
OC min = 20 log < Qmax 
C max 
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Again, this can be interpreted in two ways: 

a. The gain of the filter of order N at 825 will be exactly amin below a, but at 2 = 1 
will be ac min < Qmax below dp. 

b. The minimum passband tolerance that can be used with {N, 25, dmin} iS @C min. 
Point xo of Fig. 3.31 can also be moved to point x; of curve N by dragging it 

to the left, i.e. keeping @max and min to the specified values and decreasing 25 

to its minimum value 25min. This is the transition band optimized filter, which 

satisfies the passband and stopband gain specifications in an exact manner with the 

minimum possible stopband edge frequency. Frequency $25 min can be taken from 

the nomograph and if a more exact value is required, it can be calculated from 


Pad): Pe 
Pp (Psmin) = Z os (3.108) 


Notice that 25min does not depend on {25 and can be determined directly from 
{N, max, @min}- 
3.4.6 The Transfer Function of the Inverse Pascal Filters 


When WN and X have been determined, the transfer function can be calculated from 
(3.84), repeated here for convenience: 


N-n 
Br 2\2 . 
H(s)= CT Tgai (8° + (2)") whe 0 when N oe 
Th (s — Sx) 1 when N is odd 
Hoha,2e 2 N+1-—2k 3.109 
C= oN sas [ome - nes: = + ( ) 


Pk = 
{—n)a2a2 +1 Pk (N+ D&D 


Gy from (3.69)-(3.70) 


Poles s; can be calculated solving (3.85) of degree 2N for s: 


N=n 
“2 
PN 4 (-1)707a2.25" [] (8? + 23,)° =0 
k=1 
N+1))2p2 
where 2; = (NEEDS ) nd Qn from’ table $a (3.110) 
N+1-—2k 


If the 2N roots of this equation are calculated, the N left half s-plane roots can be 
allocated as poles of the transfer function H(s). 

Therefore, the final problem in inverse Pascal approximation is how to find the 
roots of the even polynomial of (3.110). As happens in all approximations, this is 
the most serious and laborious task, and inverse Pascal approximation is no excep- 
tion. 
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From (3.109) and (3.110) it is clear that for a specific order N, C and the poles 
depend on £25 (since §2,4 = 25/px) and X. If we use A = Amin, then C and the poles 
will depend on (25 and max (see (3.97)). If A = Amax is used, then from (3.97) it is 
clear that C and the poles will depend on S25 and amin. If 25min is calculated from 
{N, Qmax, @min}, all transfer function parameters of the filter {N, 25 min, max, min} 
will depend only on @max and (min: 

A. Design with Amin: Poles depend on £25 and o&max 

B. Design with Amax: Poles depend on £25 and Omin 

C. Design with 25min: Poles depend on @max and Qmin 

This means that three sets of tables can be constructed: 

A. Design with Amin: Poles and C will be given for each order for prescribed values 
of (25 and Q@max. For each combination {N, 925, @max}, the maximum value of 
Qmin — @S max that can be achieved can also be given, as calculated from (3.106). 

B. Design with Amax: Poles and C will be given for each order for prescribed values 
of (25 and Qmin. For each combination {N, 25, @min}, the minimum value of 
QOmax = @C min that can be achieved can also be given, as calculated from (3.107). 

C. Design with Qs min: Poles and C will be given for each order for prescribed 
values Of @max and Qin. For each combination {N, max, min}, the minimum 
value of 25 = 25min that can be achieved can also be given, as calculated from 
(3.108). 

The indicative tables at the end of the chapter are given for a limited number of 

entries, namely: 


N: 3-5 25: 1.5, 2.0 
Omax: 0.1, 0.5, 1.0, 1.5, 2.0, 2.5 dB (3.111) 
Amin: 12, 18, 24, 30, 36,42 dB 


In all tables, the complex pole pairs are given in terms of their frequency and quality 
factor whilst the real pole sr, if N is odd, is given explicitly. 


Usage of Tables Set A with Prescribed 25 and a@max Tables with prescribed 25 
and max, like Tables 3.3 and 3.4, can be used when (25 and max of the specifica- 
tions, as well as the order N are included in the tabulated values of (3.111). If this 
is the case, the corresponding table gives the maximum ag max that can be achieved 
with the specified values, the constant C, the zeros and the poles of the transfer 
function. These tables also give the 3 dB frequency in the last column. 

If the specified values of (25 and @max are tabulated, the tables can also be used 
for the determination of the order: We simply find the lower N that gives os max 
greater than the specified jn. It should finally be noted that filters obtained from 
the A set of tables, like Tables 3.3 and 3.4, are stopband edge frequency gain opti- 
mized, i.e. they have 20log G; pg(1) = @ — max and at 25 and at the frequency 
of the first stopband gain extremum, the gain assumes a value lower than the spec- 


148 3 Rational Approximations 


ified a, — Qmin. The filter with specifications {(25, @max@s max} Covers in an exact 
way both specified passband and stopband tolerances Qmax and @s max given in the 
table. 


Usage of Tables Set B with Prescribed 25 and amin Tables with prescribed 25 
and Qmin, like Tables 3.5 and 3.6, can be used when S25 and amin of the specifica- 
tions, as well as the order N are included in the tabulated values of (3.111). If this 
is the case, the corresponding table gives the minimum @c¢ min that can be achieved 
with the specified values, the constant C, the zeros and the poles of the transfer 
function. 

If the specified values of S25 and amin are tabulated, the tables can also be used for 
the determination of the order: We simply find the lower N that gives ac min lower 
than the specified @max. It should finally be noted that filters obtained from the B set 
of tables are passband gain optimized, i.e. they have 20log G7 pg(1) > ao — Omax 
and at (25 and at the frequency of the first stopband gain extremum, the gain 
assumes a value equal to the specified a» — dmin. The filter with specifications 
{§25, &C min@min} Covers in an exact way both specified passband and stopband tol- 
erances WC min and Gin. 


Usage of Tables Set C with Prescribed ax and amin Tables with prescribed 
max and Qin, like Tables 3.7—3.10, can be used when Qmax and min of the specifi- 
cations, as well as the order N are included in the tabulated values. The correspond- 
ing table gives §25 min < §25, at which the logarithmic gain is exactly a» — min, the 
constant C, the zeros and the poles of the transfer function. 

If the specified values of max and @min are tabulated, the tables can also be used 
for the determination of the order: We simply find the lower N that gives 25 min 
lower than the specified (25. It should finally be noted that filters obtained from the 
C set of tables fully cover the specified passband and stopband tolerances @max and 
Qmin With stopband edge frequency {25 min of the table. 


Example 3.5 Design a normalized lowpass filter with the following specifications: 
{Q5 =2, Ao =0, Amax = 0.5 dB, Amin = 24 dB} 


We first calculate H P from (3.99): 
1 10 
HP =20-log{ — }] = 20- log} ———— ] = 33.1184 
& 


Referring to the nomograph of Fig. 3.30, the point [Qs5 = 2, H P = 33.1184] lies 
between curves 3 and 4 and therefore N = 4. 
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Calculation of Parameters Requiring Only N From Table 3.1 for N = 4, we 
get 


Qmax =0.44721360 Prax = Pp(1) = —0.04166667 2p =0.65289675 
and from (3.60)—(3.62), we find: 
Pp(&s5) = Pp(2) = 3.64537112 


At this point, having only the order N, the roots of polynomial Pp(S2) must be 
calculated from (3.64): 
_ (N+1)—2k N-7 


= ———__— <1 fork=1].,..., 
(N+ 1)2p 


Pk and 7 = 0 


which for N = 4 yields 
p1 = 0.91898 144 p2 = 0.30632715 


The coefficient of the lower order term of Pp({2), ao in the case of even N, can 
be taken from Table 2.7 or can be calculated from (3.70): 


2 


= —_.|](4+1—-2k)* = 0.0234375 
16-24 Ic * ) 


a) 


Calculation of Parameters Requiring N and 2; The magnitude of the zeros 
of the transfer function, according to (3.84) or (3.109), will be: 2,, = as fork = 
1,...,(N—7)/2: 


9221 = 2.1763225 222 = 6.5289675 


Calculation of Parameters Requiring a x and @min The boundary values of 
the ripple factor 2 can be determined from (3.97), which for @max = 0.5 and @min = 
24 yields 


J 1 
|Po(Qs)\V 1000S — pO | Bmax 10°F = 


Amin = 0.7853179 < 2X. < 1.5173209 = Amax 


G) A= Amin = 0.78531789 (Stopband edge frequency gain optimized filter). In this 
design, the logarithmic gain at (25 = 2 will be less than the specified amin = 
24 dB, and is given by (3.106): @5 max = 29.70796251 > Qmin. 
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Constant C of the transfer function can be calculated from (3.84) with 
A, = 1, n=0, A = 0.78531789, 
Gn = Ag = 0.0234375, 25 =2 


to find C = 0.01840277. Using a mathematical package, the poles are cal- 
culated from (3.110) which, for the calculated values N = 4, 7 = 0, Amin = 
0.7853179, ag = 0.0234375, 92.) = 2.1763225 and (2,2 = 6.5289675, be- 
comes: 
s® 4 0.7853179" - 0.0234375? - (s* + 2.17632257)*(s* + 6.52896757)* = 0 
=> 51,2 = —1.3357603 + j0.690818 


53.4 = —0.3999288 + 7 1.2177887 


or in terms of pole frequency and Qs 


Qpi = 1.503824 Oy = 0.562909 
Qp2=1.281777 yn = 1.602506 


Finally, the transfer function of the stopband edge frequency gain optimized 
filter will be 


0.018403(s? + 2.1763232)(s2 + 6.5289687) 


1.503824 1.281777 
(5? + 1503824 5 + 1,5038242)(s2 + 12817775 + 1.281777) 


Ay(s) = 


(ii) A = Amax = 1.51732092 (Passband optimized filter). 
In this case, according to (3.107), the passband gain will vary from 0 to 
AC min = 0.13968284 < amax = 0.5 
For the calculation of the filter parameters, the same procedure is followed 
with A = Amax = 1.51732092 to find C = 0.03553974 and 


$1.2 = —1.593466 + j0.897223 53,4 = —0.419364 + 7 1.403501 


or in terms of pole frequency and Qs 


Qp1 = 1.828700 Opt = 0.573812 
Qy2 = 1.464814 Oyo = 1.746472 


The transfer function of the passband optimized filter will be 


0.03553974(s* + 2.1763237)(s? + 6.5289687) 
(s2 + gh 8387, 5 + 1.82872)(s2 + 140884 5 + 1.464814?) 


Hy(s) = 
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Fig. 3.32 Gain plots with Amin (thick), Amax (thin), inverse Chebyshev (dashed) 


The gain plots from H(s) and H2(s) are shown in Fig. 3.32, together with the gain 
of the corresponding inverse Chebyshev filter (dashed curve). 


Design from the Tables Since the specifications 25, @max and Qmin are included 
in the inverse Pascal design tables at the end of the chapter, all transfer function 
parameters can be taken from the there. 

For the specified 225 = 2 and Qmax = 0.5, Table 3.4 A.2 can be used and this 
corresponds to designing with A = Amin. Below is the related table entry: 


25 =2.0 N max Os max C Zeros Poles 23aB 
Qzk 
zk Qp Op 
A.l 4 0.5 29.70796251 0.01840277 6.52896753 1.50382360 0.56290922 1.24566806 


2.17632251 1.28177701 1.60250641 
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Fig. 3.33 Gain plots with Amin (thick), Amax (thin), transition band optimized (dotted) 


Qs max = 29.70796251 means that the first stopband gain maximum and the gain at 
§25 = 2 are below the initially specified amin = 24 dB. 

For the specified §25 = 2 and &min = 24 dB, Table 3.6 B.2 can be used and this 
corresponds to designing with A = Amax. Below is the related table entry: 


25=2.0 N amin Cmax Cc Zeros Poles 
2. 
ck om 0; 
B.2 4 24 0.13968284  0.03553974 6.52896753  1.82869973 0.57381202 


2.17632251 1.46481408 = 1.74647165 


&C min = 0.13968284 means that in the passband the gain varies from 0 at 22 = | to 
AC min = 0.13968284 at 2 = | instead of the initially specified amax = 0.5 dB. 

A third design, the transition band optimized, emerges using Table 3.8 with 
max = 0.5, N =4 and amin = 24. The related table entry is repeated below: 
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Amax=0.55 N admin 2smin Cc Zeros Poles 
Qe Qp Os 
C.2 4 24 1.73858427 0.03553974 5.67558012 1.58967429  0.57381202 


1.89186004  1.27335135 — 1.74647165 


The table gives [25 min = 1.73858427, which implies that with @max = 0.5, N =4 
and min = 24, a filter with steeper gain roll-off is designed, which will have the 
specified stopband edge frequency gain at 2 = 2s min = 1.73858427 instead of 
925 = 2. The transfer function of this filter will be 


0.03554(s2 + 1.8918602)(s2 + 5.6755802) 


(s2 + Z386% 5 + 1.589674?) (52 + ERI s + 1.273351?) 


H3(s) = 


The dotted curve in Fig. 3.33 is the logarithmic gain plot of such a filter, 1.e. 
20 log(H3(j.2)). 


3.5 Inverse Pascal Tables 


The indicative tables are given for a limited number of entries, namely: 


N: 3-5 2s: 1.5, 2.0 
Omax: 0.1, 0.5, 1.0, 1.5, 2.0, 2.5 dB (3.112) 


Amin: 12, 18, 24, 30, 36, 42 dB 


In all tables, the complex pole pairs are given in terms of their frequency §2, and 
quality factor Q p and therefore a pole pair {§2,, Q»} corresponds to a denominator 
factor 


2, &p 2 
sot 0, S+22 : 
The real pole sr is given explicitly and exists only if N is odd, in which case corre- 
sponds to a denominator factor (s — sr). Each zero (2,, corresponds to a numerator 
term (s? + Qzk?). 
Finally, if in the filter specifications H, # | (i.e. ao #0), then the transfer func- 
tion constant C of the tables, must be multiplied by H,. 
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Table 3.3 A.1 Inverse Pascal parameters for prescribed 25 = 1.5 and @max (N = 3-5) 
Qs =1.5 N max &s max Cc 


A.l 3 


0.5 


1.0 


1.5 


2.0 


25) 


4.604065230 3.27610161 


10.36768374 1.43138758 


13.41888533 0.98261336 


15.36754602 0.77846352 


16.84633085 0.65378014 


18.06455611 0.56676397 


10.71045721 0.16888233 


17.59335473 0.07465413 


20.82069442 0.05132395 


22.83017498 0.04068074 


24.33963088 0.03417340 


25.57624588 0.02962932 


17.49199156 0.4715666 


24.62093626 0.20603591 


27.88049664 0.14143873 


29.90074939 0.11205312 


31.41557071 0.09410602 


32.65538142 0.08158079 


Zeros 
Qe 


1.73205081 


1.73205081 


1.73205081 


1.73205081 


1.73205081 


1.73205081 


4.89672565 
1.63224188 
4.89672565 
1.63224188 
4.89672565 
1.63224188 
4.89672565 
1.63224188 
4.89672565 
1.63224188 
4.89672565 
1.63224188 
3.178755 13 
1.58937756 


3.17875513 
1.58937756 


3.17875513 
1.58937756 


3.17875513 
1.58937756 


3.17875513 
1.58937756 


3.17875513 
1.58937756 


Poles 

2p Qp 
1.58407573 2.47258252 
SR = —3.91675797 
1.3763111 1.64713299 
SR = —2.26696741 
1.26338344 1.46183507 
SR = —1.84685822 
1.19212661 1.3784543 
SR = —1.64329205 
1.13899133 1.32736915 
Sr = —1.51186195 
1.09601425 1.29144195 
SR = —1.41543878 
2.30506534 0.64243159 
1.42494844 2.6284537 
1.73512721 0.59497390 
1.25859467 2.02150324 
1.53740693 0.58269809 
1.17777276 1.86250945 
1.42964841 0.57678534 
1.12760097 1.78540685 
1.35523423 0.57300515 
1.09023473 1.73588481 
1.29800712 0.57026109 
1.05992239 1.69980676 
1.75292868 0.79679061 
1.33278902 2.85827096 
SR = —2.20526116 
1.46489733 0.73031489 
1.19704649 2.38660159 
SR = —1.71030989 
1.35094509 0.71027686 
1.13371033 2.24776906 
SR = —1.53906528 
1.28518954 0.70000357 
1.09460934 2.17706999 
SR = —1.44523866 
1.23816743 0.69318153 
1.06549266 2.13027650 
SR = —1.38014913 
1.20107004 0.68808945 
1.04183939 2.09542063 
SR = —1.32989697 


23aB 


1.44312483 


1.2625427 


1.17017601 


1.1115862 


1.06746778 


1.031443 


1.34381243 


1.19928077 


1.12860084 


1.08424668 


1.05094601 


1.0237586 


1.28435669 


1.16217332 


1.1042813 


1.06823817 


1.04125123 


1.01923783 


3.5 


Inverse Pascal Tables 
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Table 3.4 A.2 Inverse Pascal parameters for prescribed 25 = 2.0 and @max (N = 3-5) 


Qs =2.0 N max Ss max Cc 


A.2 3 


0.5 


1.0 


1.5 


2.0 


2.5 


Zeros 
Qe 


12.23912715 1.5120469 2.30940108 


19.21605721 0.66064042 2.30940108 


22.45595517 0.45351386 2.30940108 


24.46964697 0.35929085 2.30940108 


25.98120277 0.30174468 2.30940108 


27.21906925 0.26158337 2.30940108 


22.53560322 0.04208932 6.52896753 
2.17632251 
6.52896753 
2.17632251 
6.52896753 
2.17632251 
6.52896753 
2.17632251 
6.52896753 
2.17632251 
6.52896753 
2.17632251 
32.50727516 0.11064608 4.23834017 

2.11917009 


29.70796251 0.01840277 


32.97299732 0.01263419 


34.99506974 0.01000958 


36.51079543 0.00840651 


37.75114418 0.0072877 


39.69730438 0.04834326 4.23834017 
2.11917009 


42.96454972 0.03318649 4.23834017 
2.11917009 


44.98735605 0.0262916 4.23834017 
2.11917009 


46.50344633 0.02208058 4.23834017 
2.11917009 


47.74401194 0.01914172 4.23834017 
2.11917009 


Poles 23aB 

2p Qp 

1.74262006 1.52389788 1.60775093 
SR = —2.65557501 
1.40821239 1.26170953 
SR = —1.776755 
1.26487567 1.19521428 
Sp = —1.51179746 
1.18089075 1.16363219 
SR = —1.37412249 
1.12059130 1.14365913 
SR = —1.28157448 
1.07300194 1.12929483 
Sr = —1.21173554 
1.92639602 0.57758481 
1.51324110 1.79585606 
1.50382360 0.56290922 
1.28177701 1.60250641 
1.35027457 0.55859157 
1.18282213 1.54483921 
1.26468300 0.55640726 
1.12407192 1.51548818 
1.20474244 0.55497034 
1.0813879 1.49610783 
1.15816943 0.55390595 
1.04734745 1.48171254 
1.60725015 0.68867609 
1.39287391 2.09943333 
SR = —1.78101976 
2.02673444 0.66570722 
0.62582875 1.94277481 
SR = —1.44924895 
1.24701592 0.65816627 
1.13976296 1.89148149 
SR = —1.32529184 
1.18791583 0.65416703 
1.09425322 1.86429029 
SR = —1.25525856 
1.14557857 0.65145746 
1.06098226 1.84586912 
SR = —1.20577882 
1.11212772 0.64940558 
1.03430511 1.83191905 
SR = —1.16707157 


1.33030738 


1.20693096 


1.13312443 


1.07943069 


1.03664300 


1.45433576 


1.24566806 


1.15440465 


1.09966861 


1.05965413 


1.02759887 


1.36248374 


1.19591982 


1.1234406 


1.07985403 


1.04788553 


1.02219208 
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Table 3.5 B.1 Inverse Pascal parameters for prescribed 25 = 1.5 and Qin (N = 3-5) 


25 =15 N Qmin 


B.1 3: 12 


18 


24 


30 


36 


42 


4 12 


18 


24 


30 


36 


42 


5 12 


18 


24 


30 


36 


42 


QC min 


0.73102259 


2.47141669 


6.11590417 


11.24938737 


17.00155639 


22.93701637 


0.1371884 


0.54692551 


1.87727401 


4.99568882 


9.82367782 


15.47185695 


0.02716151 


0.11247175 


0.43639767 


1.52925161 


4.28394812 


8.86256579 


Cc 


1.16779041 


0.57105985 


0.28449767 


0.14237370 


0.07132915 


0.03574590 


0.14444299 


0.07120131 


0.03553974 


0.01779389 


0.00891579 


0.00446819 


0.9086393 


0.44433266 


0.22136315 


0.11077873 


0.05550009 


0.0278 1332 


Zeros 
2 zk 


1.73205081 


1.73205081 


1.73205081 


1.73205081 


1.73205081 


1.73205081 


4.89672565 
1.63224188 
4.89672565 
1.63224188 
4.89672565 
1.63224188 
4.89672565 
1.63224188 
4.89672565 
1.63224188 
4.89672565 
1.63224188 
3.178755 13 
1.58937756 


3.178755 13 
1.58937756 


3.178755 13 
1.58937756 


3.178755 13 
1.58937756 


3.178755 13 
1.58937756 


3.178755 13 
1.58937756 


Poles 

2p Qp 
1.31582102 1.53778528 
SR = —2.0234502 
1.09827156 1.29322374 
SR = —1.42031086 
0.90008233 1.17045108 
Sp = —1.05350233 
0.72901544 1.10240418 
SR = —0.80366966 
0.58612862 1.06269721 
SR = —0.62287725 
0.46910304w = 1.03882581 
SR = —0.48731635 
2.17754460 0.63004959 
1.39499121 2.47092004 
1.70831428 0.59319617 
1.24843665 1.99855356 
1.37152480 0.57381202 
1.09861056 1.74647165 
1.11693306 0.56247686 
0.95454994 1.59675 106 
0.91841941 0.55543701 
0.82173000 1.50240859 
0.76029389 0.55088987 
0.70270773 1.44072496 
2.02068241 0.88771357 
1.42922784 3.53616695 
SR = —2.78074245 
1.73041389 0.79060957 
1.32340199 2.81360870 
SR = —2.16268364 
1.48777431 0.73471166 
1.20909216 2.41724804 
SR = —1.74614663 
1.28205005 0.69953486 
1.09269540 2.17385124 
SR = —1.44084245 
1.10686154 0.67623005 
0.97906603 2.01444358 
SR = —1.20628914 
0.95722135 0.66024403 
0.87142587 1.90561073 


SR = —1.02031784 
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Table 3.6 B.2 Inverse Pascal parameters for prescribed 25 = 2.0 and din (N = 3-5) 


Qs = 2.0 N Qmin 


B.2 3. 12 


18 


24 


30 


36 


42 


4 12 


18 


24 


30 


36 


42 


5 12 


18 


24 


30 


36 


42 


QC min 


0.09436395 


0.38166000 


1.36752755 


3.94068115 


8.38072964 


13.88166701 


0.00841691 


0.03509008 


0.13968284 


0.53276223 


1.81837284 


4.87203290 


0.00084368 


0.00352705 


0.01419331 


0.05639862 


0.22046862 


0.81834939 


Cc 


1.55705388 


0.76141314 


0.37933023 


0.18983160 


0.095 10554 


0.04766120 


0.14444299 


0.07120131 


0.03553974 


0.01779389 


0.00891579 


0.00446819 


1.21151906 


0.59244355 


0.295 15087 


0.14770497 


0.07400012 


0.03708443 


Zeros 
2 zk 


2.30940108 


2.30940108 


2.30940108 


2.30940108 


2.30940108 


2.30940108 


6.52896753 
2.17632251 
6.52896753 
2.17632251 
6.52896753 
2.17632251 
6.52896753 
2.17632251 
6.52896753 
2.17632251 
6.52896753 
2.17632251 
4.23834017 
2.11917009 


4.23834017 
2.11917009 


4.23834017 
2.11917009 


4.23834017 
2.11917009 


4.23834017 
2.11917009 


4.23834017 
2.11917009 


Poles 

2p Qp 
1.75442803 = 1.53778528 
SR = —2.6979336 
1.46436208 = 1.29322374 
SR = —1.89374781 
1.20010977 —-1.17045108 
SR = —1.40466977 
0.97202058 = 1.10240418 
SR = —1.07155955 
0.78150482  1.06269721 
SR = —0.83050299 
0.62547072  1.03882581 
SR = —0.64975513 
2.90339279  0.63004959 
1.85998828 2.47092004 
2.27775238 0.59319617 
1.66458220 = 1.99855356 
1.82869973 0.57381202 
1.46481408  1.74647165 
1.48924408 0.56247686 
1.27273325  1.59675106 
1.22455921 0.55543701 
1.09564001 = 1.50240859 
1.01372519 0.55088987 
0.93694365  1.44072496 
2.69424321 0.88771357 
1.90563712 3.53616695 
SR = —3.7076566 
2.30721852 0.79060957 
1.76453598 — 2.81360870 
SR = —2.88357819 
1.98369909 =0.73471166 
1.61212288  2.41724804 
SR = —2.3281955 
1.70940006 0.69953486 
1.45692720 2.17385124 
SR = —1.92112327 
1.47581539 0.67623005 
1.30542138 2.01444358 
SR = —1.60838552 
1.27629513 0.66024403 
1.16190116 = 1.90561073 
SR = —1.36042379 
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Table 3.7 C.1 Inverse Pascal parameters for prescribed @max = 0.1 and min (N = 3-5) 


max =01 N  Omin 


C.1 3. 12 


18 


24 


30 


36 


42 


4 12 


18 


24 


18 


24 


30 


36 


42 


Qs min 


1.98314818 


2.4522782 


3.04352365 


3.79416067 


4.74598779 


5.9502797 


1.54668735 


1.78668 168 


2.07574079 


2.42563959 


2.84775 11 


3.35495009 


1.36218792 


1.51377278 


1.69186521 


1.90177793 


2.14803863 


2.43546006 


Cc 


1.54393427 


0.93359842 


0.57725026 


0.36012579 


0.22568486 


0.14179873 


0.14443625 


0.07120130 


0.03553974 


0.01779389 


0.00891579 


0.004468 19 


0.82482884 


0.44841252 


0.24967777 


0.14045 104 


0.07947756 


0.045 15884 


Zeros 
2 zk 


2.28994227 


2.83164696 


3.51435840 


4.38111937 


5.48019466 


6.87079117 


5.04913574 
1.68304525 
5.83259335 
1.94419778 
6.77622212 
2.25874071 
7.91846105 
2.63948702 
9.29643723 
3.09881241 
10.9521801 
3.6507267 

2.88670788 
1.44335394 


3.20794199 
1.603971 


3.58535015 
1.79267507 


4.03019090 
2.01509545 


4.55205921 
2.27602960 


5.16115410 
2.58057705 


Poles 

2p Qp 
1.73964538 = 1.53778528 
SR = —2.67520105 
1.79551161 = 1.29322374 
SR = —2.32199824 
1.82628124  1.17045108 
SR = —2.13757284 
1.84400113 = 1.10240418 
SR = —2.03283456 
1.85450618  1.06269721 
SR = —1.97077854 
1.86086286 1.03882581 
SR = —1.93311237 
2.24532045 0.63004959 
1.43841017  2.47092004 
2.03480923 0.59319617 
1.48703927 = 1.99855356 
1.89795331 0.57381202 
1.52028716  1.74647165 
1.80618469 0.56247686 
1.54359608 — 1.59675106 
1.74361992 0.55543701 
1.56005502 = 1.50240859 
1.70049871 0.55088987 
1.57169959 = 1.44072496 
1.83503277 0.88771357 
1.29791793 3.53616695 
SR = —2.52526251 
1.74630229 0.79060957 
1.33555327 2.81360870 
SR = —2.18254109 
1.67807574 0.73471166 
1.36374731  2.41724804 
SR = —1.96949649 
1.62544966 0.69953486 
1.38537600  2.17385124 
SR = —1.82677491 
1.58505423 0.67623005 
1.40204777 = 2.01444358 
Sr = —1.72743711 
1.5541829 0.66024403 
1.41488193 — 1.90561073 
SR = —1.6566289 
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Table 3.8 C.2 Inverse Pascal parameters for prescribed @max = 0.5 and Qmin (N = 3-5) 


max =05 N  Omin 


C.2 3. 12 


18 


24 


30 


36 


42 


4 12 


18 


24 


18 


24 


30 


36 


42 


Qs min 


1.579787 


1.92017843 


2.35661905 


2.91652474 


3.63108027 


4.5387883 


1.33083959 


1.5136098 


1.73858427 


2.01475786 


2.3510392 


2.75764389 


1.2222726 


1.34091551 


1.48367484 


1.65467096 


1.85749585 


2.09604955 


Cc 


1.22990674 


0.73102454 


0.44696842 


0.27682428 


0.17266792 


0.10816204 


0.14444006 


0.07120131 


0.03553974 


0.0177939 


0.00891579 


0.00446819 


0.74035789 


0.39720837 


0.21895396 


0.12220157 


0.06872746 


0.0388654 


Zeros 
2 zk 


1.8241809 


2.21723107 


2.72118929 


3.36771269 


4.19281035 


5.24094129 


4.34450422 
1.44816807 
4.94115461 
1.64705 154 
5.67558012 
1.89186004 
6.57714431 
2.19238144 
7.67492931 
2.55830977 
9.00228371 
3.00076 124 
2.59020353 
1.29510176 


2.84162803 
1.42081401 


3.14415934 
1.57207967 


3.50652921 
1.75326460 


3.93634965 
1.96817482 


4.44188551 
2.22094275 


Poles 

2p Qp 
1.3858113 1.53778528 
SR = —2.13108021 
1.40591824  1.29322374 
Sp = —1.81816685 
1.41410078 = 1.17045108 
SR = —1.65513578 
1.41746104  1.10240418 
SR = —1.56261497 
1.41885338  1.06269721 
SR = —1.50781152 
1.41943959 — 1.03882581 
SR = —1.47455048 
1.93197503 0.63004959 
1.23767301  2.47092004 
1.72381416 0.59319617 
1.25976397 = 1.99855356 
1.58967429  0.57381202 
1.27335135 1.74647165 
1.50023310 0.56247686 
1.28212466 =1.59675106 
1.43949336  0.55543701 
1.2879463 1.50240859 
1.39774654  0.55088987 
1.29187846  1.44072496 
1.64654982 0.88771357 
1.16460401  3.53616695 
SR = —2.26588354 
1.54689254 0.79060957 
1.18304683  2.8136087q 
Sp = —1.93331735 
1.47158221 0.73471166 
1.19593308  2.41724804 
Sp = —1.72714255 
1.41424733 0.69953486 
1.20536757 = 2.17385124 
SR = —1.58941344 
1.37066048  0.67623005 
1.21240740 2.01444358 
SR = —1.49378472 
1.33758892 0.66024403 
1.21770120 = 1.90561073 
SR = —1.42575784 
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Table 3.9 C.3 Inverse Pascal parameters for prescribed @max = 1.0 and min (N = 3-5) 


max =10 N  emin 


C.3 3. 12 


18 


24 


30 


36 


42 


4 12 


18 


24 


30 


36 


42 


a 12 


18 


24 


30 


36 


42 


Qs min 


1.43766193 


1.72894461 


2.10680123 


2.59500855 


3.22079750 


4.01790565 


1.25226748 


1.41180787 


1.61098194 


1.85771544 


2.15994543 


2.52683278 


1.17042573 


1.27514898 


1.40311931 


1.55797089 


2.15992713 


1.96146382 


Cc 


1.11925855 


0.65822056 


0.3995867 


0.24630731 


0.15315784 


0.095749 1 


0.14444252 


0.07120131 


0.03553974 


0.01779389 


0.00891579 


0.00446819 


0.70899353 


0.37772689 


0.20706595 


0.11506005 


0.02324348 


0.03636988 


Zeros 
2 zk 


1.66006901 


1.99641328 


2.43272451 


2.99645777 


3.71905660 


4.63947782 


4.08800684 
1.36266895 
4.60882388 
1.53627463 
5.25902438 
1.753008 13 
6.06448189 
2.02149396 
7.05110678 
2.35036893 
8.24880457 
2.74960152 
2.4803312 

1.2401656 


2.70225757 
1.35112878 


2.97344847 
1.48672424 


3.30160531 
1.65080265 


4.57725297 
2.28862649 


4.15667545 
2.07833772 


Poles 

2p Qp 
1.26113719 = 1.53778528 
SR = —1.93935821 
1.26590047 = 1.29322374 
SR = —1.63709254 
1.26419637 = 1.17045108 
SR = —1.47968000 
1.26120086 = 1.10240418 
Sr = —1.3903531 
1.25853439 = 1.06269721 
SR = —1.33744098 
1.25654117 = 1.03882581 
SR = —1.3053274 
1.81791218 0.63004959 
1.16460141  2.47092004 
1.60787437 0.59319617 
1.17503513 — 1.99855356 
1.47300112 0.57381202 
1.17989451 = 1.74647165 
1.38329586 0.56247686 
1.18218811 1.59675106 
1.32249053 —0.55543701 
1.18326131  1.50240859 
1.28075702 0.55088987 
1.18374996  1.44072496 
1.57670579 0.88771357 
1.11520336 3.53616695 
SR = —2.16976835 
1.47102367 0.79060957 
1.12502313  2.8136087 
SR = —1.83849589 
1.39168325 0.73471166 
1.13100037 = 2.41724804 
Sr = —1.63336803 
1.33159777 —0.69953486 
1.13492509 = 2.17385124 
SR = —1.49652706 
1.59382685 0.67623005 
1.40980753 = 2.01444358 
SR = —1.73699776 
1.25170336 0.66024403 
1.13951354 = 1.90561073 
Sr = —1.33421102 
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Table 3.10 C.4 Inverse Pascal parameters for prescribed Q@max = 2.0 and @min (N = 3-5) 


Oma =2.0 N  Omin 


C4 3. 12 


18 


24 


30 


36 


42 


4 12 


18 


24 


30 


36 


42 


a 12 


18 


24 


30 


36 


42 


Qs min 


1.30864725 


1.55224899 


1.87346638 


2.29270069 


2.83343653 


3.52486708 


1.17963478 


1.31572348 


1.48894011 


1.7062172 


1.97454843 


2.30205073 


1.1220115 


1.21233438 


1.32504916 


1.46334014 


1.63003989 


1.82828227 


Cc 


1.01881714 


0.59095139 


0.35533122 


0.21761352 


0.13473775 


0.08399969 


0.14444299 


0.07120131 


0.03553974 


0.0177939 


0.00891579 


0.004468 19 


0.67966795 


0.35911984 


0.19554471 


0.10807132 


0.0603116 


0.03390042 


Zeros 
2 zk 


1.51109568 


1.79238275 


2.16329264 


2.64738272 


3.27177068 


4.07016591 


3.8508986 

1.28363287 
4.295 15794 
1.43171931 
4.86062082 
1.62020694 
5.56991836 
1.85663945 
6.44588131 
2.1486271 

7.51500724 
2.50500241 
2.3777332 

1.1888666 


2.56914275 
1.28457137 


2.80800454 
1.40400227 


3.10106665 
1.55053332 


3.45433177 
1.72716588 


3.87444110 
1.93722055 


Poles 

2p Qp 
1.14796371 = 1.53778528 
SR = —1.76532169 
1.13652729 = 1.29322374 
SR = —1.46978407 
1.12418266 = 1.17045108 
SR = —1.3158008 
1.11427613 = 1.10240418 
SR = —1.22838266 
1.10717216  1.06269721 
SR = —1.17658876 
1.10235057 —1.03882581 
Sr = —1.14515023 
1.71247157 0.63004959 
1.09705343 2.47092004 
1.49844614 0.59319617 
1.09506494 = 1.99855356 
1.36141219 0.57381202 
1.09051022  1.74647165 
1.27048693 0.56247686 
1.08577969 = 1.59675106 
1.20897574 0.55543701 
1.08169713 1.50240859 
1.16682341 0.55088987 
1.07844590 =1.44072496 
1.51148593  0.88771357 
1.06907338 3.53616695 
SR = —2.08001667 
1.39856016 0.79060957 
1.06960382 2.8136087 
SR = —1.74793049 
1.31424940 0.73471166 
1.06807103  2.41724804 
SR = —1.54248674 
1.25071686 0.69953486 
1.06599003 = 2.17385124 
SR = —1.40562839 
1.20281897 0.67623005 
1.06394446 2.01444358 
SR = —1.31086628 
1.16671388 0.66024403 
1.06214165 = 1.90561073 
SR = —1.24361935 
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Fig. 3.34 Gain GQ)=|HGQ)| 
specifications for Problem 3.3 
2.0 


1.9 


0.25 


Fig. 3.35 Gain G(Q)=|HGQ)| 
specifications for Problem 3.4 
1.0 


0.9 


0.03 


3.6 Problems 


3.1 Verify that H;(s) and H2(s) of Example 3.1 can be derived from the magnitude 
response of (3.11) 
1 


92° 
+ 42497 


|H(j82)| = G(2) = 


3.2 Verify that the coefficients of the highest and lowest order terms of the Cheby- 
shev polynomial are given by (3.25): 


cy =2%-! and cy =N"(-1) 2" 


3.3 Design the transition band optimized inverse Chebyshev filter from the normal- 
ized specifications of Fig. 3.34. 


3.4 Design the transition band optimized inverse Chebyshev filter from the normal- 
ized specifications of Fig. 3.35. 


3.5 Use the inverse Pascal design tables A, B and C to determine the order of the 
normalized inverse Pascal filter that meets the specifications of Fig. 3.36. 


3.6 Use the inverse Pascal design tables to determine the order and the transfer 
function of the stopband edge frequency optimized inverse Pascal filter that meets 
the specifications of Fig. 3.37a. 
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Fig. 3.36 Gain Garn(Q 
specifications for Problem 3.5 dB ap(®?) 
2.077 
0.0 
-22 
0 Q 
1 2.0 
gp Gan) jp Gas) 
-6.0 1.0 
-8.5 -1.0 
-24 -23 
Q Q 
" 1 15 1 2.0 
(a) (b) 


Fig. 3.37 Gain specifications for Problems 3.6 to 3.10 


3.7 Use the inverse Pascal design tables to determine the order and the transfer 
function of the passband optimized inverse Pascal filter that meets the specifications 
of Fig. 3.37a. 


3.8 Use the inverse Pascal design tables to determine the order and the transfer 
function of the stopband edge frequency optimized inverse Pascal filter that meets 
the specifications of Fig. 3.37b. 


3.9 Use the inverse Pascal design tables to determine the transfer function of the 
passband optimized inverse Pascal filter that meets the specifications of Fig. 3.37b. 


3.10 Use the inverse Pascal design tables to determine the order and the transfer 
function of the normalized transition band optimized inverse Pascal filter that meets 
the specifications of Fig. 3.37b. Use mathematical software to plot the logarithmic 
gain in order to verify your results. 
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The Elliptic (Cauer) Approximation 


Elliptic approximation is a rational approximation, as defined in Chap. 3. Although 
when the elliptic approximation is used it leads to minimum order filters, the elliptic 
mathematics involved discourages instructors from including the complete analysis 
in their syllabi. Moreover, elliptic approximation is usually covered in a simple de- 
scriptive manner in filter textbooks. For these reasons, this chapter is devoted to the 
elliptic approximation alone, which is analytically presented and with all mathemat- 
ical analyses regarding the design procedures and related formulae given explicitly. 


4.1 Introduction 


Figure 4.1 shows the plain gain plots of the fifth order (V = 5) Butterworth, Cheby- 
shev and inverse Chebyshev approximations, with H, = 1 and Hc = 0.96828 
(> = 0, (max = 0.28). Figure 4.2 shows the stopband details where the curves 
of Chebyshev and inverse Chebyshev approximations intersect at point {Q = 
1.663, G(1.663) = 0.033358}, implying that the strictest stopband specifications 
that can be met by the two Chebyshev approximations with {VN = 5, H, = 
1, Hc = 0.96828 (max = 0.28 dB)} are {Q5 = 1.663, Hs = 0.033358 (Amin = 
29.54 dB)}. The plain gain of Butterworth approximation with N = 5 at 2 = 1.663 
is much higher than 0.033358 and calculation of the Butterworth order with {{25 = 
1.663, Hp = 1, Hc = 0.96828, Hs = 0.033358} leads to N = 10. The Butterworth 
gain with N = 10 is shown in Fig. 4.3. 
Therefore, the specifications 


{Qs = 1.663, Hy = 1, Hc = 0.96828, Hs = 0.033358} or 
{Qs = 1.663, max = 0.28 dB, min = 29.54 dB} 


(4.1) 


can be met by Chebyshev approximations with N = 5 and by Butterworth approx- 
imation with N = 10. Pascal approximations would require N = 6. These results 
are to be expected since, as shown in the previous Chapters, given the specifica- 
tions, Chebyshev approximations lead to lower orders than Pascal and Butterworth 
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Fig. 4.1 Butterworth and Chebyshev approximations (N = 5): Passband and stopband gain plots 


GQ) 
wr Butterworth 
Chebyshev =5 
0.04 N=5 
0.033358 b= -----aana naan n anne enna ge ncn cette cence ccc cect nec cence nennnnneecannnnnnns 
Inverse 4 
0.02- Chebyshev | 
N=5 | 
F pe 4 Q 
1 1.5 1.663 2 2.5 3 3.5 


Fig. 4.2 Butterworth and Chebyshev approximations (N = 5): Stopband gain plots 


approximations. Therefore, the question of whether there is another approximation 
which would meet the same specifications with even lower order seems reasonable. 
The answer was given in the late 1920s by Wilhelm Cauer [3, 4], who designed 
filters using a rational approximation which involves Jacobian elliptic functions. 
The gain plot of the elliptic approximation with N =5 and H, = 1, Hc = 
0.96828 is added in Fig. 4.3 and is shown in Fig. 4.4. Figure 4.5 shows a typical 
gain plot of the Cauer approximation which is equiripple in both the passband and 
the stopband. With the same passband characteristics, the gain curve of the ellip- 
tic approximation is much steeper in the transition band and can meet even stricter 
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Fig. 4.4 Butterworth, Chebyshev and Elliptic approximations (N = 5): Stopband gain plots 


stopband specifications, namely $25 = 1.156. If we require this same stopband edge 
frequency for the Chebyshev and for the Butterworth approximations, we will end 
up with Ncp = 10 and Ng, = 33 respectively. Pascal approximations would lead to 
Nea = 13. 
The cost of such a very significant order decrease is an increase of the design 
effort due to the “difficulty” of two elliptic functions. 
1. The first is the complete elliptic integral of the first kind K(x) [2, 11], which 
appears in the elliptic approximation always with x < |: 


K@)= [ a (4.2) 
9 1-x — 


An indicative plot of K (x) is shown in Fig. 4.6. 

2. The second is the Jacobi elliptic sine sn(u, x) of u with modulus x [11]. A plot of 
sn(u, x) is shown in Fig. 4.7 for x = 0.25 and x = 0.975. The Jacobi elliptic sine 
is a doubly periodic function of u with a real and a complex period both of which 
depend on the modulus x. The real period is T(x) = 4K (x), where K (x) is the 
complete elliptic integral of x. For low values of x, sn(u, x) is very similar to the 
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Fig. 4.5 Typical elliptic approximation gain plot 


Fig. 4.6 The complete K(x) 
elliptic integral 
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trigonometric sine, but as x increases the plot is “squared” around its peak val- 
ues. If 6 is the angle for which ths ———— do =u, then sn(u, x) = sin(@). 


1—x? sin2(o) 
This integral with 6 ¢ 7/2 is defined as the non-complete elliptic integral with 


modulus x. A basic property of sn(u, x) is 
sn(K (x), x) =1 


One of the greatest accomplishments of the Prussian mathematician Carl Gustav 
Jacob Jacobi (1804-1851) was his Theory of Elliptic Functions and their relation to 
the elliptic theta function.! The theory of elliptic functions is indeed complicated but 
the filter designer is not required to know its details. Functions K (x) and sn(u, x) 
can be used as any other conventional function, e.g. cos(x) or cosh7! (x), which are 
considered “easy” mainly because they can be calculated using the corresponding 
key on any scientific calculator. Instead of intimidating engineers and students by 
K (x) and sn(u, x), as is usually done in filter design books, in this present book 


'Fundamenta nova theoriae functionum ellipticarum, 1829. 
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Period: T(x)=4K(x) T(0.25)=6.3850 T(0.975)=11.6576 


Fig. 4.7 The Jacobi elliptic sine 


we prefer to give simple and accurate algorithms for their calculation, which is es- 
sentially like having the corresponding keys on your calculator. It will be seen that 
when the necessary tools have been developed, elliptic approximation is no more 
difficult than all other approximations. Moreover, it will be demonstrated that the 
often-used statement that elliptic filters can only be designed from filter tables is not 
correct. In addition, it will be seen that the designer now has full control over all the 
parameters related to his filter design needs. 

Historical notes will not be used as an excuse for not giving the full details of 
elliptic filter design or for giving vague and deficient descriptions of the supposed 
difficulties of elliptic functions. Neither will we give instructions on how to use 
filter design programs and dedicated functions of a mathematical software package 
in order to design elliptic filters. In this section, the elliptic approximation and filter 
design will be demystified and presented in an explicit and useful manner along with 
all the related mathematics and the relevant design equations for the calculation of 
the order, the gain function and the transfer function, as has been done with all other 
approximations. 


4.2 Calculation of K (x) and sn(u, x) 


The calculation of the complete elliptic integral K(x) and the Jacobi elliptic sine 
sn(u, x) which comprise the main difficulty in elliptic filter design, is made very 
much simpler by the use of the arithmetic-geometric mean (AGM) studied initially 
by Euler and Lagrange and later by Gauss and Legendre, who presented the final 
theory. 


“The world first learned of the Cauer method not through scholarly publication but through a 
patent disclosure, which eventually reached the Bell Laboratories. Legend has it that the entire 
Mathematics Department of Bell Laboratories spent the next 2 weeks at the New York Public 
Library studying elliptic functions. Cauer had studied mathematics under Hilbert at Goettingen, 
and so elliptic functions and their applications were familiar to him” [16]. 
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4.2.1 The AGM and the Complete Elliptic Integral K (x) 


If the arithmetic and the geometric mean values of two positive numbers x and y are 
calculated and then we proceed to find the arithmetic and geometric means of these 
two values and so on ..., then both sequences of mean values converge very rapidly 
to the same value M(x, y), defined as the arithmetic-geometric mean (AGM) of x 
and y. In fact, we create two sequences from the two positive numbers x and y: 


abe: 
a= a and by =VJan-1by_1 withap=xandby=y (4.3) 


which converge rapidly to the same number, the arithmetic-geometric mean 

AGM (x, y) or M(x, y). 

Some easily proved properties of the AGM are given below: 

.fA>OS>AM (x, y) = MQOx, dy) 

. M(x, y) =MCS, /xy) 

. M(x) = 4m, 2%) 

. MO,Vv1—x*2)=M(1-—x,14+x) 

The AGM as “one of the jewels of classical analysis” [2] becomes more precious in 

elliptic filter design due to the following facts: 

i. The sequences of (4.3) converge rapidly with very high accuracy even with 5-6 
iterations. For example for M(0.25, 3.72), the same value 1.428762871307 is 
found after 5 or 55 or 99 iterations. 

ii. The AGM has a strange relationship with numbers and functions that cannot be 
expressed or calculated analytically, as for example z and the complete elliptic 
integral K(x), which is of special interest in elliptic filter design. It should be 
noted that the complete elliptic integral K (x) cannot be expressed analytically 
and therefore its close relationship with the AGM is more than welcome: 


m/2 1 
K(k)= / ——___________ dg (4.4) 
0 1 —k? sin? (6) 


us 


me 
2M(1,V1—k2) MU-k,1+k) 


RW NF 


Fork<1: K(k)= 


(4.5) 


4.2.2. The Jacobi Nome g (Modular Constant) 


In elliptic filter design, it is also necessary to calculate the elliptic parameters q(x), 
referred to as modular constants or Jacobi Nome q defined as follows: 


' K(V/1-x2) 7 Mia 1x2) 
q(x) =e Kw) me M(x) 


(4.6) 
From (4.6), it is clear that 


MG, V1—x?) 
In(q(x)) = —7 aes (4.7) 
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The Nome q(x) can also be calculated using approximate formulae. A very ac- 
curate approximation of g(x) has been known since 1902 [10] and is used in [1] 
and [5]: 

app (x) = ee(x) + 20° (x) + 15a? (x) + 15003 (x) (4.8) 
with 
pai x2)0.25 
1+(- x2)0.25 
This is a very accurate approximation, especially if one additional term, namely 


1707a!"(x), is included. A rough approximation of g(x) is also used in the elliptic 
filter design literature [1, 5, 7]: 


a(x) =0.5 


1 
q(x) © qapp2(x) = ie (4.9) 


This approximate formula is reasonably accurate only for small values of x (e.g. 
x < 0.2) since the error is considerably high for larger values. 


4.2.3. Theta Functions and the Jacobi Elliptic Sine sn(u, x) 


The Jacobi theta functions are expressed as fast converging infinite series [2, 11] 
expressed with conventional functions: 


[o@) 
6o(z, y)= 142) \(-D"y™ cos(2mz2z) (4.10) 
m=1 
lo.) 
A(z, ») =2y# Yi(-1y"y""F sin(2m + 1x2) (4.11) 
m=0 


In fact, less than 10 terms are required for the very precise calculation of the 0 
functions from (4.10) and (4.11). 
The elliptic sine sn(u, x) is related to theta functions 6, and 6; via 


1% RG 4g (x)) 


sn(u, x) = at 0G)) (Nome g(x) from (4.6)) (4.12) 
O\DK (x)? 
or 
1 61 (ua) 7 7 MO 
sn(u, x) = ud ; (4.13) 


x 2 M(1,V 1—x2) 
VF 9, (y MOV ag ™ —“Wx) ) 


and therefore can be calculated from theta functions and the AGMs M(1,k) and 
M(1, V1 — k?). Since theta functions can be calculated using a scientific calculator, 
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the only missing key on scientific calculators is the one for the calculation of the 
AGM M(x, y). However, it should be noted that the AGM can be calculated even 
by hand. 


4.3. The Elliptic Approximation and the Elliptic Rational 
Function 


The normalized gain function ({2¢ = 1) of the elliptic approximation is given by the 
general equation 
Ay 
G(2) = (4.14) 
ve + €2R2 (Qs, 2) 


where Ry (S25, 82) is the elliptic rational function (ERF) or Chebyshev ratio- 
nal function of order N. For the purpose of designing elliptic lowpass filters, 
Ry (S25, S2) can be defined as follows: 


N-n 


2 2_ 0e2 
Ry (Qs, 2) = Ay(2s)2" | | (a) 
m=1 \ $2 


(4.15) 


with 25 > 1 and 


2m —1 1 
QzR(m) =sn +1)K(&, kl <1 (k=— <1 (4.16) 
N Qs 
and 
N-n 22 
Tl 1- 22 ,(m) 
Anw(Q@s5) = (=) so that Ry (5,1) =1 (4.17) 
oa St — 23 p(n) 


The complete elliptic integral K (x) is given by (4.2): K (x) = ie pe Fae do 
—x~ sin*( 


and parameter 7 is defined again as 


= ' for N even (4.18) 


1 for N odd 


to allow unified expressions for even and odd NV. 

The only real difficulty in the above definition of Ry (25, §2) is the calculation 
of the roots {27 of the numerator from (4.16) due to the elliptic sine sn(). However, 
when sn() is expressed in terms of theta functions from (4.13), it can be calculated 
using a scientific calculator (see also (4.34)). 
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The elliptic rational function Ry (25, 82) has real pair roots +27R in the nu- 
merator polynomial and real pair roots + 2S_ in the denominator polynomial. 
Since Ry (S25, S2) is a rational function, (4.14) defines a rational approximation 


according to (3.1) and (3.5) with 


Nr(@) 
Fr(22) = Rn(@s, 2) = (4.19) 
Dr) 
with the apparent definitions 
N=9 
2 
Nr(Q) = An(Q25)2" I] (27 — 23p(m)) odd or even (4.20) 
m=1 
N-n 
fie 
Dr(2) = (2 _ =o) always even (4.21) 
m=1 27 R(m) 
It is clear that if 2zp is a root of Nr(S2), then 25/Q2zR is a root of Dr(§2) and 
therefore 2Qzr(m) for m = 1,2,..., x 1 fully determine the ERF for given N 
and (25. 


Example 4.1 The elliptic rational functions for N = 3, 4, 5 and 6 are 


A3(2s5)2(Q? — 22,1) 
R3(Qs, 2) = ZR) 


2 
ae) 
Q5R1 


(922 — 


Aa(S2s)(827 — 23 p1)(2? — 22 po) 
Riese ZR1 ZR2 


22 2 
(922 S )(22 S ) 
QR QR 


A5(Qs)2(Q? — 23 n,)(Q? — Qa) 
RAs = ZR1 ZR2 


2 
2 sa Q2 
,, 


Ag (S25) (82? — 23 pi) (2? — 23 py»)(Q? — QF ps) 
Re(Qs, 2) = ZR1 ZR2 ZR3 


22 22 22 
(922 S )(22 S )(22 S ) 
FRI Qo R2 Q7R3 


4.4 Properties of the Elliptic Rational Function Ry (2s, 2) 


Some properties of the elliptic rational function are presented below. 
1. The frequency independent coefficient Ay (S25), given in (4.17), has been calcu- 
lated so as to make Ry (25, 1) = 1. For the sign of Ay ({25), we have: 
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>0 for even (N — n)/2 
An (Qs): : 
<0 for odd (N — n)/2 
Equation (4.17) gives Ay (S2s) in terms of the roots (2z7R. Equation (4.35) gives 
an alternative formula for direct calculation from N and 925: 
. Ry(Qs, 1) = 1 makes G(1) = 2 4.14 
n (S25, 1) = 1 makes G(1) ja »)) 


. For the roots of the denominator polynomial Dr(S2), we have In sl > Qs 
since |S2zr(m)| < 1. 
. Ry (825, 0) =0 for odd N and +1 for even N: 


Ry(Qs5,0) = +1 foreven N (4.22) 
ves’ 10 for odd N 


This makes 


Ho for odd N 


4.23 
H,/V1+e6? foreven N 


GO)=H(i+e)7 => GO)= | 


2 
Ry (Qs, 2) Rn (2s. =) = Ry (Qs, 2s) = Ly (Ls) (4.24) 


. The value at 2 = 925, i.e. Ry (S25, 825), denoted as Ly (5) and referred to as 
the discrimination factor: 


Ly (25) = Ry (8s, 2s) (4.25) 


The discrimination factor is always positive and is given by: 


N= oS 
Ax (2s) 
Ly (8s) = Rn (Ss, 2s) = ~Qa I] 25 p(m) >0 (4.26) 
25 m=1 
or 
N=n 
1 2% — 22 2(m) 
Ly(@s) = Ry(Qs, 2s) = nes ZR ) 50 (4.27) 
Re a m=1 1— 25pm) 
For even JN, it is found that 
— 
Ly(&s) = |An(2s)| = 2S I] QzR(m) (only for even N) (4.28) 
m=1 


Alternative formulae for the calculation of Ly(Qs5) are given in (4.36) and 
(4.37). 
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7. When 22 > ov: 


for odd N > G =0 
im Ree a= crodd N= Gea) 
2Q—0o Ly(&s5) =|An(2s)| for even N 
(4.29) 
Ho 
\ l+e2 Li, (2s) 
8. For 1 < 2 < 25 > Ry (Qs, &2) is positive and monotonically increasing. 
9. Roots 2zR have been so defined as to make Ry (2s, §2) possess the equal ripple 


property in the passband expressed as: 


For even N > G(oo) = 


For 0 < 92 < 1, Ry (Qs, §2) exhibits equiripple behavior 
with maxima of value + 1 and minima of value — 1, (4.30) 
Hi 
keeping the passband gain of (4.14) between H, and Were 
+é 


Suppose that such a passband maximum of value 1 occurs at S2p¢,. Then from 
(4.24), we have 


Q 
Ry (Qs, Ppex)Rn (2s, s+) = Ry(@s, Qs) =Ly(@s)>0 (4.31) 
pex 


and since Ry (25, 2pex) = 1 


Qs 
=> Ryn (2s. s+) = Ry (25, 25) = Ly (Qs) > 0 
pex 


Taking into account that the product of the ERF at S2p¢, and at 25/S2pex is 
constant, when Ry (S25, 2pex) = 1 (maximum), it can be concluded that at 
25/Qpex the ERF has a local stopband minimum, namely Ry (2s, a) = 
Ly (8s) > 0. Similarly, if at 2,¢, the ERF assumes its minimum passband value 
—1, at Qs/2pex it assumes a local maximum value equal to —Ly (2s). There- 
fore, for each passband extremum of Ry (Qs, 2) at 2yex with value +1, there 
exists a stopband extremum at 925/2pex of value Ry (Qs, 2s) = ELy (Qs). At 
the frequencies 25/S2pex of the stopband extrema, the stopband gain takes its 
maximum value, which equals G(2s): 


H, A 


oO 
J! + €2R%, (Qs, Qs) qi + €?Lx(2s) 


G(Qs) = (4.32) 


Figures 4.8 and 4.9 help to visualize the nature of the elliptic rational function 
and its properties. 


176 4 The Elliptic (Cauer) Approximation 


Q(Q -0. —e 0. se ) 


(Ores) eau 
0.9729679° 0.69650217 


Rs (Q) = 37.35430935 


— R;(Q) 
— R;(Q)2 


0 Q Q Q | 
pex2 ‘ZR1 ‘pex | 
Q Q 


-500 7 


0 t 
1 Qs Qs Os Qs 10 
QzR2 Qvex1 QzR1 Qyex2 


Fig. 4.8 Plots of the elliptic rational function with N = 5 and {25 = 1.2. Note the Chebyshev-like 
passband equal ripple of R5(§2) from —1 to 1 and the equal ripple of R2 (2) from 0 to 1. Note 
also the (N — 7)/2 = 2 frequencies at which the ERF and its square assume infinite value and the 
equal absolute values of the local stopband extrema. This is better described in the plot of R2(Q) 


4.5 Calculations 


We saw that the elliptic sine sn(u, x) can be calculated from (4.12) via the Jacobi 
theta functions 6, and 6; of (4.10) and (4.11) and the zeros §2zr(m) of the elliptic 
rational function can be expressed as follows: 
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-627.87564(Q?-0.98142157)(Q?-0.8025024’ )(Q? -0.3334276") 
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Fig. 4.9 Plots of the elliptic rational function with NV = 6 and Qs = 1.2. Note the Chebyshev-like 
passband equal ripple of Re(s2) from —1 to | and the equal ripple of R2 (2) from 0 to 1. Note 
also the (N — n)/2 = 3 frequencies at which the ERF and its square assume infinite value and the 
equal absolute values of the local stopband extrema. This is better described in the plot of R2 (2) 


1 (34 + 3,¢q(k) N-1 
22 = = 1 4.33 
ZR) = ee eet Lg)” 2 is 


178 4 The Elliptic (Cauer) Approximation 


where the Nome q(1/§25s) is given in (4.6) and in the approximate formulae (4.8) 
and (4.9). Roots 2zpr can also be expressed in terms of the arithmetic-geometric 
mean M(x, y), using (4.6): 

l aces ae " eT (M (1,9 1K?) /M (1K) 


Vk 6, (7+ +4 7 e77(M (1,4 1-k?)/M(1,k))) 


QzR(m) = (4.34) 


Having the roots {27 r(m), the coefficient Ay (25) can be calculated from (4.17). 
Alternatively, Aj (5) can be calculated without prior knowledge of the roots from: 


(1) F/O 


An(2s)= a5 
Tnzilsn?(y On) K (), k) sn? (v(m) + 2) KO), 1] 


where y (m) = 


-1 1 
1 and k = — 4.35 
+lan Ds (4.35) 
The discrimination factor Ly (2 5) = Ry (2s, 2s) can be calculated from (4.26) 


or (4.27). However, it can also be calculated in terms of sn(u, x), without prior 
knowledge of the zeros {27 (m) of the ERF from: 


Ly(2s5) = (N=n)/2 mee (4.36) 
Ter)” snt(CP252 + 1) K(k), 1) 
1 a 4 [2m 1+n ait 1 ee een Ta] 
= ol” IN Ze 

Ly(2s) == Il a (4.37) 

m= ig me +5.e M(Lk) ] 

In the above equations (4.33) to (4.37): 
1 1 forodd N N-yn 

k= — => a 4.38 
2s " 0 for even N a 2 ( ) 


Finally: 

1. The calculation of the AGM M (x, y) of two positive numbers x and y can be per- 
formed by a 5-6 line program or a simple calculator to make the AGM iteration 
manually. 

2. The theta functions 6, and 6; do not involve any elliptic functions and can be 
calculated from (4.10) and (4.11) with no more than 9 terms with the aid of a 
scientific calculator. 

Therefore, given N and 925, we can easily calculate: 

i. The roots 2zRr(m) of the numerator polynomial of Ry (25, (2) using (4.34) 

ii. The coefficient Ay (S25) using (4.17) (preferably) or (4.35) 

iii. The discrimination factor Ly (92s) from (4.37) 

The following example demonstrates the calculation of all parameters of the elliptic 

approximation. 
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Example 4.2 Calculate the gain of the elliptic approximation with N = 6, H, = 1 
and $25 = 1.2020 using ¢ = 0.15633. 


k = 1/25 =0.8319467754 and v1 —k? =0.5548554732 


Let us first calculate the AGM M(1,k) = M(1, 0.8319467754) using a simple 
calculator. In the first line we write the two positive numbers x and y: 


1.0000000000 0.83 19467754 


0.9159733777 0.9121111530 
0.9140422653 0.9140402254 
0.9140412454 0.9140412454 <— M(1, 0.8319467754) 


In each line after the first, we put the arithmetic and the geometric mean of the two 
numbers of the proceeding line. It can be seen that the algorithm converges after 2 
iterations up to five decimal places and after 3 iterations up to ten decimal places. 

We then calculate the AGM M(1,/1—k?) = M(1, 0.5548554732) with the 
same method: 


1.0000000000 0.5548554732 
0.7774277366 0.7448862149 
0.7611569758 0.7609830511 
0.7610700134 0.7610700084 
0.7610700110 0.7610700110 — M(1, 0.5548554732) 


The algorithm converges after 3 iterations up to five digits and after 4 iterations up 
to ten digits. Finally: 


M(1, k) =0.9140412454 and M(1,/1—k2) =0.7610700110 
and 


_n M(,V 1-k?) 
q(k) =e MOD =(0.07310745 (4.39) 


For the zeros of the ERF, we have from (4.34): 


0 (A471 | 0.07310745) 


6, (A451 | 0.07310745) 


1.2020 (4.40) 


QZRm = LzR(m) = 


= 
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The theta functions of (4.40) can be calculated from (4.10) and (4.11) using a sci- 
entific calculator for m = 1, 2,3 since (N — n)/2 =3. Finally, the roots 2zR(m) of 
the numerator and 25/02zR(m) of the denominator are: 


QzpR1 =0.981344796322 Apr, = Ps /PzpR1 = 1.224849822922 
QzR2 = 0.801964209216 = App2o = Ls /2zR2 = 1.4988200049 16 
2zR3 = 0.332940206758  2pR3 = 2s /2zR3 =3.610257864935 


From (4.17) (preferably) or (4.35), we can find using a simple scientific calculator: 
A6(825) = —639.816424030325 


and from (4.37), in which the second argument of the theta functions has already 
been calculated (see (4.39)): 


L6(@s) = 639.816424030325 (N iseven > L6(2s) = |Ao(Rs)|) 


The elliptic rational function with N = 6 and §25 = 1.2020 will finally be: 


(2? — 22 )(2? — 22 )(2? — 22 ) 
Ro(Qs, 2) = Ao(@s) 5" FS (4.41) 
(2° — 2p pi )MR* — Vp py )(2* — Vrs) 
The gain function G({2) with H, = 1 and ¢ = 0.15633 will be: 
1 
G(Q) = (4.42) 
J! + (0.15633)2R2(1.202, 2) 
and will have passband ripple from 1 to Weer = 0.988 and stopband maxima 
——__ = 0.01. The related plots of the plain gain function of (4.42) are shown 
y L+e2L2 (Qs) 
in Fig. 4.10. 


4.6 Specifications and the Order of the Elliptic Approximation 


Taking into account that the cutoff frequency 2c of the normalized filter is 1 and 

that H, is just a reference level usually taken equal to | (i.e. a, = 20log(H,) = 

0 dB), three parameters specify the filter specifications in both cases: 

i. The minimum passband gain Hc or the maximum allowed passband dB gain 

deviation max = 20 log(H,/Hc) from a> with amax > 0. 

ii. The maximum allowed stopband gain Hs or the minimum stopband dB gain 
deviation min = 20log(H,/Hs) from ay with amin > 0. 

iii. The normalized stopband edge frequency 25. 
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Fig. 4.10 The gain G(2) elliptic approximation of Example 4.2: (a) Full response (b) passband 
(c) stopband 


The normalized lowpass filter specifications are shown in Fig. 4.11. 
The gain function of the elliptic approximation has been defined in (4.14) as: 
A 
G(2) = (4.43) 
“i + 622, (Qs, Q) 


Since, by the definition of the elliptic rational function, Ry (2s, 1) = 1, if we 
require that G(1) > Hc, the maximum value of ¢ can be determined: 


He omax 
€ <&max =,/—5 —1=y 10 10 — 1 (4.44) 
Ac 
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GQ)=|HG2)| Ggp(Q)=20log|HGQ)| 
H aB 
Bs " {| 9s 5 
¢ Omax 
&o0-8max1——____----} 22) | 
Onin 
ED — — 
0 Q Go-Amint_------|----4 
0 tGs 
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Fig. 4.11 Normalized lowpass specifications: (a) Plain gain. (b) Logarithmic gain 


At the stopband edge frequency 925, we have Ry (S25, S25) = Ln (S@s)) and the 
local stopband extrema of Ry (25, $2) assume the value +L y({25)). Therefore, in 
the stopband we have 


G(2s5) = a (4.45) 


1+ 2L7,(Qs) 


and this is the value of the stopband gain maxima. It is clear from (4.45) that for 
&€ = €max, these maxima assume their minimum value, which can be required to be 
< Hy, Le.: 


H, 
2 < Hs (4.46) 
fl + 62.4, L4, (2s) 


In this inequality, only N is variable and, if solved for NV, yields the order equation. 
The analytical solution of (4.46) for N is beyond the scope of this textbook but when 
solved, the decimal order Ng is determined in terms of K (x), the complete elliptic 
integral of the first kind with modulus x: 


K(k) K(/1— 8?) 


a= (4.47) 
K(v1—k?) K(g) 
where 
1 A, / HH 2 1 1 Q@max /10 en | 
k—-=— and g= ( o/ c) = ! (4.48) 
2s (Ho/Hs)? — 1 10%nin/10 — ] 


The order equation (4.47) involves the complete elliptic integral K(x) with 
x <1, and due to (4.5) does not present any calculation difficulty. Under (4.5), the 
awkward order equation (4.47) for elliptic filters is transformed into an easily com- 
puted expression requiring only calculation of four arithmetic-geometric means: 


M(1,./1—97)-Md,k) 
N>Ng= 4.49 
aks M(1, g)-M(, V1 —k?) 
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In this equation with k = 1/Qs5 < 1, g < 1 is given in (4.48) and M(x, y) stands 
for the AGM of the positive numbers x and y defined in (4.3). 

The order equation can also be expressed in terms of the Jacobi Nome g(x) 
of (4.6). At the beginning of the design, two g(x)’s can be calculated directly from 
the specifications: 


1 
gk = qk) = i(z-) 


=4() = ( | oltor =) = ( or) 
16 OSIM ol Hs 1) NY 10 4 


Since k < | and g < 1, (4.6) provides a very straightforward and fast way to calcu- 
late them with high accuracy using AGMs. 
Using (4.7), the exact order equation (4.47) can also be expressed as: 


(4.50) 


= Ing) = log(¢g) 
In(qx) —log(gx) 


(4.51) 


with gx and gg, from (4.50). 

The calculation of the decimal order Ng using (4.47), (4.49) or (4.51) is exact and 
involves only calculation of arithmetic-geometric means. However, (4.51) can be 
simplified by introducing the approximate formulas (4.8) or (4.9) for the calculation 
of gg and (4.8) for gx. Approximation (4.9) cannot be used for qx since the value 
of k = 1/25 is usually higher than 0.6 and the approximation error is very high. 
Using (4.9) for the numerator and (4.8) for the denominator of (4.51), we get the 
approximate formula found in the literature [1, 5, 7]: 


l log( +g? 
N > Nappro = OS (Gapp2(g)) _ 2 ( 168 ) (4.52) 


log(qapp1/2s)) — logtgapp1(1/2s)] 


The use of this approximation is vindicated since usually g < 0.01 leads to ad- 
equately accurate results. Of course, the usage of (4.8) in both the numerator and 
denominator of (4.51) would give a more accurate result: 


log (qapp1(g)) 
log (Gapp1 (1/&2s)) 


To demonstrate the precision of each order calculation formula, we used (4.49), 
(4.52) and (4.53) in a small program with the normalized LP specifications 
Qs = 1.202, Hyp = 1, Hc = 0.988 (max = 0.104861108 dB), Hs = 0.02 (Qmin = 
33.9790 dB). The results are shown below: 


N= Nappr1 = (4.53) 


Na = 5.469709951526 from (4.49) 
Nappro = 5.469709951521 from (4.52) 
Nappri = 5-469711820835 from (4.53) 
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The order of the filter will of course be rounded up to N = 6. It should be noted 
that the calculation of the four AGMs of (4.49) were performed with less than 5 
iterations. 


4.7 __ Elliptic Filter Design Optimization 


Now that we have a good insight of the elliptic rational function Ry (25, 2), we can 
analyse the gain function of the elliptic approximation given in (4.14) so as to see 
how it can be made to satisfy certain specifications. Given the specifications 925 and 
{H,, Hc, Hs} or {00, max; @min}, the order of the approximation can be calculated 
from the order equation (4.47) or the alternative formulae presented in Sect. 4.6. 
When order WN has been calculated from the specifications, elliptic approximation 
can be optimized so as to meet certain criteria and exhibit different characteristics. 
The gain function of the elliptic approximation has been defined in (4.14) as 
Ay 
G(2) = (4.54) 
1+ 62R3(Qs, 2) 


Moreover, the maximum value émax of the ripple factor e has already been found 
and is given in (4.44), repeated here for convenience: 


H? omax 
€ <émx = ,/—$ -1=y10 -1 (4.55) 
Ho 


If we require that G(25), and therefore all the stopband maxima, must be below the 
specified Hs, we get 


Ay 
G(2Qs) = ————————  < Hs 
J 1+ 62L4,(Qs5) 
(4.56) 
J (H/Hs)* — 1 
— E > v (Ho/Hs)* — 1 = Emin 


~ Ly (8s) 


Using the minimum value émin, the stopband ripple will be from 0 to Hs and the 
passband ripple from H, to Hc max > Hc: 


H. 
€=tmn = G(1)= Acmax =————— > Hc (4.57) 


I). (Ho/Hsy2-1 
re Lx (Qs) 


Finally, the ripple factor ¢ must be selected to satisfy 


Vo/ Hs)? —1 H2 


= Emin S € S €max = ,/ — 
Ly (2s) 
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or in terms of the logarithmic gain specifications (4.58) 
10-8 “a max 
Loo ee lO 1 
From (4.58) we get 
1 10 — 1 
Ly(2s)=—- = Ly(&s)>= am (4.59) 
& 10°10 —1 


which, for given N, relates the three specified quantities: {§25, @max, min}. If we 
want to investigate the conditions under which the equality holds, i.e. 


min 


10710 —1 
Ln(2s)=1/g = Lwy(&s)=)| —ax (4.60) 
10°10 —1 


we can keep two of the three quantities {§25, &max, @min} and determine the third so 

as to make Ly (25) = 1/g. 

Case A. When {{25, @max} and N are specified, then min can be calculated from 
(4.60) using (4.26) or (4.27) so as to make Ly (25) = 1/g. If this value is 
denoted as (ping, we find 


mind = 10 log[(L0%=/19 — 1) LX (2s) + 1] = Onin (4.61) 


which corresponds to the minimum stopband plain gain ripple that can be 
achieved with N and {{25, dmax} 


Ay 


1+ (H2/H2 — L325) 


As min = G(2s5) = < Hs (4.62) 


This means that when we are given the specifications {§25, max, min}, 
a better filter of the same order N can be designed with specifications 
{25, Umax; mind > &min} or, in terms of plain gain, {25, Ho, Hc, Hs min < 
Hs}. This filter is the stopband edge frequency gain optimized [8] and is 
designed using € = &max. Figure 4.12 shows the gain plot of this design. 
Case B. When {25, @min} and N are specified, then a@max can be calculated from 
(4.60) so as to make Ly (S25) = 1/g. If this value is denoted as @maxo, we 
find 


1Q%min/10 | 
< Qmax (4.63) 


Amax0 = LOt0g| +1 
° Li (Qs) 
This is the minimum passband ripple and corresponds to plain gain varia- 
tion between H, and Hc max when {25 and amin are given: 


H. 
° > Hc (4.64) 


|, H2/H2-1 
| 0 Ss 
” Ly (2s) 


He max = G(1) = 
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Fig. 4.12 Case A: € = &max G(Q) 
(stopband edge frequency H 
gain optimization) . 

He 

€=Emax 
Hs J 
Hsin -- Ed 5 teieietetaiatetetated tatetetatel. ww tae = 
0 1 Qs = 


Fig. 4.13 Case B: ¢ = min 
(passband optimization) 


Case C. 


Qs 


This means that when we are given the specifications {{25, max, @min}, 
a better filter of the same order N can be designed with specifications 
{25, O@max0 < Qmax, min} Or, in terms of plain gain, {25, Hj, Hcmax > 
Hc, Hs}. This filter is the passband optimized and is designed using 
€ = Emin [8]. Figure 4.13 shows the gain of such a passband optimized 
design. 

When {Qmax,@min} and N are specified, then the minimum stopband 
edge frequency S2smin can be calculated from (4.60) so as to make 
Ly (85min) = 1/g. This means that when we are given the specifications 
{25, max; min}, a better filter of the same order N can be designed with 
specifications {825 min < §25, max, min} or equivalently, in terms of plain 
gain {Qsmin < 25, Ho, Hc, Hs}. This filter is the transition band opti- 
mized [8]. Figure 4.14 shows the gain of such a transition band optimized 
design. 

To determine (25 min, equation 


min 


10710 —1 
Ly(2s)=1/g => Ly(8s)=,) —ax—— (4.65) 
10°10 —] 


must be solved for S25. The root 25 min, if used in the order equation with 
the value of g calculated from the specified @max and dmin, gives integer 
Na = N. In this case, k = 1/2smin can be calculated from (4.47) with 
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Fig. 4.14 Case C: Transition G(Q) 
band optimization 


integer NV: 


K(k) K(/1= 8) 
K(V1—k?) K(g) 
To find k = 1/§25 min, (4.66) must be solved for k = 1/Q5 min. 
Finally, to calculate the minimum stopband edge frequency 25 min from 


{N, Qmax, min}, either (4.65) or (4.66) must be solved. This is not an easy 
task and (4.66) was only solved analytically in 2004 by Huber [9]: 


=N (4.66) 


1 
25 nin = ———— __ where 92, = 


_—— 
Yo Ly (2g) 


If the filter is designed with specifications {§25 min, max, min}, then min = 
Emax and the gain of the elliptic approximation will fully cover the specified 
passband and the stopband tolerances, with steeper transition band gain 
since the gain assumes the value Hs at 25min < 92s. 


(4.67) 


1 
V1— 3? 


Example 4.3 Given {Q 5 = 1.2020, H, = 1, Hc = 0.988, Hs = 0.02}, we find 
N =6. From (4.67) we find 25 min = 1.13606967, meaning that the transition band 
optimized elliptic filter can be designed with {825 = 1.13606967, H, = 1, Hc = 
0.988, Hs = 0.02} from which we find N = 6 and €min = Emax = 0.15633. 


4.7.1 Stopband Optimization 25 max 


One more optimization can be performed in the elliptic approximation. Let us con- 

sider that we have the stopband edge frequency optimized design with ¢ = &max of 

Case A (Fig. 4.12) where the stopband maxima and G({25) assume equal values 

Hs min (see (4.62)), lower than the specified Hs. This design is shown in Fig. 4.15a. 

The frequency 92775 at which G(S245) = Hs satisfies the relation 

Hy 1 

G(2ys) = =Hs => Rn(&s,2Hs)=— (4.68) 
[1 + thax R3 (Qs, Pits) g 
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GQ) 


Ho 
Hc + 


0 1 Qs Sra 


(b) 


Fig. 4.15 (a) Stopband edge frequency optimized design. (b) Stopband optimized design 


Fig. 4.16 Graphical 210 
calculation of the maximum RAOQ2) - 364 
stopband edge frequency 
190 
180 


1/g=173.1476 
oe 170 


i 
160 
1 


150 1 
2.6 2.65 2.7 2.75 2.8, 2.85 29 295 3 


If we drag $275 to the right until the curve touches the point {Q5, Hs}, frequency 
92H s becomes equal to (25 and the frequency at which the gain becomes equal to 
the stopband maxima moves to a frequency S25 max > S25. Moreover, the stopband 
maxima will decrease to the value 

Ay 
As minx = < Agmax < Hs (4.69) 
i + Cae ie (Q¢5 max) 


This situation is shown in Fig. 4.15b. 
In order to find 25 max, we set 25 = Qsmax and MQy;5 = Ms in (4.68), which 
after some manipulation becomes 


1 
Ry (Ss max, 25) = : (4.70) 


This equation cannot be solved analytically for (25 max and the use of mathematical 
software is inevitable. Figure 4.16 shows a way to calculate §25 max graphically for 
Q5 =2 and Hy = 1Hc = 0.86596432 and Hs = 0.01 or max = 1.25 dB, min = 
40 dB which require N = 4. It is found that parameter g = 0.005775 => 1/g = 
173.1476. Curves R4(2, 2) and line 1/g intersect at the frequency 25max = 
2.8178. 
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Fig. 4.17 Graphical Ho 


determination of §25 min and BOs) Vitex axRR(Qs,Qs0) 
25 max 0.02 


Hs—> 0.01 


I 15 Og=2 2.5 3 3.5 
OQ, 4, 1.480573 QS y9=2-8178 


Qs 


Therefore, if absolute minimum stopband ripple is required, the filter can be de- 
signed using {25 max instead of the specified {25 without change of the order. Elliptic 
filters designed with 25 max are referred to as stopband optimized [8]. 

For a specific order N and stopband edge frequency S250, the gain at (259 can be 
seen as a function of (25, the parameter used in the definition of the ERF, i.e. 


Ao 
1+ 62, Ry (2s, 250) 


G(@s5) — 


The two boundary frequencies 25 min and {25 max can then be determined graphi- 
cally as shown in Fig. 4.17. For this example, we have used the specifications 259 = 
2, Ho = l(a = 0), Hc = 0.86596432 (Amax = 1.25 dB) and Hs = 0.01 (amin = 
40 dB), which require N = 4. 


Example 4.4 Given the normalized lowpass specifications {25 = 2.0 and 
{Hy = 1, Hc = 0.86596432, Hs =0.01} or {max = 1.25 dB, amin = 40 dB} 


from (4.47), expressed with AGMs in equation (4.49), we find Ng = 3.2548 > 
N =4. From (4.37) > Ly(Q@s) = L4(2) = 773.9781 and from (4.58), we find 
Emin = 0.12919616 and émax = 0.577513. Equation (4.67) gives 25 min = 1.480573, 
and using the graphical method described above we find (25 max = 2.8178 (see 
Figs. 4.16 and 4.17). 
For the four optimized designs we find: 
. Design with ¢ = €max = 0.577513 > Hs min = 0.002237 (53.0058 dB) 
. Design with ¢ = min = 0.12919616 > He max = 0.99175 (0.0719 dB) 
. Design with 25 = 25 min = 1.480573 => L4(1.480573) = 173.1476 
. Design with 25 = Qsmax = 2.8178 > L4(2.8178) = 3532.783 > As minx = 
0.00049 (66.1936 dB) 
Figure 4.18 shows the passband and stopband details of the plain gain. The curves 
have been numbered in the same order as the above design results. 


BRWN Re 
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Fig. 4.18 Passband and stopband details of elliptic filter of Example 4.4 (curve numbers corre- 
spond to the numbering of the design results) 


4.8 The Transfer Function 


The elliptic rational function Ry (5, 2), as defined in (4.15), is a rational function. 
Therefore (4.14) defines a rational approximation according to (3.1) and (3.5) of 
Sect. 4.3 of the previous chapter, with: 


Nr(o) 


Fr(&@) = Rn (Qs, 2) = (4.71) 
Dr) 
Polynomials Nr(2) and Dr(S2) are given in (4.20) and (4.21) respectively: 
eu 
Nr(&) = An(Q25)2" I] (2? — Q2,(m)) (odd or even) (4.72) 
m=1 
N-n 
T(o2_ _%8 
DR(2) = 2° — ——— always even 4.73 
R(Q) TI( zm) (always even) (4.73) 


0 for N even 

1 for N odd 

in (4.16) and calculated from (4.34). Taking into account that 

e Polynomial Nr(S2) is of even or odd degree N and has N — n non-zero roots 
§2zR(m) and one zero root at 2 = 0 when N is odd (7 = 1), 

e The coefficient of the highest order term of Nr({2) is An (S25), 

e Polynomial Dr(S2) is of even degree N — 7 and has (N — 7) roots 25/QzR(m), 


where 7 = | and §27R(m) the zeros of the elliptic rational function given 
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e The coefficient of the highest order term of Dr(S2) is 1, 
then, according to (3.19), the corresponding transfer function will be 


i aC, + 23 a 
H(s)=C.- (4.74) 
Theis ~~ p(m)) 


where 


Ay 
C= (4.75) 


[22A3)(2s) +10 


The poles p(m) of H(s) are the left half s-plane roots of the even denominator 
polynomial of (3.8), repeated here and adapted for the needs of the elliptic approxi- 
mation: 


D2.(Q)| 2-92 FE2NZ(Q)| p22 OF 
Nn 2 (4.76) 
I] (s° + a) + £7A%(Qs)(—s*)" ial (s? + 22.p(m)) 

27 R(m) 


m=1 m=1 


The polynomial of (4.76) is of even degree 2N and therefore has N root pairs: N 
roots in the left half s-plane and their opposite N roots in the right half s-plane. If NV 
is odd, then one of the root pairs is real of the form +2. If the rest of the transfer 
function poles p(m) are the (VN — n)/2 conjugate pairs with oy (m) <0: 


p(m) =on(m)+ j2p(m) and p*(m)=o4(m) — j2Qy(m) (4.77) 


then the transfer function of (4.74) can be expressed as 


QR 
iG 162 + a ) 
A#Gy= = Pq (m) (4.78) 


Ev ediL.2 6=10G— PO) 


or 


CTy2 1s? + m ) 
H(s)= xD 2 (4.79) 


(N=n) 
(s+ Qr)"T] 2) (82 — 20H (m)s + 07, (m) + 27,(m)) 


Expressing the conjugate pole pairs p(m) = oy (m) + j Qy(m) in terms of their 
pole frequency and quality factor 


2 2 2o(m) 
2o(m) = Vo (m) + Qe (mM) Qo(m) = eel (4.80) 
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the transfer function will be 


R22 
CT2, {G+ a) 
H(s)= Ta (4.81) 


(5+ 28)" Tye) + Ges + 22(m)) 


As in all approximations, the calculation of the poles of H(s) as the roots of 
a polynomial of the form of (4.76) of degree 2N is the most laborious task. For 
the elliptic approximation, for the calculation of §2,(m) and Q,(m) of the poles of 
the transfer function, the commonly used procedure has been adopted with serious 
modifications so as to make use of the already calculated parameters of the ERF 
Ry (825, 82). The details of the solution can be found in [1], where calculation is 
based on the fact that 1/Ly (25) is very small. This is true since in practice the dis- 
crimination factor Ly (S25) assumes very high values and in the end, the calculated 
values for the pole frequencies (2,(m) and the pole quality factors Q,(m) are very 
accurate. 

Initially, the quantity 


(4.82) 


1 n( Verx+14+1 ) 
"2a J eit 
is calculated. If the maximum ripple factor émax of (4.58) is used, then: 


1 ; H, + Hc 1 10%max/20 4 7 
= n 
2a N Ho — Hc ~ ON \ 10%max/20 — J 


) (only for €max) (4.83) 


The quantity A is then used for the calculation of another auxiliary parameter o: 


— An(A, q(1/2s)) 
Gon (A, gU/@s)) 
Theta functions 09, and 6; are similar to the theta functions defined in (4.10) and 


(4.11) with the unique difference that they use hyperbolic sinh and cosh instead of 
their simple trigonometric counterparts: 


(4.84) 


Mmax=CO 


6on(z,y)=1+2 $2 (-1)"y"" cosh[2mzz] (4.85) 
m=1 
Mmax=0O 
Oatz,y)=2yt YS (Ly) sinh[(2m + Daz] (4.86) 
m=0 


Functions 99, and 01, also converge rapidly, even using 9 terms, 1.€. max = 9. 

Calculation of the parameter o is slightly complicated since it requires the cal- 
culation of Nome g(1/&25). This value, however, has been calculated during the 
determination of the order and can always be calculated from (4.6) or from the very 
accurate approximate formula (4.8). 
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Having parameter o, the next equations give the poles in terms of their frequen- 
cies §2,(m) and quality factors Q,(m). 


Q2 
2 ae rer Qso2 + Q2,,(m) 
Bin) = ee |Top EM as 
1 23, p(m)(Qs +47) + Qso?) 
Qo(m) = 5 jo = x5 (4.88) 
o (25 p(m) — 25)(27p(m) — 1) 
or 
2 Qe 5, QBs 
Q (0° + H*)(or + 
O,(m) = zx : 2K (4.89) 
Oo 


pL 
2s(1 — FAR) — BF g(m)) 


Index m in (4.87)-(4.89): m = 1,2,..., 44 


The poles of H(s) expressed as complex numbers will be 


. Qo(m) ; 1 
p(n) = ou (m) + jQu(m) =— 57 j2am),/1— Fara (4.90) 


If N is odd, the real pole of H(s) at so = —Qp of (4.81) is given by 


So=—-QR with QR=a0V/ 25 (4.91) 


It is clear that the determination of the transfer function using (4.87)-(4.89) re- 
quires only knowledge of parameter o and the zeros (2z,R of the elliptic rational 
function Ry (2s, $2). This is very important since the zeros §27R have already been 
calculated earlier in any design from (4.16) or (4.34). 

Constant C of the transfer function can be calculated from (4.75), but in order 
to absorb any inaccuracies of the calculations of the poles, it is preferable to be 
calculated from an expression involving the poles. This expression can be derived 
by using (4.23) 


G(0) = H(0) =H, +22)'"> (4.92) 
to finally find 
wn 
C=" J] 23 gm) 22(m)y] (4.93) 


(14 62)°2'Q5 7 m= 
Example 4.5 Given the normalized lowpass specifications 


Q5=1.8, H=1, Hco=0.988, Hs=0.02 
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we find N = 4 and é€max = 0.15632983. Ay (M5) = Ag(1.8) = 470.45040854 is 
calculated from (4.17) and the roots 82zr(m) from (4.34). For the calculated values, 
the elliptic rational function R4(1.8, 82) will be: 


(2 — 0.935670747) (2? — 0.413067477) 


R4(1.8, 2) = 470.45040854 
(2? — 1.923753647) (2? — 4.357641657) 


Polynomial of (4.76), with 7 = 0, since N = 4 becomes 


(2? — 1.923753647) (27 — 4.357641657) 
+ 0.156329837 - 470.450397162 - (27 — 0.935670747)(27 — 0.413067477) 


The roots of the above polynomial are calculated using a mathematical software 
package, and the left hand half s-plane roots are 


—0.671556207 + j0.553890978 with 22,1 = 0.870507297 
and Qo; = 0.648126909 


and 


—0.202311475 + 71.111407969 with 242 = 1.129671459 
and Qo2 = 2.791911247 


From (4.75), we find C = 0.01359578034 
If (4.87)-(4.89) are used for the calculation of the two conjugate pole pairs of 
H(s), we find: 


—0.671570457 + j0.553896944 with 2,; = 0.87052209 and Q,; = 0.64812417 


and 


—0.202314754 + 71.111414375 = with 2,2 = 1.12967835 and Qy2 = 2.79188325 


The values calculated from (4.87)-(4.89) are accurate up to the Sth or 6th decimal 
place. If these poles are used for the transfer function, constant C must be calculated 
from (4.93), which gives C = 0.013596408, a value that differs from the previous 
in the 6th decimal place. 


Example 4.6 Design an elliptic filter to meet the following specifications: 
Qs = 1.7, Hy =1, Hc = 0.99, Hs = 0.01 
or equivalently 


Qs=1.7, a =1, — Omax =0.087296 dB, min = 40 dB 
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Order Calculation 


\/ H2/He-1 
k = 1/95 =1/1.7 = 0.58823529 gg = ——————— 
 H2/Hi- 1 

¥ 12/0.99? — 1 


g= + = 00.00142499 


J12/0.012 — 1 


Using k = 0.5882352, /1 — k? = 0.80868983 and g = 0.00142499, ,/1 — 9? = 
0.99999898, the order can be calculated from (4.49). The AGMs can be calculated 
by a few iterations even by hand, as we did in Example 4.1. 


M(1, 0.5882352) = 0.78048228 M (1, 0.80868983) = 0.90180659 


M(1, 0.00142499) = 0.19783614 M(1, 0.99999898) = 0.99999949 


0.99999949 = 0.78048228 
0.19783614 0.90180659 


Therefore, the integer order will be taken N=5>7=1. 


Order N and S25 Dependent Parameters The ERF will have (N — n)/2 = 2 
zeros calculated from (4.16), or preferably from (4.34), since we already have 
the necessary M(1,k) = M(1, 0.5882352) = 0.78048228 and M(1, /1 —k?) = 
M (1, 0.80868983) = 0.90180659: 


2zR(1) = 0.96003616 27R(2) = 0.62811501 


2s _ 177076664 2s 
Qzr(l) 2zR(2) 


From (4.17) or (4.35), we find 


= 2.7065 1072 


An (Qs) = As(1.7) = 284.82104688 


From (4.26) or (4.27) or (4.36) or (4.37) (preferably from the last since the necessary 
AGMs in the theta functions are already available): 


Ly (Qs) = L5(1.7) = 2183.254839 


The calculated quantities up to here determine the elliptic rational function and do 
not depend on the value of the ripple factor ¢ but only on 2s. The value of the 
ripple factor affects the transfer function calculated below for the two boundary 
values Emax and €min 


A. Calculation of the Transfer Function with ¢ = émax (The Stopband Edge 
Frequency Gain Optimized Filter) 


be /H2/H2 = /12/0.9% —1=0.14249228 
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From (4.62), the stopband plain gain maxima and G({2s) will have the value 
A, 
yl + (H2/H2 — I)L3 (25) 
1 


=> Asmin= ~ 0.003214 < Hs =0.01 
J! + (12/0.992 — 1)L2(1.7) 


As min = G(s) = 


or Hsmin = G(1) = Ho/VJ/1 + €2:9x = 1/11 + 0.142492282 = 0.003214. Hs min 
corresponds to @mino = 49.85796 > amin = 40 dB. 

From (4.82) = A = 0.16849113 and from (4.84) > o = 0.48788888. 

With these values, we find from (4.87)-(4.89) the frequencies and the quality 
factors of the (NV — n)/2 = 2 pole pairs: 


Pole Pair 1 


25(1) = 1.08384858 Q,(1) = 4.164298 
=>  p(1) = —0.130135809 + 71.076007625 
This pole pair contributes to the transfer function the term 


1.08384858 
2 ee) 2 
sot 4164298 ° + 1.08384858° = s“ + 0.26027162s + 1.08384858 


Pole Pair 2 


(20(2) = 0.87025924 Q,(2) = 0.99827726 
=> ~p(2) = —0.43588053 + j0.753232571 


This pole pair contributes to the transfer function the term 


>, 0.87025924 


aE CEP. 870259242 — s* + 0.871761 870259242 
0998277265 + 0:87025924" = s° + 0.87176106s + 0.870259 


Since N = 5 is odd, a real pole will also exist (4.91): 


SQ = —0V/ 25 = —0.63612927 


The constant C of the transfer function can now be calculated from (4.92) with 
€ = Emax = 0.14249228: 


C = 24.63983088 - 1073 


Finally, from (4.81), the transfer function for ¢ = &max = 0.14249228 will be: 
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Fig. 4.19 Gain plot from transfer function Hj (s) with ¢ = émax 


Ay (s) 


_ 24.639831 - 10~3(s? + 1.7707677)(s? + 2.7065117) 
~ (s +0.636129)(s? + 0.260272s + 1.0838492)(s2 + 0.871766s + 0.8702592) 


Figure 4.19 shows the gain of the stopband edge frequency optimized elliptic filter 
which meets the stopband specifications with Hs min < Hs. 


B. Calculation of the Transfer Function with ¢ = émin (The Passband Gain Op- 
timized Filter) 


H3/HZ-1  /fommm—] OW] 


= = = 0.04580088 
Ly(&s) Ly (Qs) Ly(&s) 


Emin = 


From (4.64), the passband plain gain minima and G(1) will have the value 


A, 1 
Hemax = G(1) = = —= a aE = 0.99895279 > Hc 
i 7 ees V1 + aes 


or He max = G(1) = Ao/,/ 1+ ae = 1/71 + 0.045800882 = 0.99895279. 

Hc max corresponds to @maxo0 = 0.0091 < amax = 0.087296 dB. 

From (4.82) = A = 0.24045912 and from (4.84) > o = 0.7627331. 

With these values, we find from (4.87)-(4.89) the frequencies and the quality 
factors of the (VN — n)/2 = 2 pole pairs: 
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Pole Pair 1 
925(1) = 1.20520833 Qo(1) = 3.45087706 
=>  p(1) = —0.174623481 + 71.192490565 
This pole pair contributes to the transfer function the term 


5 1.20520833 
3.45087706 


Pole Pair 2 


s + 1.205208337 = s* + 0.349247 + 1.205208337 


§20(2) = 1.10406059 Qo(2) = 0.87134937 
=> ~ p(2) = —0.633534966 + 70.904203095 
This pole pair contributes to the transfer function the term 


5 1.10406059 
0.87134937 


Since N = 5 is odd, a real pole also exists 


s + 1.104060597 = s* + 1.267067s + 1.104060597 


so = —0/ Qs = —0.994482 


The constant C of the transfer function is calculated from (4.92) with ¢ = émin = 
0.04580088: 


C = 76.65931781 - 10-3 
Finally, from (4.81), the transfer function for ¢ = &min = 0.04580088 will be: 
A(s) 


_ 76.65931781 - 10-3 (s* + 1.7707677)(s* + 2.7065117) 
~ (s +.0.994482) (s2 + 0.349247s + 1.205208) (s2 + 1.267067s + 1.1040612) 


Figure 4.20 shows the gain of the passband optimized elliptic filter which meets the 
passband specifications with Hc max > Hc. 


C. Calculation of the Transfer Function with (5 pin (The Transition Band Op- 

timized Filter) From (4.67) and g = 0.00142499, we get 

_ 1 _ 1 
Vl—g2 <1—0.001424992 

Using N =5 and k = 1/82, = 0.9999989847 in (4.36) or (4.37), we find 

L5(0.9999989847) = 1.39767786 and therefore (4.67) yields 


1 1 
Qs min = = = 1.4313504 


= 
L2(%) 139767786 


Qq = 1.0000010153 
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Fig. 4.20 Gain plot from transfer function H2(s) with ¢ = &min 


The filter must now be redesigned with the same magnitude specifications but with 
25 = Qs min = 1.4313504. Although it is not necessary to recalculate the order, if 
it is calculated it will be found that Nz = 4.99999999, practically 5 = N =5. The 
(N — n)/2 = 2 zeros of the ERF are calculated from (4.16) or (4.34). Since 25 is 
no longer 1.7, all quantities related to (25 must be recalculated. Finally, we find: 


2zR(A) = 0.96462678 27R(2) = 0.65076878 


Qs 25 
= 1.48383854 
Qzr(1) QzR(2) 


= 2.19947615 


From (4.17) or (4.35), we find 
Ay (925 min) = A5(1.4313504) = 115.11724131 
From (4.26) or (4.27) or (4.36) or (4.37): 
Ly (25min) = L5(1.4313504) = 701.757313 


When S2smin is used, the boundary values of the ripple factor become equal, 


Le. Emin = Emax = € =,/ Hei ie —1=,/12/0.992 — 1 = 0.14249228. Moreover, 
Hs min = Hs and Hc max = Hc, meaning that the passband and stopband tolerances 
are fully reached. 

From (4.82) => A = 0.16849113 and from (4.84), 0 = 0.57504894. With these 
values, we find from (4.87)—(4.89) the frequencies and the quality factors of the two 
pole pairs: 
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Pole Pair 1 
(1) = 1.07491324 Qo(1) = 4.87337 


=>  p(1) = —0.110284386 + 7 1.069240772 


This pole pair contributes to the transfer function the term 


> 1.07491324 a 
8° + J aaagz 8 + 1.07491324? = s* + 0.220569s + 1.07491324 


Pole Pair 2 


§29(2) = 0.90382277 Qo (2) = 1.06634799 
=> ~~ p(2) = —0.423793536 + j0.798307361 


This pole pair contributes to the transfer function the term 


>, 0.90382277 


1,06634799° + 9-7038 s? +. 0.847587s + 0.9038 


Since N = 5 is odd, a real pole also exists: 
SQ = —04/ Qs = —0.687983 


The constant C of the transfer function can now be calculated from (4.92) with 
€ = 0.14249228: 
C = 60.96482924 - 10-7 


Finally, from (4.81), the transfer function will be: 


H3(s) 


= 60.96482924 - 10~3(s? + 1.48383854*)(s? + 2.199476157) 
"(5 +.0.687983)(s? + 0.220569s + 1.0749132)(s? + 0.847587s + 0.903823) 


Figure 4.21 shows the gain of the transition band optimized elliptic filter designed 
with 25min < Qs. 


D. Calculation of the Transfer Function with (25 max (The Stopband Optimized 
Filter) In order to calculate 25 max, (4.70) must be solved. In fact, the value Q 
must be found for which 


1 
Rages) 


This equation cannot be solved analytically for $2, and the use of mathematical 
software is inevitable. Figure 4.22 shows the graphical solution, from which we find 


Qs max = 1.856427 
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Fig. 4.21 Gain plot from transfer function H3(s) of the filter designed with 2min 
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Fig. 4.22 Graphical calculation of 925 max 


The filter must now be redesigned with the same magnitude specifications but 
with 25 = 25 max = 1.856427. Although there is no need to recalculate the order, if 
it is calculated it will be found that Ng = 4.131013642 => N =5. Since the purpose 
of this design is to minimize the stopband gain, max = 0.142492 must be used. The 
two zeros of the ERF are calculated as in the previous designs from (4.16) or (4.34) 
but with 25 = 25 max = 1.856427. Since Qs is no longer equal to 1.7, all quantities 
related to (25 must be recalculated. Finally, we find: 


2zR(C) = 0.95840529 2ZR(2) = 0.62042454 


Qs 2s 
= 1.93699578 
2zR(1) 27R(2) 


= 2.99218824 
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From (4.17) or (4.35) we find 

An (925 max) = As (1.856427) = 436.83228444 
From (4.26) or (4.27) or (4.36) or (4.37): 

Ln (825 max) = L5 (1.856427) = 3728.623175 


From (4.82) => A = 0.16849113 and from (4.84) > o = 0.45473624. 
With these values, we find from (4.87)-(4.89) the frequencies and the quality 
factors of the two pole pairs: 


Pole Pair 1 


o(1) = 1.08698361 Oy (1) = 3.95583441 
=>  p(1) = —0.137389928 + j1.078265911 


This pole pair contributes to the transfer function the term 


2 , 108698361 
3.95583441 


Pole Pair 2 


s + 1.086983617 = s? + 0.274785 + 1.086983617 


25(2) = 0.85860319 Qo (2) = 0.97757845 
=>  p(2) = —0.439147974 + 70.737799764 


This pole pair contributes to the transfer function the term 


4 , 0.85860319 


——___—_~ 5 + (). 858603197 = s* + 0.878296s + 0.858603197 
0.97757845 


Since N = 5 is odd, a real pole also exists: 
$9 = —0V 2s = —0.619582 


The constant C of the transfer function can now be calculated from (4.92) with 
€ = 0.14249228: 
C = 16.06550276 - 1077 


Finally, from (4.81), the transfer function for the stopband optimized filter will be: 


Ha(s) 


= 16.06550276 - 10~3(s* + 1.936995787)(s? + 2.992188247) 
~ (8 +: 0.619582)(s? + 0.274785 + 1.086984?) (s? + 0.878296s + 0.85860327) 
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Fig. 4.23 Gain plot from transfer function H4(s) of the filter designed with 2Qmin 


Figure 4.23 shows the gain of the stopband optimized elliptic filter designed with 
925 max = 1.856427 > S25 which meets the specifications with minimum stopband 
gain. 


According to (4.81), the transfer functions of elliptic filters, i.e. filters designed 
with the elliptic approximation, have the general form: 


C(s* + Qo pi )(8* + Qi py) +++ (87 + Qop,) 


(8+ QR)"(s? + Gs + Qs? + GAs + Wp) (+ Ges + QW) 
(4.94) 


A(s)= 


where pri = ak = (N —n)/2. 

The resemblance of the elliptic transfer function of (4.94) to that of the inverse 
Chebyshev and inverse Pascal should be noted. 

The transfer function of (4.94) can be realized by cascading a first order section 
to realize the real pole in the case of odd N, and (N — n)/2 second order notch 
sections as becomes clear from (4.95): 


Co Ci(s? + Qo p1) ok Cols + Pops) 


H(s)= x 
(s + QR) (s2 + Bets + 2?) (s2 + Gs + 27 ») 


ae and x =(N—n)/2 (4.95) 


with CoC1C2---Ciw—ny/2 = C, LpRi = 
QzRi 


Filters designed using the elliptic approximation as presented in this chapter are 
referred to as “Case A” elliptic filters. The corresponding transfer functions are not 
suitable for ladder passive-LC realization when N is even, and require the employ- 
ment of ideal transformers. This is due to the fact that when WN is even, the gain for 
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§2 — oo is not zero but assumes the value H,/,/ 1+ e?L* (Qs) (see (4.29)) while 
in passive LC ladder filters the gain for w — oo is expected to be zero. 

Using a special transformation which moves the higher transmission zero to in- 
finity leads to “Case B” elliptic filters. Another transformation which maps the fre- 
quency of the lowest passband gain maximum to zero leads to “Case C” elliptic 
filters. The reason we do not deal with Case B and Case C elliptic filters is that they 
are not important in modern filter design and in addition, due to the transformations, 
they do not perform as well as the Case A elliptic filters. Given the specifications of 
a passive filter, if the order N is calculated to be even, it is preferable to design a 
filter of odd order N + 1. 


4.9 Elliptic Filter Design Aids 


Although today everybody has access to a personal computer and mathematical 
software like MATLAB, Mathcad, Maple, Mathematica etc., that can perform the 
necessary calculations, elliptic filter design can be facilitated in the traditional way 
by using the available tables and nomographs. 


4.9.1 The Order Nomograph 


If the order equation (4.47) seems difficult, even in its AGM form of (4.49), the 
nomograph of Fig. 4.24 can be used. We first calculate 20 log(z) where g is given 
in (4.48), repeated here for convenience: 


2 max /10 _ 
p= | Helto at ai 1 ae 
(Hy /Hs)2 - 1 10%min/10 _ | 
Then we draw a horizontal line from the point of the vertical axis that corresponds 
to HP =20 log(4), Finally, a vertical line is drawn from the point of the horizontal 
axis that corresponds to the specified 2s. The two lines intersect at a point which 
lies between two curves. The number of the upper curve is the integer order of the 
approximation. This is shown in Fig. 4.25, where for H P = 46 and (25 = 1.7, the 
order is N = 4. 
If for € = &max we require the plain gain at {2 = 25 to be less or equal to the 
specified Hs, i.e. G(§25) < Hs, then we end up with the inequality (4.46), which 
yields the order inequality 


1 
Ry (825, 25) = = 
& 
or 


20 log(Ryn (Qs, 825)) = 20log(1/g) (4.97) 
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Fig. 4.24 Nomograph for the calculation of the order 


It should be noted that Ry (2s, 2s) is the discrimination factor Ly (S25) and is 
a positive quantity according to (4.26). The curves of the order nomograph are in 
fact the plots of 20log(Ry (Qs, 25)) for various values of the order N. Using the 
nomograph in the described manner, we determine the minimum integer order N 
for which the order inequality (4.97) is valid. The determination of the order from 
the nomograph cannot be very accurate, especially if the point of intersection turns 
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Fig. 4.25 Example order determination 


out to be very close or on one of the curves. In such cases, the exact order equations 
(4.47) or (4.49) must be used. 


4.9.2. Transfer Function Tables 


For the calculation of the constant C and the poles and zeros of the transfer function, 
there exist some classical tables [6, 14, 18] but we are going to use the more recent 
tables by Kendall Su [15]. The transfer function of the elliptic filters is of the general 
form of (4.94) 


H(s)= C(s? + Qo pS? + Vopgy) (8? + Vopy) 
(s + QR)"(s2 + Gets + 22,)(s2 + Fes + 22)... (52 + Bars + 232.) 
(4.98) 
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Table 4.1 Sample table 2-39 from Kendal Su’s Handbook [15] 
Tables with prescribed a, and w,; Table 2.39 a, = 0.10 dB w, = 1.70 


Nay (dB) K oj bj wr; 

2 4.88830 5.69619469E-01 _1.3729000 3.01194309 _-5.22711358 

3 18.98094 5.20513860E-01 ——0.67543406 —«1.59592677 366684818 
1.19594792 

4 34.69117 -1.84264323E-02 —0,39179951 —«41.27738666 —-3.28939231 
136848169 -0.79515703 «1656602649 

5 50.45438 -2.30046327E-02 —«0.254223905 ~—=s«1.16148462 —-3.13561449 
0.84839928 -(0.73710979-—7.32520020 
0.61717997 

6 66.21900  4.88708695E-04 0.17787258 _‘1.10628944 —-3.05698115 


0.57612247 0.76800575 §.22711358 
0.94241089 0.33100321 35.60087619 

a 8 1.98366 8.54038790E-04 0.13127662 1.07554212 3.01113617 
0.41708885 0.80750873 4.37445896 
0.70934209 0.39686243 13.00292897 
0.42438390 

8 97.74831 1.29593847E-05 0.10080635 1.05658341 2.98199086 
0.31616420 0.84156978 3.93118859 
0.54440231 0.48258979 8.13602356 
0.71134209 0.18143017 62.26654812 


where (2p rR; = we 


In Kendal Su’s Handbook, the transfer function is expressed as 
K(s? + 2) (8? + 2) oxeitse w>,) 


H(s) = 2 2 2 
(s + @r)"(s* + a8 + b1)(s* + ans + b2)--+ (8* + ays + by) 


(4.99) 


In both equations x = (N — n)/2. The tables give {K, w2,, OR, aj and b;}. This set 


zi? 
Qoi 
Qoi 


22 : 
corresponds to our {C, 22 Ri = a QR, and oO) respectively. Su’s tables 
ZRi 


are organized into two groups: 

e In the first group of tables, given a» and ws (our Q@max and {2s respectively), 
the tables give the maximum a (OUT @min) Which can be achieved for N = 2 to 
N = 12. For each order N, the transfer function parameters a;, bj and wo? are also 
given. A typical table of this group is shown in Table 4.1 for a» = 0.10 dB and 
@s = 1.70. This is one of the 105 tables which are included for various combina- 
tions of ap and ws. 

Using this group of tables corresponds to designing the stopband edge fre- 
quency gain optimized elliptic filter using ¢ = &max. 
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Table 4.2 Sample table 3-42 from Kendal Su’s Handbook [15] 
Tables with prescribed a, and a; Table 3.42 a, = 0.10 dB a, = 30 dB 


N Os K Qj bj we, 

2 7.23045 3.16227766E-02 2.33346454 3.32851327 104.05196647 

3 2.45497 2.22798307E-01 0.83664197 1.65308497 7.86067376 
1.05944028 

4 1.53040 3.16227766E-02 0.35539508 1.26168579 2.64423304 
1.39232286 0.85455865 12.74657075 

5 1.22578 1.50232690E-01 0.16092293 1.11689151 1.59155056 
0.77192757 0.89084304 3.16772431 
0.76123733 

6 1.10253 3.16227766E-02 0.07506946 1.05435825 1.24952295 


0.39199567 0.94123439 1.72748473 
1.19581536 0.62168813 8.93511422 

7 1.04794 1.38567752E-01 0.03553071 1.02570941 1.11277511 
0.19230222 0.97079464 1.29898684 
0.72267315 0.74465198 2.67795534 
0.70446939 

8 1.02272 3.16227766E-02 0.01693576 1.01225239 1.05260350 
0.09312092 0.98581554 1.13563481 
0.38220226 0.87471132 1.59417410 
1.15243548 0.57698 199 8.27632903 


e In the second group of tables, for each of the 140 combinations of w, and as and 
for N =3 to N = 12, the minimum a, that can be used is given together with the 
parameters of the corresponding transfer function. A typical table of this group 
is shown in Table 4.2 for a, = 0.10 dB and a; = 30 dB. Designing a filter using 
these second group of Su’s tables corresponds to designing the transition band 
optimized filter with 22 = Qs min. 


Example 4.7 Filter specifications: 

25 = 1.7, a, = 0, Omax = 0.1 dB (Hc = 0.988553), 

min = 30 dB (Hs = 0.0316228) 
In Su’s notation, &p» = Omax,%; = as and a; = Qs. In Table 4.1, for ap = 
0.1 dB, ws; = 1.7 we look for N that gives a, > 30 dB. For N =3 the table gives 


as = 18.98094 which is not enough, and only for N = 4 > a; = 34.69117 > 30 dB. 
Therefore, the order must be taken N = 4 and the transfer function will be 


0.0184264 - (s? + 3.2893923)(s? + 16.56602649) 


H = 
oe (s? + 0.39179951s + 1.27738666)(s? + 1.36848169s + 0.79515703) 
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Fig. 4.26 Logarithmic gain plots from Hj (s) and H2(s) of Example 4.7 


This design corresponds to our design with ¢ = €max. 

The same order would be determined from Table 4.2, in which we observe 
that for N = 4 > ays = 1.53040 < 1.7. Frequency w; = 1.53040 is the minimum 
stopband edge frequency which can be used with specifications N = 4, a, = 0.1, 
as; = 30 dB. Using the parameters of this table, we find: 


0.0316227766 - (s? + 2.64423304)(s? + 12.74657075) 


H. = 
2(s) (s? + 0.35539508s + 1.26168579)(s? + 1.39232286s + 0.85455865) 


This transfer function corresponds to our design using £25 min, i.e. to the transition 
band optimized filter. Figure 4.26 shows the logarithmic gain plots of the two de- 
signs. 


The use of filter tables is not always possible and depends on whether there exists 
a suitable table with the values given in the specifications. For example, the tables 
of the first group are given for 


ap: 0.01, 0.05, 0.1, 0.5, 1.0, 2.0, 3.0 
and for each one of these seven ap values for 
@s: 1.02, 1.05, 1.10, 1.20, 1.30, 1.40, 1.50, 1.60, 1.70, 1.80, 1.90, 2.0, 
2.5, 3.0, 4.0 


If we are given a, = 1.5 and w, = 1.25, there are no tables for these values and 
we have to deploy interpolation techniques [15] with doubtable accuracy. In such 
cases the tables are of little help and the use of the analysis and design procedure 
presented in this chapter is highly recommended. 
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Fig. 4.27 Determination of the order of the elliptic filter 


Consider a second example with ws = 1.7, a» =0.15 and a; = 36 dB. Since 
there are no tables for a» = 0.15, the most probable is to be tempted to use Su’s 
Table 2.39 shown in Table 4.1 with a, = 0.10. From this table we find that only 
for N = 5 the stopband attenuation is higher than the specified a; = 36 dB and 
therefore N = 5 must be used. However, using the order equation (4.49) or even the 
order nomograph with 20log(1/g) = 50.5418 and 25 = 1.7, we find N = 4 (see 
Fig. 4.27). 


4.9.3 Computer Aided Elliptic Filter Design 


MATLAB Signal Processing Toolbox offers all necessary functions to design ellip- 
tic filters. Function ellipord() can be used to calculate the order of the elliptic filter 
from the specifications and ellip() does the rest. The functions are well documented 
and can be used to calculate all elliptic filter parameters. 
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In addition, several specialized filter design programs also exist freely or com- 
mercially. Among them, Filter Solutions by Newherz Technologies offers a free 
version called Filter Free the functionality of which is limited to N = 3 but is worth 
using to investigate its potential. 

It should be underlined here that the existence of such powerful computer pro- 
grams does not mean that engineers should not be aware of the design details simply 
because computers can do the job. Engineers must know the underlying theory so 
as to be able to understand, modify, improve and optimize the filters produced by 
the computer. These advanced filter programs have been designed as tools for those 
who know, and not as substitutes for the missing knowledge. 


4.10 Problems 


4.1 Calculate the arithmetic-geometric mean M (2.4, 5.2) using a scientific calcu- 
lator. 


4.2 Calculate the arithmetic-geometric mean M(1.2, 2.6) using a scientific calcu- 
lator and verify the property 0.5M (2.4, 5.2) = M(1.2, 2.6). 


4.3 Calculate the Jacobi Nome q(5) using (4.6). Then calculate the same quantity 
using the approximate formulae (4.8) and (4.9). 


4.4 Repeat Example 4.2 with Q5 = 1.4. 
4.5 Use (4.13) to derive (4.37) from (4.36). 


4.6 Given max = 0.2 dB, @min = 32 dB and Qs = 1.2, determine the order N of 
the normalized elliptic lowpass filter from the nomograph of Fig. 4.24. 


4.7 Given max = 0.1 dB, amin = 30 dB and 25 = 2.5, determine the order N of 
the normalized elliptic lowpass filter from the nomograph of Fig. 4.24 and from Su’s 
sample tables. 


4.8 Determine the transfer function of a filter with the specifications of Problem 4.7. 
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Frequency Transformations 


All approximations presented in the previous chapters are used to approximate the 
ideal lowpass gain within certain tolerances determined with the lowpass filter spec- 
ifications. In order to design other types of filters, e.g. highpass, the corresponding 
approximations should be presented. Instead of repeating all approximations for 
highpass, bandpass and band-reject (bandstop) filters, frequency transformations 
are used that transform a normalized lowpass filter into any other filter type. In 
other words, in order to design a highpass, bandpass or band-reject filter, it will be 
shown that we can first design an auxiliary normalized lowpass filter which can then 
be transformed to any other filter type. 


5.1 The Lowpass to Highpass (LP-HP) Frequency 
Transformation 


If the frequency transformation 
1 
5s oo - (5.1) 
Ss 


is applied to the transfer function Hz py(s) of a normalized lowpass filter, i.e. if s is 
replaced by 1/s, then for the new transfer function, denoted by Hy p,,(s), we have: 


1 
Ay pn(s) = AtPn (<) 
The transformation s <> is called lowpass to highpass transformation and per- 
forms the following mapping: 
1. Frequency §2, maps to 1/82, and if | Hz py (j 2x)| = Hy then |Ay py» (j1/82x)| = 
Ay. 
2. Frequency $2 = | maps to 2 = | and if |Hzpp(jl)| = Ao, then |Hypp(jl)| = 
Ho. 


H.G. Dimopoulos, Analog Electronic Filters, Analog Circuits and Signal Processing, 213 
DOI 10.1007/978-94-007-2190-6_5, © Springer Science+Business Media B.V. 2012 
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Hyp.(s) Hypn(S)=Hpa(1/s) 
NORMALIZED LP NORMALIZED HP 


Grpn(Q) Gupn(Q) 


(a) 


Fig.5.1  LP-HP frequency transformation 


3. Frequency $2 = 0 maps to 2 = oo and whatever occurs to Hy p,(s) at 22 = 0 
occurs also to Hypp(s) at §2 = 00: If |Hzpy(j0)| = Ao, then |My pn(jo)| = 
Ho. 

4. Frequency 92 = oo maps to §2 = 0 and whatever happens in Hz py (s) at 2 = ow, 
happens to Hy pn(s) at 2 =0: |Hypn(j0)| = | AL pn(joo)|. 

5. Passband frequencies 0 < 2 < 1 of the lowpass map to 1 < 92 < oo. Whatever 
happens to Hz p,(s) in the passband will happen to Hy p,y(s) for frequencies 
92 > 1. This means that if the lowpass passband gain varies from H, to Hc, then 
the gain |Hy py(jS2)| will vary from Hc to H, for 2 > 1. 

6. Stopband frequencies §2 > | of the lowpass map to 0 < 2 < 1, and the gain 
|Hy pn(j2)| remains below Hs for 0 < 2 <1. 

Based on the above mapping and referring to Fig. 5.1, it is clear that Hy py, (s) is 
the transfer function of a normalized highpass filter with the same gain tolerances 
as the lowpass. 

Therefore, in order to design a normalized (2c = 1) highpass filter with the 
specifications of Fig. 5.1b {H,, Hc, Hs, 2syp < 1}, we can start with the design 
of an auxiliary normalized lowpass filter with specifications 


1 
| Ho, He, Hs, 25 = ~1| 
QsuP 


When the transfer function Hz p,(s) of the so designed auxiliary normalized low- 
pass filter has been determined, the transfer function of the normalized highpass 
filter will be given by 


1 
Ay pn(s) = Huen( ) 


AY 
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Gyp() Gypn(Q) 


H, + 
Hct 


Hypa(s) 


Hs Hs 
a 0 Q 
0 OSHP OCHP 0 1 N _ OcCHP 
S” @suP 
(a) (b) 


Fig. 5.2 (a) Highpass filter specifications. (b) Normalized specifications of the auxiliary lowpass 
filter 


When the highpass frequency specifications wcyp and wsyp are not given in 
normalized form, as for example in Fig. 5.2a, scaled with wc yp: 


OSH P 
Qcup =1, Qs4p = —— 
OCHP 
In this case, the normalized specifications of the auxiliary normalized lowpass filter 
will be as follows: 


1 
oes: Qs _ CHP 


QsHPp  OsHP 


as shown in Fig. 5.2b. 
The transfer function of the highpass filter with cut-off frequency wcyp and 
stopband edge frequency 25 -wcyp will be 


s OCH P 
Hy p(s) = Humo(——) = Hvra( ) 
CHP s 


5.1.1 The LP-HP Frequency Transformation at Transfer Function 
Level 


As seen in the previous chapters, the general form of an all-pole lowpass transfer 
function obtained by a polynomial approximation like Butterworth, Chebyshev or 
Pascal of order N, is of the form: 


NrF(s) _ A 
Drr(s) (s+ QR)"(s? + GAs + Q2,)---(s? + Hes + 22.) 


oO 


H(s)= 


(5.2) 
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In the above equations, §2,; and Q,; are the frequencies and the quality factors 
of the complex conjugate pole pairs, and (2r the real pole when N is odd. For 7, we 
have: 


0 for N even 
711 for N odd ay ae 
The general form of a lowpass transfer function with transmission zeros, obtained 
by a rational approximation like inverse Chebyshev, inverse Pascal or elliptic of 
order N, is 


Nrr(s) _ A(s? + 22,)-+- (8? + 22.) 


H = 
” Drr(s) (5 + RR)1(s2 + Gal + 22)... (52 + Bors + 22.) 


(5.4) 


Transfer functions of (5.2) and (5.4) can be expressed as products of the follow- 
ing three terms: 


1 1 
A, (s) = —— A(s) = ——5——} 
s+ QR s?+ Fes + 02 
(5.5) 
s*+ 92 
1 ae rec ery) 
set 0° + 26 


The term Hj(s) corresponds to the real pole, which exists when WN is odd, and is 
the transfer function of a first order lowpass filter. H2(s) corresponds to a conjugate 
pole pair and is the transfer function of a second order lowpass filter. H3(s) appears 
only in rational approximations and is the transfer function of a second order band- 
reject filter. 

When the LP-HP transformation is applied to these terms, we get the following 
transformed terms: 


1 
Ay (s) = : 
= Ge en ah 


(5.6) 


This is a first order highpass function which can be realized by a simple RC circuit 
or any active-RC lossy integrator (see Chaps. 9 and 10). 


1 sol 
Ay(s) = —  s i 
(s? +o $25 + 2? ) P+ a4 Oo S+ oD 


(5.7) 


This is a second order highpass transfer function which can be realized by a second 
order active-RC highpass circuit (see Chap. 10). 


eae ‘> ais’ + @) 


(2+5 Ses + 22) 2+ most a 


Vale 


A3(s) = 


(5.8) 
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Rs=1 L, L, 


1.229638 


1.229638 


(a) R,=1 
1.70573 1.70573 
Normalized LP 
Normalized BP 
1/1.229638 1/1.229638 
(b) 


Fig. 5.3 Component level application of the LP-HP transformation to a normalized passive LP 
filter 


This is a second order band-reject transfer function which can be realized by a sec- 
ond order active-RC band-reject (notch) circuit (see Chap. 10). It should be noted 
that the poles of the transformed terms of (5.7) and (5.8) preserve the quality factor 
Q, of the poles of H2(s) and H3(s) respectively. 


5.1.2 The LP-HP Frequency Transformation at Component Level 


The LP-HP transformation of (5.1) can be applied at component level, i.e. to the 


impedance of each element as follows: 
1 


sos 
1. Resistor R —> Resistor R 
1 


se 
2. Inductor Z; p(s) =sL —> + = Zy p(s) = Capacitor with C = 
LI 


n= 


1 

3. Capacitor Z; p(s) = ral — st = Zy p(s) = Inductor with L = G 

The LP-HP transformation applied at component level to a normalized lowpass 
circuit simply transforms inductors to capacitors and capacitors to inductors with 
reciprocal element values. Figure 5.3 shows an example of such an application of 
the LP-HP transformation to a normalized passive lowpass filter at component level. 

In inductorless circuits, like the active-RC circuits, the LP-HP transformation 
is implemented by replacing capacitors C with inductors L = 1/C. The filter 
becomes highpass but it is not inductorless any more. However, if we now ap- 
ply impedance scaling with scaling factor s, all resistors R; will acquire scaled 
impedance R/s, which is a capacitor of value 1/R. Inductors will acquire scaled 
impedance sL/s = L = 1/C, which is a resistor with value 1/C. Finally, the LP- 
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Fig. 5.4 Component level application of the LP-HP transformation to an active-RC lowpass filter 
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Fig. 5.5 (a) Highpass filter specifications. (b) Normalized specifications of the auxiliary lowpass 
filter 


HP transformation is applied to normalized inductorless active-RC circuits by sim- 
ply replacing resistors R; with capacitors C; = 1/R; and capacitors Cx with resis- 
tors Ry = 1/C, to obtain the normalized transformed circuit. This transformation 
of active-RC circuits is known as RC-CR transformation and transforms lowpass 
circuits to highpass and vice versa [4]. Figure 5.4 shows the application of the LP- 
HP transformation to a normalized active-RC lowpass filter to derive a normalized 
highpass filter with Ci wp = 1/R1, Coyp = 1/R2, Rinp =1/C), Ronp = 1/C2. 


Example 5.1 Determine the transfer function of a highpass filter with Pascal re- 
sponse from the specifications shown in Fig. 5.5a and plot the frequency response. 
With fsHp =500 Hz and fcxHp = 1000 Hz, the highpass specifications are: 


Ho =1, OcHP =2NfcHP rad/s, OsHp =20fsyp rad/s, 


Hc = 0.865964 and Hs =0.01 
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or equivalently 


A = 0, OcHP = 20 fcHP rad/s, OsHp =20fsup rad/s 


Amax =1.25dB and admin = 40 dB 


In order to determine the transfer function of the highpass filter with the specifica- 
tions of Fig. 5.5a, the transfer function Hz; p,(s) of a normalized lowpass filter with 
specifications 


Ho=1, 2c=l, Rs=2, Hc =0.865964 and Hs =0.01 


(do =0, 2s =2, Omax = 1.25 dB and amin = 40 dB) 


(see Fig. 5.5b) must be first designed. Then, the transfer function of the highpass 
filter which meets the normalized specifications can be determined as 


1 
Ay pn(s) = Htuen( ) 


5 
and the transfer function which meets the specifications of Fig. 5.5a will be 


S ®WCHP 
Hy p(s) = Hum(——) = Hven( : ) 


WCHP 


Let us first determine H7 p,,(s) using Pascal approximation with A = Amax. 

From (2.88) of Chap. 2, we find H P = 44.77. Using this value, the order of the 
filter can be determined from the Pascal order nomograph of Fig. 2.43: N = 5. For 
the stopband edge optimized filter with A = Amax = 19.083796 (from (2.86)), from 
Table 2.4 for N = 5, we get Pmax = 0.03026194 and 2p = 0.70639006. From Ta- 
bles 2.8 for N =5 and dmax = 1.25, we get C = 0.147125, real pole —0.38346582 
and two conjugate pole pairs: 


—0.28603316 + j0.55842122 —- 2); =0.62741472, Q, = 1.09675171 
—0.09430025 + j0.98273254 —- 22 =0.98724656, Q2 = 5.23459125 


Having C and the poles, the transfer function is determined from (2.90): 


0.147125 
ALpn (s) = Q 2 Qo ) 
(s + 0.38346582)(s2 + rere + 27)(s?7 + 5+ 25) 
and finally 
Hr pn(S) 


0.147125 
~~ (s + 0.38346582)(s? + 0.57218 + 0.627422) (s2 + 0.18865 + 0.9872472) 
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Fig. 5.6 Normalized gain plots of Example 5.1: Passband and full responses 


Applying the LP-HP transformation to this function, i.e. replacing s with i, the 
transfer function Hy p,(s) of the normalized highpass filter is obtained: 


Ay pn(s) 


s 


~ (s + 2.607794) (s? + 1.453239 + 2.540333) (s? + 0.193505s + 1.026003) 


Figure 5.6 shows the gain plots from Hz p,(s) and Hy py(s), the transfer functions 
of the auxiliary normalized lowpass (dashed curves) and the normalized highpass 
filters. 

The transfer function of the highpass filter which satisfies the specifications of 
Fig. 5.5a will be 


Ss 
Hy p(s) = Hirpo( ) 
CHP 
Figure 5.7 shows the gain of the final filter. In fact, this is the plot of Gyp(f) = 
|Hupn(izez)l- 


Example 5.2 Determine the transfer function of a highpass filter with Chebyshev 
response from the specifications of Fig. 5.8a. 
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Fig. 5.7 Frequency response of the final filter of Example 5.1 
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Fig. 5.8 (a) Highpass filter specifications. (b) Normalized specifications of the auxiliary lowpass 
filter 


In order to design the highpass filter with the specifications of Fig. 5.8a, the 
corresponding transfer function must be determined. To do that, the transfer function 
Hy p,(s) of a normalized lowpass with the specifications of Fig. 5.8b must first 
be determined. Then the transfer function of the highpass filter which meets the 
normalized specifications can be determined as 


1 
Ay py(s) = Hupn( ) 


5 
and the transfer function which meets the specifications of Fig. 5.8a will be 


CHP 
Hips) = Hrn( . ) 
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Let us first determine H7; p,(s) using Chebyshev approximation. The maximum 
value of the ripple factor will be 


€ = €max = He om ad aces 
Hc 3.9 


and the decimal order 


wy 
cosh7!( or ) 
Saaee| 
Na = ——13*— =2.2119 
cosh7 (3) 


Therefore, we must take N = 3, and finally the normalized lowpass transfer func- 
tion will be (see (2.61)): 


Ay 


3 
€C3 Tet (s — Sx) 


. (QN+4+2k—-1)r\ , 1. _j,f1 
oOo, = sin sinh sinh — 
2N N € 


2N+2k—-1 1 1 
1%, = c0s( PFO? ) cosh| = sint( 2) fork =1,...,3 
€ 


Hy pn(s) = with s; = 0% + jf Qx 


2N 


Constant c3 is the coefficient of the 3,¢ order term of the Chebyshev polynomial 
and cz = 23-! = 2? = 4. The poles are found from the above equations: 


—0.794339 and —0.397169 + j1.105997 


in which case the transfer function will be: 


4.38784 
(s + 0.794339) (s? + 0.7943386s + 1.38097375) 


Hy pn(s) = 


Applying the LP-HP transformation to this function, i.e. replacing s with i, the 
transfer function of the normalized highpass filter is obtained: 


4.38784 
(, + 0.794339) (3 + 0.7943386~ + 1.38097375) 
1 4.38784 3 

= 0.794339 " 1.38097375> 
= i 0.7943386 I 

(s + 0-794335 )(S? + 8738097375 + 138097375) 

and finally 
453 
Ay pn(s) = (5.9) 


(s + 1.25891)(s? + 0.57525 + 0.85095637) 


5.1 


The Lowpass to Highpass (LP-HP) Frequency Transformation 
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Q 


Fig. 5.9 Normalized gain plots of Example 5.2: Passband and full responses 


Figure 5.9 shows the gain plots calculated from Hy py(s) (dashed curves) and 
Hy py(s). The transfer function of the highpass filter with the specifications of 


w —) 


Fig. 5.8a will be: 
Hy p(s) = Huro( 
and the related gain will be given by 
anf 
satan) |= re I7enn) 
2a fcuP fcuP 


Guyp(f) =|Hap(2rf)| = tur (, 
Example 5.3 Design an active-RC highpass filter with the specifications of Fig. 5.8a. 
The transfer function of the normalized Chebyshev highpass filter has been de- 


termined in the previous example (see (5.9)): 
4s3 
(s + 1.25891) (s? + 0.57528 + 0.85095637) 


Ay pr(s) = 
As 


Als 
s+ 1.25891 s? + 0.57525 + 0.85095632 


or 
Ay pr(s) = 


with Aj Az =4. 
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R; 


R; 


(a) (b) 


Fig.5.10 (a) First order circuit. (b) Second order Sallen-Key highpass circuit 


This factorized expression of the transfer function implies that the normalized 
highpass filter can be realized as a cascade connection of two sections: 


H ( ) Ajs d H. ( ) Ans? 
Ss) => ——__—_ an — 
: s+ 1.25891 28) = 52 +. 0.57525 + 0.85095632 


If from the realization of these two sections we get Aj A2 = A, #4, then a gain 
A =4/A, should be introduced in the cascade. 

The first term H;(s), which expresses the real pole, can be realized using a first 
order RC section, like the one shown in Fig. 5.10a. 

The non-inverting voltage amplifier has voltage gain A and has been added in 
order to isolate the passive-RC section from the next sections and in addition to pro- 
vide adjustability of the final gain. The transfer function of the circuit of Fig. 5.10a 
is 

S 


Hive 4 
1) = TS ayR,C 


Any element values that satisfy Ro>Cp = rsiay = 0.79434 can be chosen to re- 


alize the real pole. For this example, we select R, = 1 and therefore Cp = iam = 
0.79434. With these values, the transfer function of the first section will be 


S 


A, (s) = —————A 
8) = 0.79434 
The term 
Ags” 
FH = 
2(8) = 0.57528 + 0.85095632 
is a second order highpass function with w, = 0.8509563 and Q = 06S 03 = = 


1.4794, and as such can be realized by a Sallen-Key second order highpass cir- 
cuit with k = 1. The circuit is shown in Fig. 5.10b and is presented analytically in 


5.1 The Lowpass to Highpass (LP-HP) Frequency Transformation 225 
Chap. 10. The transfer function of this circuit with C; = Cz = C is given by: 


Vo(s) = s? 
E(s)  s2+s(2/RyC) + 1/R, RoC2 


ith 1 dO 1 /Ro 
with @ = —— an =-,/— 
° CV R, Ro 2\ Ry 


Ay(s) = 


from which we find 


2Q 
= —#— and k= 
2@9Q0C WoC 


Ry 


At this point, any value can be selected for capacitor C, but we prefer to have 
C=C, = 0.79434, i.e. the same capacitor value selected for the first section. Using 
the already calculated w, = 0.8509563 and Q = 1.4794, we find from the above 
equation: 


R, =1/2Q0C =0.5 Ry =2Q/(@oC) = 4.3773 Az=1 
The transfer function of the cascade of the two sections with A = 4 will be: 


4s3 


H = 
05) = (5 9,79434) (62 4 0.57525 +0,85095632) 


= Hy pn(s) 


This circuit, as designed, is normalized and realizes the normalized transfer function 
Hy pn(s). Frequency denormalization is achieved by dividing all capacitor values by 
cup. Moreover, since resistor values are very low, they can be multiplied by say 
R, (Ohm) and, in order to keep the transfer function unchanged, capacitor values 
must be divided by the same factor. Finally, multiplying all resistor values by R, and 
dividing all capacitor values by R,wcyp, the filter will satisfy the denormalized 
specifications of Fig. 5.8a. Choosing R, = 10* Ohm, we get: 


0.79434 

> 
In -3- 103-104 
R, > 0.5-10*Ohm=5kOhm ~—- Ro > 4.3773 - 10* Ohm = 43773 Ohm 


R, > 1-10* Ohm = 10 kOhm Co =C = 4.2162 nF 


The values of resistors 3R, and R, are not important as long as their ratio equals 
3 in order to make the gain A= 1+ 2 i = 4. The usual order of the values of the 
resistors in active-RC circuits is 104 Ohm since low resistance values may demand 
high currents from the operational amplifier, a situation which is not desirable. Fig- 
ure 5.11 shows the final denormalized highpass filter. 

The order of connecting the sections in the cascade is mathematically not impor- 


tant and the circuit of Fig. 5.12 has exactly the same transfer function. However, 
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Fig.5.13 Frequency response of the denormalized highpass filter 


the common practice is to connect the sections in increasing Q order. Sections with 
high Q-values tend to be more sensitive and should be connected last. 

Figure 5.13 shows the frequency response of the final denormalized highpass 
filter (simulation). 
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Fig.5.14 Alternative first Rp 
order section 


Co R F 


— 


The realization of the filter sections is left to the imagination, the experience 
and the knowledge of the designer. There are many circuits that realize the first and 
second order sections involved in such a cascade realization. As an example, the 
second order section can be realized by a multiple feedback highpass circuit (see 
Chap. 10) and the circuit shown in Fig. 5.14 can be used for the realization of the 
first order section since its transfer function is 


Hy(s) =— 2AM 


Using this circuit, gain A = ie can be adjusted by Rr. 


5.2 The Lowpass to Bandpass (LP-BP) Frequency 
Transformation 


If the frequency transformation 


si + 0% (5.10) 
sBW 


is applied to the transfer function Hz py; (s) of a normalized lowpass filter, i.e. if s is 


2, 2 
replaced by eel then for the new transfer function, denoted by Hz p(s), we have: 


s? +o 
sBW 


Hao(s) = Hipn( (5.11) 
The transformation defined in (5.10) is called lowpass to bandpass (LP-BP) 
transformation and, as will be seen, transforms a normalized lowpass filter into a 
bandpass filter with center frequency w, and passband bandwidth BW. 
The LP-BP transformation, when expressed in terms of real frequencies, reveals 
the mapping of the lowpass real frequencies {2 to the bandpass frequencies w: 


2, 2 2 2 

-—w +o oO” —W 
iQ, <— ——2 > QQ = ——2 5.12 
ao jo-BW * o-BW oe 


The transformation equation, derived directly from (5.10): 


ow —w 2,BW — wv? =0 
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Fig.5.15 The LP-BP transformation of positive frequencies 


x 


+ 4 — -w/>0 


Fig.5.16 The LP-BP transformation of positive and negative frequencies 


BW | BW2 

oy=t 5 Qy fj 22402 <0 and 
BW | BW2 

on = 4+—-2x + i 22+ 0>0 


gives two roots: 


(5.13) 


This means that the LP-BP transformation maps a normalized frequency £2, of the 


lowpass to two frequencies: 


@,<0O and a2>0 


as shown in Fig. 5.15. 


Negative frequencies — 2, of the lowpass also map to two bandpass frequencies 


5 Tl a 22+02>0 and 


as shown in Fig. 5.16 


From (5.13), it is clear that for the characteristic values of 2 we have: 


1. 92, =0 maps to +a, 
2. Qy = co maps to w = 0 and w = co 


(5.14) 
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Ideal LP 
Q 
| -1 0 1 
Ideal BP 
“Mo Do 
o 
-OC2 -Mc] 0 cl ®c2 


Fig.5.17 LP-BP transformation of the gain of an ideal lowpass filter 


3. Frequency (2, = 1 maps to 


229 


BW BW, BW BW. 2 
OCc2 = ogee 4 + 05 and RE age a +45 <9 


4. Frequency (2, = —1 maps to 


BW BW? | ‘ F BW Bw2 
SS > an = 
ae 2 4° % ee 2 4 


wr <0 


(5.16) 


Figure 5.17 shows the LP-BP transformation of the gain of an ideal normalized 


lowpass filter. 
5. Frequency $25 maps to 


BW | BW2 

ws2 = + 2s + 5 + % and 
BW Bw2 

—os1 =+—-@s ‘| 4 25 +02 <0 


6. Frequency —{2s5 maps to 


BW | BW2 

os = ~~ 8s + Zr &s +05 > 0 and 
BW BW? 3. 3 

Os2 = 5 25 q Q5 +05 <0 


(5.17) 


(5.18) 
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Fig. 5.18 LP-BP transformation of the specifications of a real lowpass filter 


From (5.15) to (5.18), it can be found that 


2 
WC10C2 = WS1%S2 = M 


@c2—-@c1= BW and ws52— 051 = BWs = 25BW 


(5.19) 


It should be noted that w, is the geometric and not the arithmetic mean of both 
passband and stopband edge frequencies, i.e. @, is not (wc! + @c2). 

The complete LP-BP transformation of the box constraints of a practical nor- 
malized lowpass filter is shown in Fig. 5.18. It should be noticed that due to the 
characteristics of the transformation, the maximum gains in the two stopbands of 
the bandpass filter are equal to the maximum stopband gain of the lowpass specifi- 
cations. 

Based on the above mapping, and referring to Fig. 5.19, it is clear that Hg p(s) 
of (5.11) is the transfer function of a bandpass filter with the same gain tolerances 
as the lowpass. 

Therefore, in order to design a bandpass filter with the specifications of Fig. 5.20a 


{Ho, Hc, Hs, Mo, BW, BWs} 
or in terms of logarithmic gain 
{o, Omax; Amin; BW, BWs} 


we can first design a normalized lowpass filter with the specifications of Fig. 5.20b 
BWs 


or in terms of logarithmic gain 


BWs 
Qo, Omax, Amin, Ls = Bw >1 (Qc = 1) 
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Hyp,(s) Hpp(s) 
NORMALIZED LP DENORMALIZED BP 
Grpn(Q) 
Ho | \ 
He LP — BP 
2: 2 
S+O> 
s—_> 
sBW 
Hs 7 
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Fig. 5.19 The effect of the LP-BP transformation on the specifications of a normalized lowpass 
filter 


Hgpa(S) Hypa(s) 
Gpp(@) DENORMALIZED BP Grpa(Q) NORMALIZED LP 
Ho N 
He 


Hs + 
0 0) 0 
0 ®s1 C1 M Oc2 Ms2 0 1 BWs 
+ BW {s=SwW 
¢— BWs — 
(a) (b) 


Fig.5.20 (a) BP specifications. (b) Normalized specifications of the auxiliary LP filter 


If the transfer function of the so designed normalized lowpass filter is Hz p(s), the 
transfer function of the denormalized bandpass filter will be 


+e) 


H. =H —_ 
BP(S) 1po( sBW 


As mentioned above, due to the characteristics of the transformation, the two 
stopbands of the bandpass filter are symmetric with maximum gain equal to the 
maximum stopband gain of the lowpass specifications. This means that if a bandpass 
filter with non-symmetric stopband gains is specified, the strictest specifications 
should be considered. 
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5.2.1 The LP-BP Frequency Transformation at Transfer Function 
Level 


We have seen that the normalized lowpass transfer functions of (5.2) and (5.4) can 
be expressed as products of the following three terms: 


1 s*+ 02 


Ay(s) = A3(s) = 


A(s) = ——>——— —_—--+*—_ 
Q 24 24 2 24 24 2 
S+ L&R Ss + 9,8 + 24 s + 9,8 + 2G 
(5.20) 
The result of applying the LP-BP transformation to these terms is presented be- 


low. 


5.2.1.1 Transformation of First Order Terms r <i 
1 oe BW 
S—> aay Ss 
A - where Or = ——— (5.21) 
S+ QR +8. +O, 2RBW 


This is a second order bandpass function which can be realized by a second order 
active-RC bandpass circuit like Sallen-Key, Deliyiannis etc. (see Chap. 10). 


5.2.1.2 Transformation of Second Order Terms —1—— 
s24 De st2G 
1 a BW BW 
= i 
(s? + ots + 2) (St+sGt+ot) (s?+sG +3) 


This is a product of two second order bandpass transfer functions which can be 
realized by two second order active-RC bandpass circuits (see Chap. 10). 
Parameters 1, w2 and the common Q have been determined as follows: 


1 
Q= ty 25+ 2V b2 — 4a2c2 and (5.23) 

c 

BW | ‘ : 
n= (co+ a-3). or = 2 => 0102 = 0% (5.24) 
where 
_ Wo 33 2 _ 9 

e= Fy b=a, + 4a = Op (5.25) 


Finally, the transformation maps the lowpass pole pair {{2,, Q,} to two pole 
pairs {w;, Q} and {w2, Q} with common Q and pole frequencies given by (5.23) 
and (5.24). The common Q of the new poles {@;, Q} and {w2, Q} might be much 
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higher than Q, of the lowpass, since it depends on a = 74 


which assumes very 


BW? 
high values in narrowband filters. 
F s?4.9? 
5.2.1.3 Transformation of Second Order Terms ——,—2— 
s2 Oest2 


Terms of the form (s* + 2) /(s? + 82q/Qq+ 23) appear in the transfer function 
of normalized lowpass filters designed with rational approximations (see Chap. 3), 
e.g. inverse Chebyshev, inverse Pascal or elliptic, and they are transformed as fol- 
lows: 


s*+ 2? LP> BP (s? + wt,)(s? + 037) (5.26) 
pie tn 2 (s2 + Ss + w7)(s? + Ss +05) 
Oq q Q Q 


Q and frequencies @; and w2 of the denominator are calculated from (5.23) and 
(5.24) and the transmission zeros are given by 


BW Wy \7 Wy \" 
oz |(aw) + 22? — 22, (27) + 22 G27) 


BW Oo 7 ow 7 
= — |4(— 222 +429.,/4( — 22 5.28 
wee \ (35) i a (32) aa | 


17027 = wr (5.29) 


Example 5.4 In order to design an elliptic bandpass filter with specifications {a = 
0, max = 1.25 dB, min = 30 dB} and {f, = 5000 Hz, BW = 272000 rad/s, 
BWs = 2113400 rad/s}, we must first design a normalized elliptic lowpass filter with 
specifications {a = 0, max = 1.25 dB, Qmin = 30 dB, 25 = 3400/2000 = 1.7}. 
Following the design procedure of Chap. 4, we find N = 3 and: 


(s2 + 3.667) 
(s + 0.514) (s2 + 0.37645 + 0.9816) 


Hi pn(s) = 137.5982 - 1077 (5.30) 


Applying the LP-BP transformation to the first and second order terms as described 
above, we end up with the transfer function of the denormalized bandpass filter: 


1729.15(s? + 466.966 - 10°)(s? + 2086.0 - 10°) 


5.31 
(s? + 6459.1 + w2)(s? + 1913.45 + wt)(s? + 2817.75 + w5) Oe 


Hpp(s)= 
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Fig. 5.21 Logarithmic gain of the bandpass filter of Example 5.4 


where w? = 986.96 - 10°, wy = 670.22 - 10° and w5 = 1453.4 - 10°. Figure 5.21 
shows the plot of the logarithmic gain 20 log |Hgp(j27f)|. 


5.2.2. The LP-BP Frequency Transformation at Component Level 


The LP-BP transformation of (5.10) can be applied at component level, i.e. to the 
impedance of each element, as follows: 


P LP—-BP ‘ 
1. Resistor R —> Resistor R 
LP->BP 


2. Inductor with Zp p(s) =sL = —> Zpgp(s)= ws + = = inductor with 
s2 
agL 
Lgp = +> in series with capacitor with Cg p = 2¥ , 
BP BW BP w2L 


: ‘ LP—+BP . : 
3. Capacitor with Y7 p(s) =sC —+" Ypp(s) = ‘a + —hr = capacitor with 
hw) 
@oC 
Cap = in parallel with inductor with Lg p = aw , 
BP = BW BP = QC 


The LP-BP transformation applied at component level to a normalized lowpass cir- 
cuit, simply transforms inductors to series resonant circuits and capacitors to paral- 
lel resonant circuits. Figure 5.22 shows an example of the application of the LP-BP 
transformation to a normalized passive lowpass filter. 
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Rs=2 Ly L; 


Normalized LP 


Frequency denormalized BP 
9 L, . Cin Cin Ls, 


66.2*10 °° 3828*10° 1386*10° 182.8*10° 
(b) ty. 


5.8*10° 


43650*10 


Impedance denormalization 


600Q L; C, Vv C; L; 


4.62nF 54.83 mH 


19.86 mH 12.76 nF 


(c) L; 
1.74 mH 


3002 


145.5 nF 


Fig.5.22 Application of the LP-BP transformation to a passive lowpass filter at component level 


The component values of the bandpass obtained by the LP-BP transformation, 
are still impedance scaled since the transformation performs only frequency denor- 
malization. Therefore, impedance denormalization is required to bring the resistor 
values to the desirable level. 


Example 5.5 The circuit of Fig. 5.22a is a passive normalized lowpass filter. 
If the LP-BP transformation is applied with w, = 27 10955.4 rad/s and BW = 
272000 rad/s, the bandpass filter of Fig. 5.22b is derived with normalized resis- 
tors. Impedance scaling can now be applied to bring the load to the desirable level, 
e.g. 300 Ohm. It is reminded that this is done by multiplying all resistor and inductor 
values by 300 Ohm and dividing all capacitor values by 300 Ohm, as has been done 
in Fig. 5.22c. 


In inductorless circuits, like active-RC circuits, the LP-BP transformation could 
be implemented by replacing capacitors C with parallel resonant circuits but the 
circuit would not be inductorless any more. For this reason, the transformation is 
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Fig. 5.23 (a) BP specifications. (b) Normalized specifications of the auxiliary LP filter 


not used to directly transform active-RC lowpass filters to bandpass, as was the case 
with the LP-HP transformation. 


Example 5.6 Design an active-RC bandpass filter with Chebyshev response from 
the gain specifications shown in Fig. 5.23a. 
From Fig. 5.23a we have: 


Wo = 271672 rad/s, BW =271800 rad/s and BWgs = 275400 rad/s 


Although not necessary, the edge frequencies can be calculated from wcj@c2 = 
Ws|Ws2 = ond @c2 — @c1 = BW and ws2 — ws; = BWs. 

The auxiliary normalized lowpass filter will have the specifications shown in 
Fig. 5.23b. From the Chebyshev order equation (2.46), we find N = 3. The transfer 
function of the normalized lowpass is determined for the stopband edge frequency 
gain optimized filter with € = €max (See Sect. 2.3.4): 


1 
s + 0.794339 s? + 0.7943386s + 1.38097375 


Ar pn(s) = 1.09696 (5.32) 


According to (5.21), the first order term with 2p = 0.794339 is transformed into 


eid ith wy = 27 1672 and Q =e 
sa Wil = 270 ani — 
+s Ge + 0% oa x QrBW 


= 1.16939 


The second order term with 92, = V1.38097375 = 1.1751438 and Q, = 
1.1751438/0.7943386 = 1.4794047 is transformed according to (5.22) into 


sBW sBW 
(+55 + 7) (st +sG + 05) 


From (5.23) to (5.25), we find 1 = 5919.92, w2 = 18643 and Q = 2.73415. 
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10nF. 


IN 


95192 onF 


Fig.5.24 The denormalized active BP filter 


Finally, the transfer function of the bandpass filter will be 


S Ss AY 


1.09696: BW? - : 
(2 +5 G2 +05) (92 +54 +07) (92 +59 +05) 


with 


Wo = 2 1672 Qr = 1.16939 @| = 5919.92 
@2 = 18643 QO =2.73415 


The three bandpass sections can now be realized using any bandpass second order 
circuit. If the Deliyannis biquad is used (see Chap. 10), the final bandpass filter 
will be that of Fig. 5.24. The final resistive attenuator has been added to adjust the 
frequency independent gain of the numerator. The filter was simulated and Fig. 5.25 
shows the plain gain plot. 


5.3. TheLowpass to Band-Reject (LP-BR) Frequency 
Transformation 


If the frequency transformation 


sBW 
s*+ 2 


(5.33) 


is applied to the transfer function Hz p,;(s) of a normalized lowpass filter, i.e. if s is 
replaced by ee, then for the new transfer function, denoted by Hg p(s), we have: 


BW 
Hpr(s)= Hun pos :) (5.34) 
Ss“ + 0% 
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Fig. 5.25 Gain plot of the bandpass filter (simulation) 


The frequency transformation defined in (5.33) is called lowpass to band-reject 
(LP-BR) transformation and as will be seen, transforms a normalized lowpass filter 
into a band-reject filter with center frequency w, and passband bandwidth BW. 

The LP-BR transformation, when expressed in terms of real frequencies, reveals 
the mapping of the lowpass real frequencies 2 to the band-reject frequencies w: 


. BW -BW 
iQ ee GF + @.~@ 2" (5.35) 


—a? + 0 wr — w 
The transformation equation 
2 2 _ 
ow 2, +oBW — a2, =0 


derived directly from (5.35), gives two roots: 


BW w 9 
o=F7(-14 14408592) »0 and 
(5.36) 
BW w2 
= —1-,/14+4—2, 22 0 
“ ua + Ew 2) < 


This means that the LP-BR transformation maps a normalized frequency {2, of 
the lowpass to two frequencies: 
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-Q Q 
LP x x Q 
0 
(a) | a oe 
ep ig ES 
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Fig. 5.26 The LP-BR mapping (a) of a single frequency, (b) of the LP specifications 


@,>0 and a2<0 


as shown in Fig. 5.26a. 


Negative frequencies —S2, of the lowpass, also map to two band-reject frequen- 
cies 


BW w 
= 2 
-oy = (-14 14408, 92) <0 and 
(5.37) 
BW aw 
-—a2 = ——|+1 14+4—2 22 0 
w2 a (++ oF BW? 2)» 
as shown in Fig. 5.26a. 
From (5.36) it is clear that for the characteristic values of (2 we have: 
1. 922, = ce maps to +a, 
2. $2, =0 maps to 0 and oo 
3. Frequency (2, = 1 maps to 
Oc] = ae (a+ 144 i.) >0O and 
(5.38) 
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4. Frequency (2, = —1 maps to 


BW ow? 
ba=—; ( 14144225) <0 and 


(5.39) 
BW w 
= — [1 1+4—? 0 
lice ( pe es) > 
5. Frequency {25 maps to 
Ls ee ee ee d 
Oa OT ayes) 
(5.40) 
BW w 
= 1—,/1+4—2 22) <0 
wee sl \ "Bw? 3) < 
6. Frequency —{2s5 maps to 
BW (ai ge Ooo? on, and 
a < an 
a ee Bw: 
(5.41) 
BW w 
—os2 = ——(+14+,/14+4—2, 23) >0 
ws? as. (+ i + Bw? 3) > 
From (5.38) to (5.41), it can be found that 
2 
®MC1%C2 = W51%52 = @ 
° (5.42) 


@5s2-Ws1 = BWs and wco2—@c1 = BW= BWs- {25 


As in the bandpass case, center frequency w, is the geometric and not the arith- 
metic mean of both passband and stopband edge frequencies. It should be under- 
lined that although in the band-reject filter the band of interest is BWs, the LP-BR 
transformation uses the bandwidth BW = wc2 — wc; = BWs. 

The complete LP-BR transformation of the box constraints of a practical nor- 
malized lowpass filter is shown in Fig. 5.26b. The part of interest is shown better in 
Fig. 5.27. It should be noted again that due to the characteristics of the transforma- 
tion, the gains in the two passbands of the band-reject filter are equal to the gain of 
the lowpass in the passband. 

Based on the above mapping and referring to Fig. 5.27, it is clear that Hgpr(s) of 
(5.34) is the transfer function of a band-reject filter with the same gain tolerances as 
the lowpass. 

Therefore, in order to design a band-reject filter with the specifications of 
Fig. 5.28a 


{H., Hc, Hs, @o, BW, BWs < BW} 
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Fig.5.27 (a) Normalized LP specifications. (b) Denormalized BR specifications 


Hgp(s) Hypa(s) 

DENORMALIZED BR NORMALIZED LP 
Gpr(o) Gypa(Q) 
Hy \ 
He 
Hs 

a C1 Msi M_ Ws2 Mc2 a a 1 BW = 
+-BWs>! OS“ BWs 
¢—— BW ——> 
(a) (b) 


Fig. 5.28 (a) BR specifications. (b) Specifications of the auxiliary normalized LP filter 


or in terms of logarithmic gain 
{@o, max, min, BW, BWs < BW} 


we can first design an auxiliary normalized lowpass filter with the specifications of 
Fig. 5.28b 


’ > ’ > 
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or in terms of logarithmic gain 


BW 
Qo, max, Amin, 2s = BWs >1 (Qc = 1) 


and if the transfer function of the so designed normalized lowpass filter is Hz py(s), 
the transfer function of the frequency denormalized band-reject filter will be 


Hor(s) =H sBW 
BR\S — LPn s2 + w2 


As mentioned above, due to the characteristics of the transformation, the two 
passbands of the band-reject filter are symmetric with gain equal to the gain of 
the lowpass passband. This means that if a band-reject filter with non-symmetric 
passband gains is specified, the strictest specifications should be considered. 


5.3.1 The LP-BR Frequency Transformation at Transfer Function 
Level 


As seen, normalized lowpass transfer functions can be expressed as products of the 
following three terms, repeated here for convenience: 


1 1 s+ 22 
stQ2 24 24 2 24 2 2 
R get 0,5 + 2G get 0,5 + 2G 


The result of applying the LP-BR transformation to these terms is presented be- 
low. 


5.3.1.1 Transformation of First Order Terms r <i 
sBW 1 2 p) 
1 aad s2+o2 Op. (s +a ) 22 
a Ge mm : where Or = anak (5.43) 
(s + QR) +5 5% +05 BW 


This is a second order band-reject function which can be realized by a second order 
active-RC notch circuit like Tow-Thomas, CGIC, etc. (see Chap. 10). 


5.3.1.2 Transformation of Second Order Terms —7— 
Ss 


OL S+2G 
1 LP>BR 1 s* +a . s +05 (5.44) 
(s? + Fes + 22) 2 (s? +59 +07) (s? +59 +05) 
q 


This is a product of two second order band-reject transfer functions which can be 
realized by two second order active-RC band-reject circuits (see Chap. 10). 
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Parameters w,, w2 and the common Q, are calculated as follows: 


1 1 22 
Q=Q, | 5 +2025 + - + 202.2? + 4ato4 — aon and (5.45) 
q 


BW 2 2 2 
w2 ( Ge + [Ss a+ 4020!) mes! 
q 


~ 20 23 2 
where a@ = Ria (5.46) 
BW 


Finally, the transformation maps the lowpass pole pair {§2,, Q,} to two pole 
pairs {@1, Q} and {w2, Q} with common Q and pole frequencies given by (5.45) 
and (5.46). The common Q of the band-reject poles {w;, Q} and {w2, Q} might be 
much higher than Q, of the lowpass, since it depends on a = wi which assumes 
very high values in narrowband filters. 


2 
5.3.1.3 Transformation of Second Order Terms a ee 
sty 


The terms of the form (s? + 92?) /(s? + §2q/Qq+ 25) that appear in the transfer 
function of normalized lowpass filters designed with rational approximations (see 
Chap. 3), are transformed as follows: 


re ee ee 
s* +22 rae 22 (s° + W717 )(s* + 37) eat 
> . 
s2+ Fis + Q2 (82+ Gs +a7)(s? + Gs + 05) 


Q and frequencies @; and w2 of the denominator are calculated from (5.45) and 
(5.46) and the transmission zeros w;z and wz are given by 


wiz =1/be —/b2 —w4  anz = be + b2 — of 


BW? + 20,9? 


where b, = 
2022 


(5.48) 


Example 5.7 In order to design an elliptic band-reject filter with specifica- 
tions {a = 0,Q@max = 1.25 dB, amin = 30 dB} and {fo = 5000 Hz, BWs = 
274000 rad/s, BW = 276800 rad/s}, we must first design a normalized elliptic 
lowpass filter with specifications {a, = 0, max = 1.25 dB, @min = 30 dB, 25 = 
6800/4000 = 1.7}. Following the design procedure of Chap. 4, we find that the 
order is N = 3 and the transfer function: 


(s2 + 3.667) 


# = 137.5982 - 1077 
LPn(S) (s + 0.514) (s2 + 0.37645 + 0.9816) 


(5.49) 


Applying the LP-BR transformation to the first and second order terms as described 
above, we end up with the transfer function of the frequency denormalized band- 
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Fig. 5.29 Gain plots of Example 5.7 


reject filter: 


(s? + 986.96 - 10°)(s? + 492 - 10°)(s? + 1980 - 10°) 
(s? + 831248 + w2)(s? + 3596s + w7)(s? + 127845 + w5) 


Hpr(s) = (5.50) 


where w; = 986.96 - 10°, w7 = 277.59 - 10° and w5 = 3509.2 - 10°. Figure 5.29 
shows the plain gain |Hgr(j27f)| and the logarithmic gain 20 log |Hgr(j27f)| of 
the band-reject filter. 
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1 1.0967 


(a) 1.5961 1.5961 1 


305.4*10° 


28.9*10° 28.9*10° 


(b) 41.5*10° 


444.57*10~° 


444.57*10° 


305.4 mH 


28.9 mH 28.9 mH 1KQ 


(c) 41.5 nF 


444.57 nF 


Fig. 5.30 LP-BR transformation of a passive lowpass filter 


5.3.2 The LP-BR Frequency Transformation at Component Level 


The LP-BR transformation of (5.33) can be applied at component level as follows: 


I. 
2. 


; LP->BR i 
Resistor R —> Resistor R 
LP-BR ; : 
Inductor Yz; p(s) = + —> ~~ —Ypr(s) = STEW + ee = Capacitor with 
SD. 


0 


1; G : L-BW 
Car = few i parallel with inductor with Lgr = wo 
, : LP->BR 
. Capacitor with Zz p(s) =sC — +" Zpr(s) = SouW + —ar = Inductor 
AY 
1 C:BW % 
with Lgr = @gpw im series with capacitor with Cer = rm 


When the LP-BR transformation is applied at component level to a normalized 


lowpass circuit, it simply transforms inductors to parallel resonant circuits and ca- 
pacitors to series resonant circuits. Figure 5.30 shows an example of such an appli- 
cation of the LP-BR transformation to a normalized passive lowpass filter. 


The component values of the bandpass obtained by the LP-BP transformation 


are still impedance scaled since the transformation performs only frequency denor- 
malization. Therefore, impedance denormalization is required to bring the resistor 
values to the desirable level. 
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Ggr() Gr pn(Q) 


Ho=1.0 “ : H,=1.0 
Hc=0.975 Hc=0.975 


Hyg=0.175 + Hg=0.175 + 
0 oo 0 
0 C11 W s2 Oc2 0 1 204800 
2m1613 S- 321600 > 
Kt 2701600 PI 
K¢— BW=274800 —>I 
(a) (b) 


Fig. 5.31 (a) BR specifications. (b) Specifications of the auxiliary normalized LP filter 


Example 5.8 The circuit of Fig. 5.30a is a 3rd order passive normalized low- 
pass filter. If the LP-BR transformation is applied with w, = 27 1414.2 rad/s and 
BW = 273500 rad/s, the bandpass filter of Fig. 5.30b is derived with normalized 
resistors. Impedance scaling can now be applied to bring the load to the desirable 
level, e.g. 1000 Ohm. This is achieved by multiplying all resistor and inductor val- 
ues by 1000 Ohm and dividing all capacitor values by 1000 Ohm, as has been done 
in Fig. 5.30c. 


Example 5.9 In this example, a Chebyshev band-reject filter with the specifications 
of Fig. 5.31a will be designed. 
From Fig. 5.31a, we have: 


@o = 271613 rad/s BW = 274800 rad/s and BWs = 271600 rad/s. 


Although not necessary, the edge frequencies can be determined from wc1@c2 = 
Ws1 05202, @c2 — @c) = BW and @52 — ws1 = BWs. 

The specifications of the auxiliary normalized lowpass are shown in Fig. 5.3 1b. 
From the Chebyshev design equations (see Chap. 2 Sect. 2.3), we find N = 3, and 
for the stopband edge frequency gain optimized filter with € = €max, the transfer 
function of the auxiliary normalized lowpass can be determined: 


1 
s + 0.794339 s? + 0.7943386s + 1.38097375 


Az pn(s) = 1.09696 


According to (5.43), the term 1/(s + 0.794339) with 22r = 0.794339 and Qr = 
Wo S82R/BW = 0.266931 is transformed into 
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L242 
Dp (5 + 5) Q 
GR ° where jp" . 


H\(s) = >_> 
18) s+ 8 pe +0; BW 


This can be realized by a 2nd order notch circuit. 
According to (5.44), the term 1/(s? + 0.7943386s + 1.38097375) with Qg = 
1.1751483 and Q, = 1.4794047 is transformed to 


2 2 2 2 
1 Ss“ + 0% Ss + 0% 


Ay(s) = x 
ew B22 4584 ar) (+58 +03) 


with Q = 1.85879 from (5.45), @; = 3584 and w2 = 28660 from (5.46). This term 
can be realized by two 2nd order BR circuits, one notch-LP and one notch-HP. 
Finally, the transfer function of the band-reject filter will be 


Hpgr(s) = 1.09696 - Hy (s) - Ho(s) (5.51) 


It is clear that for the active-RC realization of the transfer function, 3 2nd order 
band-reject circuits are needed. If the modified CGIC biquad is used (see Chap. 10), 
which realizes all three notch types, the final circuit will be that of Fig. 5.32. A volt- 
age amplifier with gain K = 7.8125 has been added after the last section in order to 
make the product of the frequency independent numerator constants of the cascaded 


sections equal to ae which is expected from (5.51). The frequency response of 
q 


the band-reject filter is shown in Fig. 5.33 (simulation). 


5.4 Problems 


5.1 Figure 5.34 shows an elliptic lowpass filter designed with cutoff frequency 
fc =2 KHz, passband ripple &max = 0.5 dB and amin = 30 dB. Transform it into 
a passive highpass filter with the same resistive terminations, Amax and Q@min and 
cutoff frequency fcy p = 5.0 kHz. 


5.2 Repeat problem 5.1 using the same tolerances amax and @mjn but the highpass 
filter will have Ry; = 1.0 kOhm, Rs = 500 Ohm and cutoff frequency foyp = 
6.0 kHz. 


5.3 Determine the voltage transfer functions H,(s) of the normalized second order 
lowpass filter of Fig. 5.35a and H)(s) of the normalized second order highpass 
filter of Fig. 5.35b. Show that for the element values shown in the highpass filter, 
Hp (s) = Ha(1/s). 


5.4 Find the transfer function of a bandpass filter with the specifications of Exam- 
ple 5.6 but with double center frequency f, = 2 - 1672 = 3344 Hz. Did the values 
of the quality factors of the poles increase or decrease. 
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11 
Gpr(f)=|HprG2zf)| ‘ 


aaa eae Can is ea eee ais ee 0.975 


ee ere Sree eee eee eee ea 


0.2}-------------- j------ 1 - J a ar a ar 0.175 
0.1 
| 
100 "1000 1613 "10000 100000 
7 4800 Hz > 


Fig.5.33 The frequency response of the active BR filter (simulation) 


Fig. 5.34 Circuit for 


Problem 5.1 6002 129.96 mH 91.36 mH 
73.18 nF 
1.2KQ V, 
16.79 mH 
a Rinp=1/R; 
R, R, Coyp=1/R; 
IN 
OUT 
“T 
(a) (b) 


Fig. 5.35 Circuits for Problem 5.3 


5.5 Find the transfer function of a bandpass filter with the specifications of Exam- 
ple 5.6 but with half bandwidths BW = 27900 and BWs = 272700 rad/s. Did the 
values of the quality factors of the poles increase or decrease. 
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5.6 Design an active-RC bandpass filter from the transfer function of (5.31) of Ex- 
ample 5.4 


1729.1(s? + 466.966 - 10°)(s? + 2086.0- 10°) 


Hpgp(s)= 
BPS) = 2 6459.15 + w2)(s? + 1913.45 + o2)(5? + 2817.78 +o) 


using the modified CGIC biquad of Fig. 10.47 of Chap. 10 and verify your results 
by simulating the filter in Pspice. 


5.7 Repeat problem 5.8 using the generalized CGIC biquad of Sect. 10.7.2.4 of 
Chap. 10. Verify your results by simulating the filter in Pspice. 


5.8 Design an active-RC band-reject filter from the transfer function of (5.50) of 
Example 5.7 


(s2 + 986.96 - 10°) (s2 + 492 - 10°)(s2 + 1980 - 10°) 
(s? + 831245 + w2)(s? + 3596s + w7)(s? + 127845 + w3) 


Agr(s) = 


using the modified CGIC biquad of Fig. 10.47 of Chap. 10. Verify your results by 
simulating the filter in Pspice. 


5.9 Repeat problem 5.10 using the generalized CGIC biquad of Sect. 10.7.2.4 of 
Chap. 10. Verify your results by simulating the filter in Pspice. 


5.10 Using a mathematical software package, verify that the magnitude response of 
the transfer function given by (5.50) is that shown in Fig. 5.29. 


5.11 Determine the transfer function of a normalized Chebyshev highpass filter 
with the following specifications: 


Qsyp=0.27 a=0 Cmx=1dB amin =22dB 


5.12 Determine the transfer function of a normalized Chebyshev bandpass filter 
with center frequency 2, = | and the following specifications: 


W=0 Omax=1dB  Gmn=22dB BW=0.5 BWs=2 


5.13 Determine the transfer function of a normalized Chebyshev band-reject filter 
with center frequency §2, = | and the following specifications: 


Ay =0 Qmax = 1 dB Amin = 22 dB BW=2 BWs =0.5 
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Passive Filters: Basic Theory and Concepts 


Passive filters are implemented using passive elements, mainly inductors, capacitors 
and resistors. They are still used, and will continue to be used, in modern systems 
when other technologies cannot be used or are too expensive to be employed. On 
the other hand, the simulation of passive-LC filters offers a powerful design tool in 
many cases such as active-RC filters, switched capacitor filters, Log domain, MOS- 
C, OTA-C or g», — C filters, and even digital filters. This is the main reason why 
passive-LC filter design is essential for the design of filters in any other technology. 

Passive filter theory and design has been a subject of advanced research for many 
decades and as a result, modern design is completely different from the “theory of 
wave filters” of Wagner and Campbell, presented in 1915, and from Zobel’s compli- 
cated mirror image theory which, after all, could not produce high precision filters. 

Today, passive filters are designed using the insertion parameters (also known 
as effective parameters) which lead to the so-called precise design method devel- 
oped with contributions from great circuit theorists like Norton, Bennett, Cauer, 
Guillemin, Darlington, Belevitch and Piloty. The method assumes that a passive-LC 
circuit, the filter, is inserted between the source and the load, introducing a frequency 
dependent insertion loss. The subject of passive filter design is the determination of 
the parameters of the inserted passive-LC circuit so as to satisfy certain gain or 
attenuation specifications. 

The precise filter design method is presented in this chapter not only from its the- 
oretical point of view but also in terms for its usefulness for the electronics engineer, 
who will be able to design passive filters from given specifications using systematic 
and well structured knowledge. 

It should be made clear from the beginning that passive filter design differs from 
active filter design, mainly in the following aspects: 

i. In passive filters there are additional specifications for the source and the load, 
the characteristics of which are involved in the design and play a very significant 
role. 

ii. Cascading passive sections is not as easy as it sounds. Due to loading, the trans- 
fer functions of the passive sections cannot simply be multiplied to obtain the 
transfer function of the cascade. 
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Io) 


(a) 


(b) 


Z(io)~ 


Fig. 6.1 A two-terminal circuit connected (a) to the preceding sections (b) to the equivalent volt- 
age source 


iii. Filter operation is based on the precious power of the input signal, which must 
be handled with respect. In active filters, power amplification is possible and the 
designer does not necessarily worry about effective input signal power handling. 


6.1 Power and Maximum Power Transfer 


A two-terminal or one-port circuit with input driving-point impedance Z (ja) is 
connected to the preceding sections at its two terminals 1-1’ as shown in Fig. 6.1a. 
The preceding sections, no matter how complicated, can be represented by the 
Thevenin equivalent ideal voltage source E(jq@) and series impedance Zs(jq@) as 
shown in Fig. 6.1b. Impedance Z; (j@) is the load and the complex power at termi- 
nals 1-1’ is defined as: 


Serr ; ieee eer 
S(jw) = x V jo)" Ge) =5 (jo)? Zi jo) = sIVGa)PYE Go) (6.1) 
(In the above expression X*(jw) denotes the conjugate of X (jw).) 
It should be underlined that the coefficient 5 in (6.1) does not appear when RMS 


voltage and current values are used. 
Complex power S(jq@), as a complex function, has a real and an imaginary part: 


S(jo) = Re[S(jo)] + j Im[SGo@)] = Pu(@) + JQ) (6.2) 
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The real part P,,(@) defines the average or real power and the imaginary part the 
reactive power Q(@), which is not really dissipated. The magnitude of complex 
power |S(jq)| is referred to as the apparent power. 

The part of interest is the average power P,, (w) since it is dissipated and raises the 
temperature of the circuit. Both real and imaginary parts of the complex power are 
functions of the frequency. In classical electrical engineering, where the frequency 
is constant w = 2750 or w = 2760 rad/s, the two parts of the power are denoted 
simply as P, and Q, but in electronics and communications, where frequency is the 
main variable, we prefer to make the dependency of power on frequency clear, using 
P,(@) and O(a). 

Returning to Fig. 6.1, where the sinusoidal source E(jw) is connected directly 
to the load with impedance Z, (jw), we have 


Zi(Jo) = joo = R,(w) + jX,(w) = Zi (wel? 
where Zz (w) = |Zz(jo)| = V Ri)? + X1()? and $(@) = 4Zz (jo) 


(6.3) 


Angle ¢, (@) is of course the phase difference between voltage V(jw) and current 
I(j@). The term cos(¢(@)) is referred to as power factor. 

Due to the internal impedance of the source, the load does not receive at terminals 
1-1’ voltage E(jw) but V(ja@) = Ve/(@'+®) and therefore for the current J ( j@) we 
have 


Viejo) _ V@elOt _ VO) jor+9-o) 


199 = FGa) Zu@aer@ Zp) 
=> I*(jo)= Fe Herts-$o) (6.4) 


The complex power at terminals 1-1’ will be 


S(jo) = SV Jo)!" jo) = FV (weer) FOX --Harss-o1w) 


ZL (o) 
= 1V(o)" Vio)? jp(w) _ 1 Voy a V(w)* 
aa ed ara coslp(w)] + j5 Zito) sin[o(w)] (6.5) 


with the following apparent definitions of the average and reactive power 


wi) 1 V(@)? 
Pu) = 5 cos[(w)] = = 5 RelZz(jo)] 
Zi (0) 2 ZL) 
Vo)? 1 Vy, ol 
Ome in[¢()] = = ———— Im[Z_(jo)] 


2 Fie)” 2 Z1(w)? 
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If 


; IV (jo)| V@) 
I@=1Ga%)|= ~~, = I@= (6.7) 
IZ, (jo)| Z1(@) 
is used for the magnitude of the current, (6.6) for the average and reactive power 
become: 


1 1 
Eo) = Viele) colo) Ole)=, Vie)i@)sinlete)] (6.8) 


It should be noted that if RMS values are used for the voltage and the current, 
then 


Pu = Vrus!rus Cos $(@) Q = Vrus!rms Sing(a) 


When a voltage source E(jq@) with internal impedance Zs5(jq@) is connected to 
aload Z, (jo) as in Fig. 6.2, the current will be 


i=” (6.9) 
Zs(ja) + Zi fe) 


and the voltage at the terminals of the load will be given by: 


Ba Zi (jo) 
= FG age on 


Expressing Zs(jm) and Z,(jq@) in terms of their magnitude and argument as 
well as in terms of their real and imaginary parts, we get 


Zi(jo) = Zi (w)e/? = Rp (w) + jXi(@) and 


; (6.11) 
Zs(jo) = Zs(w)e/®5 = Rs(w) + jXs(@) 
where 
Zi (w) = |ZLjo)| = J Ri (@) + X7() 
Zs() = |Zs(jo)| = V R5(@) + Xs) (6.12) 
Ri (@) = ZL (@) cos d(@) Rs(@) = Zs(@) cos ds (@) 
$(@)=<Z,(jw) and ¢5(w) = <Zs(jo) 
Since cos[¢(@)] = pute and in view of (6.7), the average power will be: 


1V@)RL@) 


1 
Py(@) = 3 @)I@) cos[¢(w)] = 5 — Zw) (6.13) 
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SOURCE 


SOURCE 1’ 
vi 
Zl) "yon 


Fig. 6.2 Direct connection of a load to a voltage source 


Using (6.10) and (6.11) in (6.13), the average power can be finally expressed as: 
_4 Ri(w)E* 
2|Rs(w) + Rew) + jf XL) + Xs)? 


oe 1 Ri(@)E? 
e* "2 (RL (@) + Rs(@))? + (XiL(@) + Xs(@))" 


Py (@) 


(6.14) 


where E = |E(jo)|. 

An important question that arises is whether the average power at the terminals 1- 
1’ of the load can be maximized under certain load conditions. Equation (6.14) must 
therefore be investigated to find the values of R7(w) and X1,,(w), if any, for which 
P,,(@) assumes its maximum value. This maximum value will be the maximum 
power the source can deliver. 

From (6.14) it is clear that when X7,(@) = —Xs(q@), the denominator is min- 
imized since the non-negative term [X;,(@) + X5 (w)]? becomes zero. Under this 
condition, the average power is given by: 


1 Ry, (@) E* 


PO) = TTR) + ROP —n 


and the value of Ry (w) for which the average power is maximized can be deter- 

mined by finding the roots of the derivative of P,,(@): 

E* _Rs(@) ~ RL@) 
2 [Rs(@) + RL(@)P 


(6.16) 
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SOURCE C LOAD 
R] J 


Ij) 


Ego) 


w@R2L3_,. OR} L2 


aa ee a | . 
Zs(j@) =R |-j—— Zri(iw f 
sO ZG; LOO" RF ttt R? +@'L! 


Fig. 6.3 Connection of a load to a voltage source 


For Ry (@) = Rs(q), the derivative becomes zero and P,,(w) assumes its maximum 
value: 
2 2 
E Ems 


Pmax = = (6. 17) 
8Rs(w) 4Rs5(@) 


This is the maximum average power which can be delivered by a source with internal 
impedance Zs5(jw) = Rs(@) + jXs5(@). The maximum power is delivered only to 
a “matched” load under maximum power transfer conditions, i.e. when the source 
“sees” a load Z, (jw) = Ri (@) + jXL(@) = Rs(@) — jXs(@) = Z5 (jo), equal to 
the conjugate of its impedance. The condition 


Zi (jo) = Z5(jo) 
ie. Re[Zz(j@)] = Re[Zs(jo)] and Im[Z;(jw)] = —Im[Zs(jo)] (6.18) 


under which the load receives the maximum power that can be delivered by the 
source is referred to as maximum power transfer condition. Equation (6.18) is also 
referred to as the maximum power transfer theorem, discovered by the Prussian 
engineer and physicist Moritz Hermann (Boris Semyonovich) von Jacobi around 
1840 (not to be confused with his contemporary mathematician Carl Gustav Ja- 
cob Jacobi). The practice of designing the input impedance of an electrical load or 
the output impedance of its corresponding signal source in order to maximize the 
power transfer and minimize reflections from the load is referred to as reflectionless 
impedance matching, or simply impedance matching. 

It should be noted that Ry (w), X_(w), Rs(@) and Xs5(q) are in general functions 
of frequency, as for example in Fig. 6.3. From the same figure, it is also clear that 
the real part of an impedance may depend on the capacitor and inductor values and 
not only on the values of the resistors. 

The maximum power transfer condition Z,(j@) = Zs (j@) cannot be valid for 
all frequencies unless the circuit is purely resistive. 


6.1 Power and Maximum Power Transfer 259 
Example 6.1 In the circuit of Fig. 6.3, the load matches the source when 


w* RoL5, oR5L2 1 
+e, | OR +a LR Cy 
2 2 2 2 


Zi(jo)=Z3(jo) > 


From the first condition, we can get the frequency w, at which the real parts of the 
source and load impedances become equal: 


R2 
a (6.19) 
Lo(R5C1 — L2) 
From the second condition and for w = w,, we get the relationship of the element 
values in order to have equal imaginary parts at m = w, and therefore maximum 
power transfer: 


La = R, RoC (6.20) 


For maximum power transfer to occur at w, of (6.19), component values must 
satisfy (6.20), in which case the maximum power transfer frequency will be given 


by: 
: ith Ry >R (6.21) 
Wo =_| ———-———___ wi 2>R, : 
°Y RiC?(Ro — Ri) 


If all component values are given, then it must be examined whether they sat- 
isfy (6.20). If they do, the frequency of the maximum power transfer will be w, 
of (6.21), provided that Rz > R,. If two of the component values are given, e.g. Rj 
and C}, the other two can be determined so as to have the maximum power transfer 
at a prescribed frequency w,. For Rj = 1 kOhm and R2 = 2 kOhm, L2 and C; can 
be calculated at say fo = 10 kHz (@, = 27 f,): 


1 
Le=2:10°C Wo = 22 -10*=_ | ——. 
: Ss \ 103. c?- 108 


=> Cy,=11.26nF LT = 22.52 mH 


Example 6.2 In the circuit of Fig. 6.4, the voltage source with purely resistive 
internal resistance Rs is connected to the RLC load. 
(a) Find the frequency of the maximum power transfer and any necessary relation- 
ship between the element values. 
(a) Determine L and C in order to have maximum power transfer at a given fre- 
quency. 
The impedance of the load is 


Ri dey} L—RiC(1—@*LC) 
(09) 
1402R2C2 1 +2 RFC? 


ZL (jo) = 
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Vj) 


Z1(S) 


Fig.6.4 A RLC circuit connected to a voltage source 


In order to have maximum power transfer: 


a Ri L—R7C(—a@3LC) r 
@) = = ——~—__ an = 
. 1+ 022 C2 1+ w2R2C? 
(a) From the maximum power transfer conditions, we find 
Ri —Rs 1 1 
2 2 
= a — 6.22 
Oo Rs R3C2 Mo TC” R2C? meen 


and therefore 


Rs(Rx — Rs) Rs(Rz — Rs) 
L=RsR,C and w=,/ 5 = = (6.23) 
L RRC? 


The above relationship L = RsR,_C between the component values is deter- 
mined from (6.22) by equating the right hand sides of the two expressions for 
@,. From (6.23) it becomes clear that if Rz; < Rs there is no real maximum 
power transfer frequency. 

(b) From (6.23) we find 


1 L 
L= —rv/ Rs(Rx = Rs) and C= 


Wo Rs Ri 


(6.24) 


which requires Ry > Rs. 
In order to verify our results, it will be shown that in this particular circuit with 
the determined values of the elements, the average power at frequency w, equals the 
maximum power 


E2 
8Rs 


Pmax = 


6.2 Insertion (Transmission or Effective) Parameters 261 


PASSIVE 
TWO-PORT 
CIRCUIT 


Fig. 6.5 Connection of a resistive load to a voltage source (a) directly (b) through a passive 
two-port 


which can be delivered by the source. The average power at the load is according 
to (6.6) 


1 |V(jo)|* 
Py (@) = =< >——. Re[Z (jo)] 
Ww” 2 1Z1L Go)? : 
with 
. Zi (jo) . 
V (jo) = ——>——E(ja) 
d Rs + Z,(ja) i 
For @ = w, and L = Rs RC we have: 
ZitjoN= Re and VG) Ss _£Gah= ays) 
QO, = an QO, Se =r QO, 
pees qe Reg Gey 
and finally 
1 |V(jao)|? E? 
P =~ ""_Re[Z =——=P 
(Mo) 2 (Zi Gwar elZi(jao)] 8Rs MAX 


At @ = @, the maximum power Py 4x enters the load and is dissipated on resistor 
R_ since L and C are lossless elements that do not dissipate any power. 


6.2 Insertion (Transmission or Effective) Parameters 


Figure 6.5a shows a voltage source with internal resistance Rs connected directly 
to a resistive load R;,. The voltage of the load, the output voltage, is 


R 
V29(jo) = —— —E(jo) 


Rs +R 
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The maximum power that can be delivered by the source is: 


_ |E(jo)/? 


PMAXx BR; 


and the average power dissipated at the load is given by 


[Voo(jo)!? —- REIE(jo)|? 4RsR, 
Po9 = = 5 = 5 PM ax 
2RL 2R,(Rs + Rx) (Rs + Rr) 
P Rs + Rx)? 
MAX _ s+RL) >] (625) 
Po 4Rs RL 


It is clear that the average power P29 which reaches the load is a frequency indepen- 
dent fraction of the maximum available power of the source. If we wish to control 
the power which is dissipated on the load at various frequencies, e.g. a high portion 
of Pyax to reach the load at low frequencies and a high portion at high frequen- 
cies, an appropriate two-port circuit may be inserted between source and load, as 
shown in Fig. 6.5b. In order to achieve selectivity, the inserted circuit must include 
elements with frequency dependent behavior, i.e. inductors and capacitors. In fact, 
in the rest of this book, LC two-port networks are inserted between source and load 
to perform the filtering operation and the term “passive filter” refers to doubly re- 
sistively terminated LC two-ports. In this case, the average power P2(@) at the load 
will depend on frequency and will be given by 


|V2(jo)|?__ |Vo( jw)? Puax _ |V2(jo)|?4Rs 


Po(w) = = = - (6.26) 
2RL 2R_ PMax |E(jo) Rr 
from which we get 
Puax _ |EGi@)? Re -[} Ry | EGo) J= ean 
Px(w) ~—-|V2(jw)|?_ 4Rs 2\ Rs | V2(jw) |] , 


From this expression, we can observe that 
(a) Since the ratio Py ax /P2(@) = 1, the voltage gain 


_ \Vaio)| 
|E(jo)| 


1 /Rz, 
2\ Rs 


which is defined by the resistive terminations. Moreover, this maximum value of 
the gain is achieved only under maximum power transfer conditions, i.e. when 
Pu ax/P2(o) = 1. 


G(@) 


cannot exceed the value 
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Re ; L=2R3C 


Rr,=2Rs 


V 


Fig. 6.6 Connection of a resistive load to a voltage source through a passive LC circuit 


(b) The insertion of a passive-LC circuit permits at some frequencies P)(q@) to be 
greater than P 9, the average power before the insertion of the LC circuit. This 
may happen because after the insertion of the lossless LC circuit, there may 
exist some frequencies at which the source matches the input impedance of the 
inserted LC circuit terminated by R;, in which case the maximum power will 
be transferred to Rr. 

As an example, in Fig. 6.6, the average power dissipated on Rp = 2Rs5 when 


connected directly to the voltage source {F, Rs} is Poo = _ With the LC 


circuit inserted, at 1-1’ impedance matching occurs at w») = Ts and the power 
reaching the load Ry will be 


2 


P2(Wo) = Pmax = —— > P. 
2 (Wo) max = 3 20 


6.2.1 The Effective Attenuation 


Referring to Fig. 6.5b and taking into account (6.27), effective attenuation is defined 


as 
Puax 1 /Rr |EGVo@)| 
A = 101 = 201 — | ———*—_ } (dB 6.28 
o ou( FA) 08(5y einen) wan) 


where P2(q@) is the average power of the load Ry and Py,x the maximum power 
of the source. 

Effective attenuation A(w) cannot assume negative values since Py ax > P2(@). 
Moreover, A(w) becomes zero by definition when P2(w) = Py ax, i.e. at the fre- 
quencies, if any, at which the source resistance matches the input impedance of the 
load, which is the inserted lossless LC circuit terminated by R_;. 

In the case of the direct connection of Ry, to the source (Fig. 6.5a), the average 
power of R,, has been found (see (6.25)): 


4RsRz Puax — (Rs +R)? 
= ———5 Pmax => = 
(Rs + Rr) P29 4ARsRy 


P29 
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The corresponding attenuation in this direct connection is determined from (6.28) 


Pm ax Rs + Rt 
Ao = 101 = 201 —— 6.29 
0 os( Pap ) og( 5 ae) (6.29) 


Equation (6.28) can be written as 


P. 1 [Ry |EG 
A(@) = L010g( Ax) = 20108( aan 
P2(@) 2Y Rs |V20j@)| 
Rst+Ri Ri _ (Ej) ) 
2/RiLRs Rs t+ Ry |V20(jo)| 
and finally the attenuation is given by: 


A(@) — 20108( | + 20108( Bs EG)! ) = Ao + Ains (a) 
2/RLRs Rs + Rz |V2(jo)| e4% 


It becomes clear that attenuation A(@) is expressed as the sum of two terms: 
: _ Rs+Rz : é ‘i : 
(i) Ao = 20 log( 5 JRURS which depends only on the terminations and not on fre 
quency 


(ii) Ains(@) = 20 log( note v5 fat ) which is introduced by the inserted two-port: 


= 20108( (6.30) 


A(@) = Ao + Ains(@) 
nee) 
2/RiLRs 

RL et) 
Rs + Rr |V2(jo)| 
pen) 
= 201 —— 6.33 
o3( [Vo(jo)| a 


The attenuation Ajns(@) due to the insertion of the two-port is referred to as the 
insertion loss. Insertion loss can assume zero, positive and even negative values and 
as aresult A(@) can take values lower or higher than Aj. 

Defining the transmission or transducer function 


1 [Ry Es) 


the attenuation can be expressed as: 


P 1 /R, \EG 
A(o) = 2010g(\7 jo) = 1tog( 74%) — 20108( 5 thet) (6.35) 


All quantities refer to Figs. 6.5b or 6.7. 


with A, = 20 loe( (6.32) 


and Ajns(@) = 20 loa( 
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Fig.6.7 The doubly 
resistively terminated 
two-port network 


1) 


Passive 
two-port 


Z1(s) 


Transmission function 7 (s) is the inverse of the transfer function H(s) = 


multiplied by the frequency independent factor 5 / iL 
1 /Rr E 1 /Ry 1 
iijee) 8 5 (6.36) 
2\V Rs Va(s) 2 Rs A(s) 


6.2.2. The Reflected Power and the Reflection Coefficient 


Referring to Fig. 6.7, where a passive two-port has been inserted between the voltage 
source {E, Rs} and the load R_, the source sees as its load the input impedance 
Z,(jq@) of the resistively terminated passive two-port. 

The average power at the input terminals 1-1’ of the terminated two-port is, ac- 
cording to (6.13): 


1 
Pazlo)y— 5 |Vitio)||EGeecosoite) withorle) = <2 (7a) 
which gives 


- cos[¢1(@)] (6.37) 


_ 1] ZiGo)EVo) 
Parlay = 5 eee 


| E(jo) 
Zi (jw) + Rs 


The load Z;(jq@), as a complex quantity, can be expressed in terms of its real and 
imaginary part as: 


Z1 (jo) = Ri(@) + fX1(@)_ where Ri (w) = |Z) (j@)| cos[¢1 (@)] 


It should be remembered that Rj (w), X1(w) and ¢,(@) are all real functions of w. 
Setting 

Z1 (jw) = Ri (a) + fX1@) 
in (6.37), we find that the average power at the terminals 1-1’ of the terminated 
two-port is 
1 Ri (@) E” al Ri (@) E” 
2|Ri(@)+RstfXi(@)? 2 (Ri) + Rs)? + XP) 


P2z(@) = (6.38) 
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Fig. 6.8 Power flow in a doubly terminated passive two-port 


where E = | E(jw)|. The maximum power that the source can deliver under match- 
ing conditions 


Ri(w)=Rs and X\(~)=0 


is Pyax = & (see (6.17)) and P2z(w) cannot exceed this value. 

At frequencies where no maximum power transfer occurs, the power flow can be 
modeled as in Fig. 6.8, where P2z(w) = Py ax — Pa(w) enters the two-port and the 
rest Pg(w) = Pyax — P2z(w) is reflected back to the source. P,(w) is referred to 
as the reflected power and, taking into account (6.38), can be evaluated as follows: 


Pa(@) = Puax — P2z(o@) = a ROE 
8Rs 2 (Ri (w) + Rs)? + Xi (@) 
_ # (: 4RsRi(o) ) 
8Rs (Ri (@) + Rs)? + X7(@) 


(6.39) 


_ (= — Ri) + “2)) 
WON Rio) + Rs)? + XP) 


Rs — Z,(jo) | 


& Pijehue| 
a (@) MAX Rs + Zi (jo) 


= Pyaxle(jo) |" 


The factor |p(j@)|? determines the portion of the maximum power that is reflected 
and is defined as: 


Py() _ | Rs — Zi (jo) |? 
(jo)? = = | (6.40) 
le e@)| Puax |Rs+Zi(Vo) 
The function p(s) which has 
Rs — Z,(jo) |" 
2 _|Rs~ Zi(Jo) 
PRN eit | Rs + Zi (jo) 
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_Rs — Zi(8) 
“Rs + Zi(s) 
and defines the reflection coefficient function, or simply the reflection coefficient of 
the interconnection. The dependency of o(s) on the frequency gives the circuit the 


desired selectivity since it can assume low values at certain frequency bands (the 
passbands) and high values at others (the stopbands). 


p(s) =4 (6.41) 


6.2.3. The Transmission Function 7 (s) and the Characteristic 
Function K (s) 


The two-port circuit inserted between source {E, Rs} and the load R_;, is a lossless 

circuit, i.e. a circuit with lossless elements L and C. Coupled elements with mutual 

inductances M can also be used, but in general they are avoided. This kind of LCM 

circuits do not dissipate any power and transfer all power P2z to the resistive load 
R_. The dissipated at Ry average power is 

ts 1 V2? 

@) = =— 

' 2 Ry 


where V> is the amplitude of the voltage: V2 = | V2(j@)|. For the transmission func- 


tion defined in (6.34) as 
1 /RL E 
res. ee 
2\ Rs Va(s) 


PMaAx 7 P2(@) + Pa(@) 4 Pa(@) 
P2(@) P2(@) P2(o) 


Pa(@) 
Px(@) 


it can easily be shown that 


IT (jo)? = 


(6.42) 


In passive circuits, the quantity is non-negative at all frequencies and therefore 


|T (jw)|? can be expressed as 
IT ja)? = 141K (jo)? (6.43) 

_ Pa(@) _ Pa(w) Puax 
Po(@) = Pmax Po() 


Function K(s) is referred to as characteristic function of the doubly terminated 
two-port and expresses the ratio of reflected to dissipated power. From (6.44) we 
also have 


|K (jo)|? =|p(jo)|? -|T(ja)|? (6.44) 


K(s) = p(s)T(s) (6.45) 
and 


T(s)T(—s) =1+ K(s)K(—s) (6.46) 
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6.2.4 Relationship Between p(s) and 7 (s) or H(s) 


From (6.42), we have 


’ Pmax Pm ax I 
IT (jo)? = 7 =— zm = —; (647) 
Pom) Puax— Pao) 1-3 1 — |p(Jo)| 
MAX 
from which we get 
ITjo)2=———__, > |pGo)P=1-——, 48) 
1— |p(jo)/? IT (jo)|? , 
and finally the Feldtkellers’s equation 
(s)e(—s)=1 : 1 a )H(—s) (6.49) 
Ss sSy= = S —sSs a 
ee T(s)T(—s) RL 


Functions T(s), H(s), o(s) and K(s) are rational functions of s and they share 
some polynomials as follows: 


T(s) = 2 H(s)= (5 =) 
p(s) 2\ Rs / e(s) 
K()= 2 py = 
p(s) e(s) 
It is worth noting that at the roots of p(s), i.e. the poles of T(s) and K (s), the output 
voltage is zero and no power is transferred to the load, making the reflected power 
equal to Py 4x. These poles are in fact, according to (6.50), the zeros of the transfer 
function H(s) and are referred to as attenuation poles, loss poles, or transmission 
zeros Of the filter circuit. The roots of f(s), i.e. the zeros of the reflection coefficient 
function, correspond to frequencies at which maximum power transfer occurs and 
are referred to as reflection zeros or zero attenuation frequencies. It is finally noted 
that from all three polynomials, only e(s) is a Hurwitz polynomial (i.e. its roots 
cannot lie in the right half s-plane) and that there are no restrictions as to the location 
of the roots of the other polynomials. 


(6.50) 


Example 6.3 The voltage transfer function of the normalized filter of Fig. 6.9 is: 


V2(s) 1 
E(s) s2+2s+2 


A(s)= 


From the definition of T(s), we have: 


il /Ry E(s) 1 > 
T(s)= dV R, Vals) = ais + 2s +2) 
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Fig.6.9 Circuit of 
Example 6.3 


Z1(3) 


The characteristic function K (s) is evaluated from (6.43) 
IT jo)? =1+1K Go)! 
using the identity 


[X(jo)|2o__» = X(s)X(—s) 
to find 
T(s)T(—s) = 14+ K(s)K(~s) 
=> K(s)K(—s)=T(s)T(-s)-1 
=> K(s)K(-s)= Fs? +s +2)? Peo) Seas is 


+ Kejlt-e 
S aa 


Equation (6.46) is used for the determination of the reflection coefficient function 
to find 


K(s) _ +5? 

T(s) s?+2s+2 

In order to determine p(s) using (6.41) with the negative sign, Z(s) is needed and 
can be easily evaluated directly from the circuit: 


p(s)= 


Using (6.41) with the positive sign we find 


—s2 
p(s) = s?+2s+2 
If (6.49) had been used from the beginning, we would have arrived at the same 
result: 
2 


xs 


= saga 
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Fig.6.10 Passive lowpass A(Q) 
filter attenuation 
specifications i 
ane os 7 
Ri 
Amin 
“poe 
A 
Absolute minimum __ | __. wal fe) 
filter attenuation 0 1 Qs 


The magnitude of T(s) for s = ja is: 


A 1 2 . (2 — wy’ ow 


A(w) = 20log(|T (j@)|) = 20 log 4/1 + (w*/4) dB 


6.3 The Passive Filters Design Procedure 


and 


In passive filter design, the magnitude specifications are given in terms of the ef- 
fective attenuation defined in (6.28). A typical normalized specifications diagram is 
shown in Fig. 6.10 where Amax and Amin (in dB) are always positive. Amax specifies 
the maximum allowed tolerance of the attenuation in the passband. Amin specifies 
the minimum allowed attenuation in the stopband, measured from the absolute min- 
imum passband attenuation. Both Amax and Amin are relative to the minimum at- 
tenuation realized by the filter. This minimum attenuation can be Ao, the frequency 
independent part of the attenuation of (6.29): 


Rs + Ri ) 
2/RLRs 


However, there are cases where the insertion loss assumes negative values decreas- 
ing the minimum attenuation of the filter. Such cases will be presented in the next 
chapter. Therefore, when the two positive quantities Amax and Amin are specified, 
they might be interpreted in the two ways shown in Figs. 6.1 1a and b. 

To design a normalized passive lowpass filter from given specifications, first of 
all, an attenuation function A(S2) must be found, which satisfies the specifications 
and whose plot does not enter the shaded areas of Fig. 6.11. This is the approxi- 
mation procedure which is completely analogous to the approximations presented 
in Chaps. 2-4. As has been underlined there, not all gain or attenuation functions 
are suitable for filter design and some of them may have a plot fitting the specifica- 
tions diagram but they cannot be realized by passive filters. Fortunately, all known 


Ag= 20108( 
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A(Q) ; A(Q) 


Fig.6.11 Alternative interpretation of attenuation specifications 


approximations (Butterworth, Chebyshev, Pascal, elliptic, Bessel etc.) lead to atten- 
uation and transfer functions which can be realized by passive filters. In the next 
chapter, these approximations are presented adapted to passive filter design. 

When A(2) has been determined from the approximation, the related function 
|H(j2)| is also determined, and for H(s) we have: 

H(s)H(-s) =|H(jQ)\oo__ 2 

In passive filter design, the isolation of the transfer function H(s) is not required 
since the reflection coefficient can be determined from (6.49) and H(s)H(-—s). The 
input impedance Z1(s) of the two-port terminated with R; can then be determined 
from (6.41). Finally, Z;(s) can be synthesized using one of the classical RLCM 
driving-point impedance synthesis methods of Chap. 12. 

The verification of the synthesis result is usually done by simulating the circuit 
using an appropriate computer program like Pspice. Figure 6.12 shows the work 
flow diagram of the passive filter design procedure. 


6.4 Determination of Z;(s) of a Lowpass Filter 


Referring to Fig. 6.7, the source sees as its load the input impedance Z (jw) of 
the terminated with Ry filter two-port. At zero frequency (s = 0), where inductors 
become short circuits and capacitors open circuits, the input impedance Z)(s) of an 
LC two-port terminated by Ry can assume one of the following values: 


Z\(0)=0 or Z,(0)=co or Z,(0)=Rz 


If Z;(0) = 0 or Z; (0) = ~, then no power is transferred to Ry and the attenuation 
A(O) = 10log(Pmax/P2) — oo. This is not expected in lowpass filters, where in the 
passband the attenuation must be very low. Therefore, in lowpass filters the expected 
LC two-port can only have a structure which, when terminated by R,, presents input 
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| Specifications 
A 
ash) 
Rs 
| 
e Anin 
Z1(S) auf | 


0 1 
Approximation Using an approximation 
} (Butterworth, Chebyshev, 


Pascal, Elliptic etc.), the 
magnitude of the transfer 
function is deternined. 


|HGQ)/ 


Calculations 


eer p(s) and Zj(s) are determined 
L  |HGQ)/’ > pe) from |HGjQ)|2. 


II. p(s) — Z,(s) 


Synthesis 
Z\(S) 


a t 


Simulation 
; ae Simulation sofware is used, 
Design verification e.g. PSpice 


Fig.6.12 Passive filter design work flow diagram 


Synthesis of Z;(s) using 
sequential removals of poles at 
infinity to derive a ladder structure. 


impedance Z (0) = R_, i.e. the two-port becomes transparent at zero frequency and 
attenuation A(0) is given by 


x Rs + Ri 
LAS 


At very high frequencies (s — 00), where inductors become open circuits and 
capacitors short circuits, the input impedance Z(s) of an LC two-port terminated 
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by Ry, can again assume one of the following values: 
Z\(~oO)=0 or Zi(~O)=CO or Z)(~O)=R_ 


If Z\(co) = R_, then the attenuation A(oo) = 10log( RE) = Ag. This is not 
expected in lowpass filters where attenuation must be very high at very high fre- 
quencies. If Z;(0o) = 0 or Z; (co) = of then no power is transferred to Ry and the 
attenuation A(oo) = 10log(Pmax / P2) — oo. This is expected in lowpass filters and 
therefore the LC two-port can only have a structure which, when terminated by R_, 
presents Z;(0o) = oo or Z;(c©~) = 0. Summarizing for the resistively terminated 
LC lowpass two-port, we expect 


Rs + Ri 
2/RiLRs 


The above relationships (6.52) imply that at zero frequency, the attenuation of all 
passive LC lowpass filters is A, and that there are always attenuation poles at in- 
finity. Therefore, the attenuation function of all lowpass approximation must satisfy 
(6.52) as a minimum realizability requirement. 


A(0) = 20108 ) =A, and A(oo)=00 (6.52) 


6.4.1 Determination of Z;(s) via p(s) 


In filter design, the approximation initially gives |H(j£2)|, from which H(s)H(—s) 
can be determined from H(s)H(—s) = |H(j2)(2.__ > 

The reflection coefficient function p(s) can then be determined from H(s)H(—s) 
and Feldtkeller’s equation (6.49): 


fn Sears =4 i 
p(s)p(-s) = Rp (s)H(—-s) = ToT) 


When one or more expressions for p(s) are available, then Z)(s) can be deter- 
mined from (6.41): 


o(s) = g RST) 
~ Rs + Z(s) 
as follows: 
Rs —Z,(s) . 1— p(s) 
Whi = +—__——_ d => Z = Rs ———— 6.53 
en p(s) Rt ZiG) is use la(s) STH pC) (6.53) 
Rs—Z\(s). 1+ p(s) 
Wh = —-—__—_ d Z = Rs ———— 54 
en p(s) Rs 4 Zi) is use => 1p(S) ST ps) (6.54) 


For each expression of p(s), the above equations (6.53)—(6.54) yield two expres- 
sions for the input impedance: Z1,(s) and Z1)(s) related by 


Zia(s) + Z1o(s) = RF (6.55) 
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From these two expressions, Z1,_(s) and Z1,(s), only one is useful, namely the 
one having Z;(0) = Ry = 1. The other, when synthesized, leads to an LC two-port 
terminated by Ry Al. 

It can be shown that when p(s) is determined using any of the known approxima- 
tions, the corresponding impedances Z1,(s) and Z1,(s) of (6.53)-(6.54) are positive 
real (PR) rational function of s (see Chap. 11) and can therefore be synthesized as 
passive RLCM one-port circuits, using the RLCM driving point impedance synthe- 
sis methods presented in Chap. 12. In fact, all known approximations have been 
designed so as to lead to realizable positive real Z,(s) functions which are usually 
synthesized using the method of sequential removal of poles at infinity to derive a 
ladder filter circuit structure. 

It is clear that in Z1q(s) of (6.53), the degree of the denominator polynomial is 
higher than the degree of the numerator polynomial and therefore Yjqg(s) = Z i (s) 
has a pole at infinity, which is removed first in the synthesis phase, as a shunt ca- 
pacitor. When the input driving-point impedance of the terminated two-port is de- 
termined by Z1,(s) of (6.54), it has a pole at infinity, which is removed first in the 
synthesis phase, as a series inductor. Therefore, using (6.53) or (6.54) determines 
whether the first arm of the filter will be a shunt capacitor or a series inductor. 


Example 6.4 For a normalized passive filter with equal terminations Rs = R;, = 1, 
we found from the approximation procedure that |H(jS2)| = !__ and therefore 


a/ 24+4 


1 
“oy /2 
A(s)H(—s) =|H(Q)\Q2_ oo = ai 
From (6.49), we get 
4Rs 4 
p(s)p(—s) = 1— Ry, HOH) =1- om 
st st 


~ st 41 (52425 + 2)(82 — 2s + 2) 
from which, allocating the left half s-plane roots of the denominator to p(s) we get: 


2 2 
and p(—s)= 


p(s)= 


Ss 
s2 +2542 s2?—25+2 


From (6.53) and (6.54), we get 
stl] stts+1 


Z => => Z — 
la(S) rarer | or 1(S) Pea 


Both expressions can be used since Z;,(0) = Ry = 1 and Z,,(0) = R, = 1. It is 
clear that for Z1,(s5) we have 
st+stl _ 1 


Z Se eee 
1p (s) acl oT al 
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Fig.6.13 Impedance Rs=1 L=1 
synthesis ° 000 


EC) Rp=1 


Z10(5) 


Fig.6.14 Admittance Rs=1 L=1 
synthesis ° 000 


Yiq(S) 


and therefore, the circuit is that of Fig. 6.13 (see Chap. 12). 
For the synthesis of Z1q(s), we start from Yjqg(s) = Z (s), which has a pole at 
infinity: 
1 s?+s41 | 1 
a ae To re ee 
Synthesis of Yj_(s) gives the circuit of Fig. 6.14. 


The filters of Figs. 6.13 and 6.14 have the same transfer function and the specified 
gain function | H(j§2)| = : 


Jf 2444 


Yia(s) = 


6.4.2 Determination of Z;(s) via ABC D Two-Port Parameters 


This method for determining Z;(s) via the ABCD two-port parameters can be used 
as an alternative way to determine Zj(s). Before we present the method, some equa- 
tions from the two-port network theory will be repeated. 

Referring to Fig. 6.15, when a two-port is described with its ABC D parameters, 
the voltage transfer function of the doubly terminated two-port is given by 


V. R 
Higpn PO — z (6.56) 
E(s) AR, +B+CRsR,+DRs 
and therefore: 
AR B+CRs5R DR 
Fe ie (6.57) 


2/7 RsRz, 
All two-port parameters are functions of s. For the input driving-point impedance 
Z1(s), we have: 

Vi(s) _ ARL+B 


A Fy Che 


(6.58) 
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PASSIVE TWO-PORT 
CIRCUIT 


ea 


Zy(s) Z(s) 


Fig.6.15 Doubly resistively terminated passive two-port described by its ABCD parameters 


When | H(j)|? has been found from the approximation procedure, we obtain: 


RL 1 


= = j 2 = 
H(s)H(—s) =|H(jo)| =p ECs) ARs |H(jo)|-o__ > 


w2=—s2 


T (s) and H(s) can be separated from T (s)T(—s) and H(s)H (—s) respectively. The 
parameters ABC D of the inserted lossless LCM two-port can then be determined 
based on the fact that in LCM circuits, parameters A and D are even functions and 
B and C odd functions of s. From (6.57), we get 


_ (AR, + DRs) + (B+CRsRz) 


T(s 6.59 
” 2/RSRi at 
The even and odd parts of T(s) are given by 
AR, +DRs B+CRsRz 
Te = ——————_ (even To = ————___ (odd 6.60 
"Qing See, 


Using (6.46) in conjunction to (6.41) with the positive sign, it can be found that 


Rs — Z,(s) 
K(s) = p(s)T(s) = Rize 


ARL+B 
_ Rs — CRr+D AR, + DRs + B+CRsRi 
Rs + ARB 2V/RSR. 


which after some manipulation yields 


(AR, — DRs)+(B—CRsR_z) 
5S RERG 


The even and odd parts of K (s) are clearly defined from the above expression: 


K(s)=¥ 


gph Bes (even) K gi OR (odd) (6.61) 
=> ———————— even => res 0 . 
6 2/7 Rs RL ° 2/7 Rs RL 
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The four equations, two from (6.60) and two from (6.61), can be solved for the 
chain parameters to find: 


A B)_ 1! [e+ K.)Rs (To + Ko) RsRi 6605 
Cc D JSRsRz | (To — Ko) (Te — Ke) Ri , 
or 
A B _ 1 (Te = Ke)Rs (To = Ko) Rs Rx (6 63) 
Cc D VRsRz | (lo + Ko) (Te + Ke) Ri , 
Having ABCD parameters, Z)(s) can be now determined from (6.58): 
AR,L+B 
Z = —— 6.64 
1(8) CRL+D (6.64) 


Example 6.5 For an equally terminated with R; = Rs = 1 passive normalized low- 
1 


pass filter, the approximation gave the gain function |H(j2)| = ane Therefore 
+ 
o3ue 1 
A(s)H(—s) =|H(j2)\o o_o = 44 
and 
R 1 444 2742542) (s*—2s+2 
T(s)T(-s) = L = er = so +25 + S S+ 
4Rs H(s)H(—s) 4 2 2 
2 2 
2s +2 —2s+2 
cn pj ee a 
2 2 
K(s) is evaluated from (6.46) 
st s* 1, 
K(s)K(—s) = T(s)T(—s) —1= l= => K(s)=<s 
4 4 2 
Using (6.62)-(6.63) with 
L8 I 4 
Te = 5(s +2) To = 8 Sei K,=0 


we find 


A B]_[s?+1 s A B]_fl ss 
c Di~| s 1) ™ {fe Di7{s s?41 
From (6.58), we finally find: 


(s*+1I+s s*+s5+1 1 
Zia(s) = = =s 
stl stl s+l 
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Fig.6.16 Impedance Rs=1 L=1 
synthesis ° 000 


EC) Rp=1 


Z1a(s) 
Fig.6.17 Admittance Rs=1 L=1 
synthesis ° 000 

EC) Rp=l 

Y1p(S) 

or 
I+s 1 
Z1p(s) = = 
setst 1 shot 


s+1 


Zia(s) can be realized as shown in Fig. 6.16. Yip = EO can be realized as shown 
in Fig. 6.17. 


Example 6.6 For a 3rd order passive normalized lowpass filter with R; = 1, the 
approximation gave the square of the gain function: 


1 
H(jo _ 
OO Garp cae 
and therefore 
Rs +1)? 
IT (jo)? = s+" ay + 0°) (6.65) 
4Rs 


In order to determine Z;(s), o(s) must be first calculated. This will be done using 
the two presented methods. 


Determination via 0(s) 


From (6.48) we find: 
Rs—1)2 6 
(Gosia ae (6.66) 
|T (jo)|? 1+0° 1+0° , 
1—R 1—R Rs—-1 
where k? = + z 1.e. = 2 ork? = : (6.67) 


1+Rs  ” Rs+l 


The two values of k? emerge from the term (Rs — 1)”, which appears in the above 
calculations. In order to determine p(s), we use: 
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; £6 _ 59 
P(s)p(—s) = |PG@) ing = Tage 
_ (S+K\Ms — ks? + ks +k) (8? — ky +B?) 
~ (s+ 1)(s — 1)(s2 +5 + 1I)(s2 — 5 +1) 


Since the denominator polynomial of the reflection coefficient is a Hurwitz polyno- 
mial and no restrictions exist for the numerator polynomial, the following expres- 
sions can be obtained for p(s): 
(s+ k)(s* —ks +k?) _ e+e 

(st1)(s2+5+4+1)  534+2524+25+4+1 
(Stk)(s?+ks+k?) 93 +2ks? + 2k? s +k? 


pi(s)= 


PT" a el) Aiea 
(s — k)(s2 — ks +k?) 9 —k 
p3(s) = 5 =3 5 
(s+ 1)(s*+s+1) sr? +2s-+2s+1 
(s —k)(s* tks +k?) 53 —2ks? + 2k? 5 — k3 
pa(s) = = 


(s+I)(s2+541) 9 53 4+2524+2541 
Using (6.54) for the determination of Z,(s) from the above four expressions of p(s), 
g p 

we get: 

2s? +257 +25+1+k3 
252 +25+1—k3 

2s3 +211 + k)s*? +201 +k?2)s +1443 
2(1 —k)s2 +201 —k2)s 41-83 

253 +252 4+2s+1-—k 
2s2+2s+14+k3 

283 +211 —k)s? +201 +k2)s +1-2? 
21+ k)s2? +201 —k?2)s +1 +h3 


pi(s) = ZiB(s)= Rs (6.68) 


p(s) => Zip(s)= Rs (6.69) 


p3x(s) => Zix(s)= Rs (6.70) 


pals) => ZLiy(s)= 


Rs (6.71) 


Impedances Z;,(s) and Z;p(s) satisfy the realizability condition Z;(0) = Ry, = 1 
for 3 = ke = eae Impedances Z;x(s) and Ziy(s) give Z,;(0) = Ry, = 1 for 
Pak = ki, in which case they become equal to Z;,(s) and Z;p(s) respec- 
tively. Therefore, only Z;g(s) and Z; p(s) of (6.68) and (6.69) will lead to different 
circuits. 

If we use (6.53) for the evaluation of Z;(s) from the above four expressions for 


p(s), we get: 
2s? ++2s+1—k3 
2537 +252 +254+14+k3 
201 —k)s? +20 —k?2)s +1 —-#? 
sst+21+k)s2? +20 +k2)s+14+k3 


pis) => Zya(s)= Rs (6.72) 


p(s) => Zic(s)= 5 Rs (6.73) 
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O97 4 294 1 
253 + 252+25+1—k3 
211 +k)s* +20 —k%)s+1+8 
253 +2(1—k)s2? +211 + 2)s +1-—#3 


p3(s) = Zix(s)= Rs (6.74) 


pals) => ZLiy(s)= Rs (6.75) 


Impedances Z;,4(s) and Z,c(s) satisfy the realizability condition Z;(0) = R; = 1 


for PB = = te. Impedances Z;x(s) and Ziy(s) give Z;(0) = Ry, = 1 for 


B= ki = —k}, in which case they become equal to Z;,4(s) and Z,c(s) respec- 
tively. Therefore, only Z),4(s) and Z1c(s) of (6.72) and (6.73) will lead to different 


circuits. 


Determination via ABC D Two-Port Parameters 


(Rs + 1)? 6 (Rs +1)? é 
=~" (] = "(J — 
wr=—s? ARs cules Cae 4Rs Cee 


o=—S 


T(s)T(-s) =|T(jo) |e 


From this equation, and taking into account that the numerator of T(s) is a Hurwitz 
polynomial, we allocate the left hand s-half plane roots to T(s): 


Rs +1 Ror as 48 
T(s)= (ee Tie? 6-4 1) i er ee 
27 Rs 2/Rs 
The even and odd part of T(s) are given below: 
Rs+1 3 
ps =(2s? a1) To(s) = ——=(s" + 25) 
2VR 2/7 Rs 


We now need the characteristic function K (s) which can be determined from (6.43): 


2 _4\2 
Ko) = Iryoy —1= SP Las 4. (3 ') 


4Rs Rg +1 
(Rs+1)* 6. 16 
= —_— k 
4Rs Mee) 
with 
pe Rs—1 a 1-Rs 
Rs+1 Rs+1 
Now we can write 
(Rs +1)? 
K(s)K(—s) =|K(jo)|?o__ = aR oe 
(Rs +1)? 2 2 2 
=> K(s)K(—s) =-———— (s+ (8? tks + 2) (s — (8? — ks +’) 


4Rs 
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From the last equation, and taking into account that there are no restrictions for the 
root location of the numerator polynomial of K (s), we find 


ae (s +k)(s? Ay es eae (s8 +k?) 
2/Rs 2/Rs 
or 
Rs +1 2 2 Rst+1_3 2 2 3 
Ko(s) = s+k)(s° +ks + k°) = ——(s° 4+ 2ks* + 2k°s +k 
2(s) JR; | )¢ ) JR | ) 
The even and odd parts of K,(s) will be: 
Rs +1 3 Rs +1 3 
Kei(s) = k = 
e1(S) 2n/ Re Koi(s) = 2/Rs 


The even and odd parts of K2(s) will be: 


1 R 1 
(2ks? +43) Kyp(s) = S72 (53 +2425) 


Sor 
2/7 Rs 2/7 Rs 


We can now use (6.62)-(6.63), which gives ABC D in terms of the even and odd 
parts of T(s) and K(s). 
For K1(s), (6.62) gives: 


Keo(s) = 


E 4 _ 1 pa head 
G D| JRek: |, To= Ko) (T= KAR 


Rs +1 Rea 
A= 08 41-8), B= 2s 


1 Rat 
SOs has, pe = 


ag? ke 1 
ORs ee Tre 


From (6.63), using again K1(s), we get: 


E Al ee a be —Ke)Rs_ (To oa 
C DD) JSRsRi | To+Ko) (Te + Ke) Ri 


Re#1 Rea 
oe B= 0259 +25) 


6. D=—_— i: | gs? el ak 


For R; = 1, we finally find from (6.58): 


AR, +B -.2s* 4.28 +1—k? 


Ratha = R 
1A) = GR Tp 23 pds bsp 1a 
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Rs L j=Rs 


(a) C= 2-1 Rs I+K’ p _] 
7 (+k )Rs Rs ae 

Z1p(S) 2 1-Rs 

Rs ~ 1+Rs 


__ i-k) 
2" (e-K+DRs 


(b) 


Z1p(s) 


Fig. 6.18 Synthesis of two alternative expressions of the driving-point impedance 


From the second set of ABC D parameters, we get: 


AR, +B 253 +257 +25+1+k3 
Z1B(8) = = Rs 5 3 
CR,+D 2s*+2s+1—-—k 


For K2(s), we find in a similar manner: 


2s7(1 — k) + 2s(1 —k*) +1-—k3 


Rieti 
ic(s) 953 +292(1+kK) +2s0+h2) +140 ° 
253 + 287(1 +k) +280 +k?) +14+%3 
Zip(s)= 5 5 5 S 
2520 —k) 42s —k2) +1 —KE 
LCM Synthesis 


Using the two alternative methods for the determination of Z;(s), we found the same 
four expressions Z;,4(s), Z1g(s), Zic(s) and Z;p(s), which can be synthesized 
using the RLCM driving-point function synthesis methods of Chap. 12. Synthesis 
of Z1gB(s) and Z;p(s) using sequential removals of poles at infinity leads to the 
circuits of Fig. 6.18. 

Synthesis of Z;,4(s) and Zic(s) using sequential removals of poles at infinity 
starting from Y;4(s) and Y;c¢(s) yields the circuits of Fig. 6.19. 

Figures 6.20 and 6.21 show the circuits of Figs. 6.18 and 6.19 for Rs = 0.5 and 
Rs = 2 respectively. All eight circuits have the specified 


1 
, 2 
IAGO" = Rapa to) 


6.5 Problems 283 


Rs L9=Rstl 


(a) 


K-k+1 


b 
“ TLRs 


Zic(s) 


Fig. 6.19 Synthesis of two alternative expressions of the driving-point impedance 


6.5 Problems 


6.1 In the circuit of Fig. 6.22 the source with internal resistance R, sees as its load 
the rest of the circuit. Show that maximum power transfer may occur if Ro > Rj 
and Lz = Rj R2C\ and determine the maximum power transfer frequency wy. 


6.2 Use the results of problem 6.1 with Rj = 1 kOhm and R» = 2 kOhm to deter- 
mine C, and L2 so that maximum power transfer occurs at fo = 10 kHz. 


6.3 Determine the transfer function H(s), the characteristic function K (s) and the 
reflection coefficient function p(s) of the circuit of Fig. 6.23. 


6.4 For a normalized lowpass passive filter with Rx, = 1 and Rs = 0.5 we found: 


4.10936 
s8 + 9.24607 


H(s)H(—s) = 
Determine the function p(s)o(—s). 


6.5 For a normalized lowpass passive filter we found that p(s)o(—s) is given by: 


(s? + 1.855 + 1.01)(s? — 1.855 + 1.01)(s? +0.77s + 1.01)(s? — 0.775 + 1.01) 
(s? + 2.445 + 1.74)(s2 — 2.445 + 1.74) (s2 + 1.019 + 1.74) (s2 — 1.01s + 1.74) 


Determine all permitted expressions of p(s). 


6.6 For a normalized lowpass passive filter with equal terminations we found: 
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(a) 1 

ZB(5) 
Rs=0.5  L1=1.6306 L3=0.5905 

(b) Cy=1.5578 1 
Z1p(s) 

(c) 1 
Z1A(5) 

L9=0.7789 
(d) C;=1.1811 C3=3.2612 1 


Z1C(S) 


Fig.6.20 Synthesis of the four alternative expressions of the driving-point impedance 


— 56 


~ S4D0—s\e2+54+ Ds2?—-st) 


p(s)p(—s) 
Determine all permitted expressions of p(s) and Z1(s). 


6.7 For the normalized lowpass filter of Fig. 6.24, we have found that 


IT Jo)? = T(s)T (—5)| 2-92 = 1.12501 + 0°) 


Determine the values of L1, C2 and L3. 


6.8 For the normalized lowpass filter of Fig. 6.25, we have found that 


IT jo)? = T(s)T (—5)| 2-92 = 1.12501 + 0°) 


Determine the values of C,, L2, C3. 
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(a) 1 
Z1B(5) 
Rs=2.— LL ,=1.1811 L3=3.2612 
(b) C2=0.7789 
(c) 
L7=1.5578 
(d) C1=1.6306 C3=0.5905 1 


Z1C(5) 


Fig. 6.21 Synthesis of the four alternative expressions of the driving-point impedance 


Seeeee este ee ea ee he 


R; 


E(jo) 


Fig.6.22 Circuit for Problem 6.1 


6.9 For a normalized lowpass passive filter with Ry = 1 and Rs = 2, the square of 
the magnitude response is given by |H(jQ)|* = a aa Determine the two possible 
expressions for the reflection coefficient p(s) and all four expressions for Zj(s). 


Synthesize the two of them which have Z; (0) = 1. 
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Fig.6.23 Circuit for Rs=l L=1 
Problem 6.3 ? 


Z1(S) 


Fig.6.24 Circuit for 
Problem 6.7 


Fig.6.25 Circuit for 
Problem 6.8 Rs=2 L> 


C] C3 1 


6.10 For a normalized lowpass passive filter with R, = 1 and Rs = 0.5, the square 
of the magnitude response is given by |H(jQ)|* = a 5° Determine the two possi- 
ble expressions for the reflection coefficient p(s) and all four expressions for Z;(s). 


Synthesize the two of them, which have Z; (0) = 1. 


6.11 Verify that the filters of Fig. 6.20 have 


1 
7 ——— 
INGO” = Tay os) 


6.12 Verify that the filters of Fig. 6.21 have 


1 
GO = a5 a) 


6.13 Synthesize a ladder RLC one-port with input impedance: 


s* + 0.6844354253 + 1.245994395? + 0.52444123s + 0.19199176 
0.7663 147253 + 0.52449295s2 + 0.64815469s + 0.19199176 


Zi (s)= 


6.14 Synthesize a ladder RLC one-port with the following input impedance: 


6.0s° + 4.7606615* + 8.937805s + 4.800773s2 + 2.665519s + 0.551719 
3.50688554 + 2.782506s3 + 3.977509s2 + 1.816958s + 0.551719 


Z\(s)= 
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Synthesis and Design of Passive Filters 


7.1 Preliminaries 


Passive filters are LC two-port networks that are inserted between a signal source 
and a load. The signal source represents all preceding sections of the system and 
is usually modeled by a voltage source with internal resistance Rs. The load is 
represented by a resistor Ry, which in fact is the input resistance of the load circuit. 
The LC two-port filter with its source and load terminations is shown in Fig. 7.1 
and is referred to as the doubly resistively terminated lossless two-port or simply 
the filter. 

Referring to Fig. 7.1, the voltage transfer function H(s) = Be can be expressed 
in terms of the transmission or ABC D parameters of the inserted lossless two-port 
as follows: 


Vo(s) Ri 
E(s) AR, +B+CRsR, + DRs 


H(s)= (7.1) 

Although parameters ABCD depend only on the LC two-port itself, it is clear 
that the transfer function of the filter depends also on the termination resistances Rs 
and R,. Therefore, for the determination of the transfer function of a passive filter, 
the terminating resistances Rs and Ry, must be given with the filter specifications. 
As mentioned in Chap. 6, this is the main difference in passive filter design as com- 
pared to active filter design, where, due to the existence of simple isolation methods 
(e.g. buffers), the source and load resistances are of no importance. 

Passive filters are designed from the specifications 


{w@c, ws, Rs, Rr, Amax, Amin} 


In order to minimize the number of design parameters, these specifications are nor- 
malized for unity load (Rz» = 1) and unity cutoff frequency (Qc = 1). 

When the normalized filter has been designed from the normalized specifications, 
the normalized element values (denoted with subscript n) can then be denormalized 
for the desired load resistance level Ry and the desired cutoff frequency wc. This 
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Fig. 7.1 Doubly resistively 
terminated passive two-port 


LC two-port 


A B 
C D 


can be done according to (1.29) of Sect. 1.6.3 (Chap. 1): 


RriLy 1 
O=Wc2 R=R,RL eee C= eRe 


Ch 


Passive filter magnitude specifications can be given in terms of plain or logarith- 
mic gain. However, traditionally they are given in terms of effective attenuation, as 
defined in Sect. 6.2.1 of the previous chapter (6.28): 


A(@) = 1olog( 74% ) = 20tg( 4 / Re Eo) (dB) (7.2) 
P2(w) 2\ Rs |V2(jo)| 
where P2(q) is the average power of the load Ry; and Py,4x the maximum power 
the source can deliver under maximum power transfer conditions (see Sect. 6.1, 
(6.17)). A detailed analysis of the specifications of passive lowpass filters is given 
in Sect. 6.3. 

In the rest of this chapter we are going to deploy the classical and useful approx- 
imations, presented in Chaps. 2-4, in the design of normalized doubly resistively 
terminated passive LC lowpass filters. All approximations, no matter how simple or 
complicated they are, lead to the determination of a gain function G(Q2) = |H(j)| 
which meets the specifications. From | (jS2)|, the corresponding transfer function 
H(s) can then be precisely determined, although this is not necessary in passive 
filter design, where synthesis is based on the input impedance Z,(s) of Fig. 7.1, for 
the determination of which, H(s) is not required. When Z;(s) has been determined, 
it can then be synthesized, using the RLCM synthesis methods. 

For the determination of Z;(s), only the gain function of the approximation 
G(2) = |H(j82)| is required since, according to (6.53)-(6.54), Z1(s) depends on 
the reflection coefficient function p(s) (repeated here for convenience) 


1 = 

Zia(s) = Rs (7.3) 
1 

Zin(s) = Rs (7.4) 


and p(s) can be determined from Feldtkeller’s equation (6.49): 


= 1 — ARS sye—s) =1 — 8S Gay? 75 
p(s)p(-s) = Rp (s)H(-s) = =e (J2)\G2__ 2 (7.5) 
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Fig. 7.2. Normalized lowpass A(Q) 
filter attenuation 
specifications 


The reflection coefficient function p(s) can be isolated from p(s)o(—s) of (7.5), 

taking into account that 

i. e(s) and p(—s) have opposite poles and opposite zeros 

ii. the poles of o(s) lie in the left half s-plane, i.e. the denominator polynomial of 
p(s) is strictly Hurwitz. 

Since there are no restrictions for the location of the zeros of p(s), the above proce- 

dure leads to more than one function p(s) and therefore (7.3)-(7.4) can give more 

than one function for Z;(s), which, when synthesized, yield more than one filter 

circuit. More on the determination of Z;(s) from p(s) can be found in Sect. 6.4.1. 
Finally, it should be stated that our attention will be focused on passive low- 

pass filters since other types (highpass, bandpass and band-reject), can be derived 

from lowpass filters, using the corresponding frequency transformations presented 

in Chap. 5. 


7.2. The Butterworth Approximation in Passive Filter Design 


Figure 7.2 shows the normalized lowpass filter specifications 
{Amax; Amin; Qs, Rs, Ri = 1, Qc = 1} 


and we are looking for a minimum order gain function G(92) = |H(j82)| for which 


1 /Rr |EG2)| 1 / Ry, 1 
A(Q) = 20log| =, / — ————_} = 20log{ =, / — —_— (7.6) 
2V Rs |V2G2)| 2\ Rs |H(j2)| 
satisfies these specifications. 
The Butterworth approximation has already been presented in Sect. 2.2 of 
Chap. 2 in terms of plain gain. In this section, the approximation is presented in 


terms of effective attenuation, as it is actually used in passive filter design. 
The Butterworth attenuation is defined as 


Rs +R. 
A(92) = Ap + 20log(,/1+ B22") where A, =201o (ee) 7.7 
(2) 0 g( B ) 0 g 2/RsR1, (7.7) 
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=> A(Q) = 20l0g( SSE J + 62:02") (Rr =1) (7.8) 


As has been shown in Sect. 2.2 (2.15), the value of the design parameter 6 can 
be selected from the range: 
Amin 
10710 —1 Amax 
= Bmin < B < Bmax =V10 10 —1 (7.9) 


For any value of the design parameter 6 within this range, a Butterworth filter can 
be designed the attenuation of which will satisfy the specifications in a distinctly 
different manner. Details can be found in Sect. 2.2.1 of Chap. 2. 

The integer order N of the approximation is defined as the minimum integer 
value which satisfies: 


Amin Amin 
wha) tog t0eB=1) 
ee ens Prax = 10 1-1 (7.10) 
- 2log Qs 2log Qs , 


Nzq is referred to as the decimal order of the approximation. The proof is similar to 
that given in Sect. 2.2. 

As we have seen in Sect. 2.2.2, the characteristic frequency 23473 at which the 
gain drops by 3 dB from H, to H,/V/2 is given by: 


it 
23aB = BN (7.11) 
It is clear that the attenuation at {237% will be 3 dB higher than the lowest passband 
attenuation A, at 2 =0. 


The squared magnitude | H( jQ)|? can be determined from (7.6) and (7.7): 


V2(j2) 
E(j@) 


> RE/(Rs + Rt)? ee 
= 1+ B2Q22N (7.12) 


nGae=| 


According to Sect. 2.2.3, the logarithmic gain in the stopband decreases at a rate 
of 6N dB/octave and therefore the attenuation increases at the same rate, the cutoff 
rate. 

The voltage transfer function of the normalized lowpass Butterworth filter (Qc = 
1, Ry, = 1) can be determined as in Chap. 2 (Sect. 2.2.4): 


es 
B(Rs+Ri) 


A(s)= 
Tei (s — sk) 


(7.13) 


where 
2k+N 


ts = 
se = B Nel NT) fork=1,2,...,N 
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Fig. 7.3 Normalized lowpass A(Q) 
filter attenuation dB 
specifications of Example 7.1 
26=A,t+Amin + 
Rs=0.5 
Ry= 1 
Amin 
0.958=A,+Amax | 
0.512=A, Z 
0 6 i Os Q 


Example 7.1 
(a) Find and plot the minimum order Butterworth effective attenuation function 
A(S2) which satisfies the normalized specifications: 


{Amax = 0.446 dB, Amin = 25.4880 dB, Rs =0.5, 25 = 3} 


(b) Find and plot the minimum order Butterworth effective attenuation function 
A(S2) to satisfy the specifications 
Amax = 0.446 dB Amin = 25.4880 dB 
Rs = 300 Ohm R;, = 600 Ohm 
fc =3 kHz fs =9 kHz 


Ao is determined by the termination resistors Rs and R 7 and its value is determined 
using (7.7): 


Ay =20108( ) = 0.512 dB 


———_} = 20log; —— 
2/ Rs Ri a( ae - 1.0 


The normalized specifications are shown in Fig. 7.3. 
(a) For the determination of Butterworth attenuation A({2) of (7.7), only the order 
N and the parameter 6 are required. N can be determined from (7.10) 


ae) = 0.5 + 1.0 


ro“ ge 
log( rex) ~~ log(* gag —*) 
CC 10 10-1 
2log Qs 2log3 


=3682 > N=4 


The value of the design parameter 6 can now be selected from the range given 
in (7.9). Let us select 6 = Bmax for this example: 


B = Bmax = V 1018 — 1 = V/100-0446 — | — 0.328867 => 2 =0.108154 
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Full response Passband response 


AQ) 0.6 


AotAmax 0.4 


Fig. 7.4 Full and passband attenuation response 


For N = 4 and B = 0.328867, (7.7) yields 


A(Q) =201 ( putes V1 01081542") 
= (0) ———— A 
: 2V71.0-0.5 


= A(2) =2log(1.06066y'1 + 0.108154.28) 
From the above attenuation function, we get 
A(0) = 0.511525 A(1) = 0.957525 A(3) = 29.027755 
from which it is verified that 


A(1) — A(O) = 0.446 dB = Amax 
A(3) — A(O) = 28.51623 > Amin = 25.4880 dB 
Figure 7.4 shows the attenuation plots of the normalized filter. 


(b) We note that in this case Rs = 0.5R_ as in the normalized case and therefore the 


coefficient ee of A({2) does not change value. Moreover, since fs /fc = 3 


as in the normalized case, the attenuation function will be 


Ac(@) = (=) 
oc 


alt \e 7, 
Ac(f)= (4) = 2og( 1.0065 +-0.108154( 55 


Figure 7.5 shows the plot of Ac(f). 


or 
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Full response Passband response 
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Fig. 7.5 Full and passband attenuation response 


In order to determine the reflection coefficient function p(s), the product 
H(s)H(—s) is required. Function H(s)H(—s) can be determined directly from the 
approximation since 


sa Ri. 1 
= Nata Chat Rey? (ha BAG gaa_g 


Re /(Rs + RL)? 


=> AHA(s)H(-s)= 14 B2(—sDN 


(7.14) 


Function p(s)o(—s) can now be determined from (7.5): 


1+ p7( g2)N 4RsRi 
(Rs+Ri)* (7.15) 


1+ B2(—s2)N 


ARs : 2 
p(s)p(-s) =1— SIH G Raa = 


Since the denominator of p(s) is a Hurwitz polynomial, it can be separated using 
the procedure presented in Sect. 11.6 of Chap. 11. This procedure may yield several 
expressions for ¢(s) and each can be used with (7.3) or (7.4) to determine a driving- 
point input impedance function Z;(s) of Fig. 7.1. Input impedance Z)(s) can finally 
be synthesized as an RLCM two-port circuit using sequential removals of poles at 
infinity. 


Example 7.2 Given the normalized specifications of Example 7.1, determine the 
following: 

(a) H(s)H(—s) 

(b) p(s)p(—s) 

(c) p(s) and 

(d) Z,(s). 

Use B = Bmax 
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Fig. 7.6 Poles of p(s)o(—s) 


poles of p(s) 


(a) For the determination of H(s)H(—s), (7.14) will be used with N = 4, Rs = 0.5, 
Ry, = 1 and B = 0.328867 to get 


H(s)H(-s) = Ri/(Rst+Riy _ 0.444444 4.109362 
1+ B2(-s2)N ~~ 140.108154s8 58 + 9.246075 


(b) e(s)e(—s) can then be determined from (7.15) 


ARs 4.1093662 s® + 0.888889 
—s)=1— —2H(s)H a{—9 = 
p(s)e(—s) Ro 38 +.9.246075 58 +.9.246075 


It is clear that p(s) o(—s) could have been determined directly from (7.15) with- 
out first finding H(s)H(—s). 

The eight poles (roots of the denominator) of p(s) o(—s) are calculated by solv- 
ing the binomial equation s*® + 9.246075 = 0 for s to find: 


(c 


Nee 


—1.2200009 + 70.5053409 —1.2200009 — 70.5053409 
—0.5053409 + 7 1.2200009 —0.5053409 — 7 1.2200009 
+1.2200009 + j0.5053409 +1.2200009 — j0.5053409 
+0.5053409 + 7 1.2200009 +0.5053409 — 7 1.2200009 
These poles lie on a circle of radius pow and are schematically shown in 
Fig. 7.6. 

Since the denominator of p(s) is a Hurwitz polynomial, only the left half 
s-plane poles can be allocated to p(s) and the rest, the right half s-plane poles, 
to p(—s). Therefore, the poles of p(s) are 

—1.2200009 + 70.5053409 — 1.2200009 — 70.5053409 
—0.5053409 + 7 1.2200009 — 0.5053409 — 7 1.2200009 


7.2 The Butterworth Approximation in Passive Filter Design 297 


Fig. 7.7 Possible sets of zeros of p(s) 


The eight zeros of o(s)o(—s) can be determined by solving the binomial equa- 
tion s® + 0.888889 for s to find: 


—0.927002 + j0.383976 —0.927002 — j0.383976 
—0.383976 + j0.927002 —0.383976 — j0.927002 
+0.927002 + 0.383976 +0.927002 — j0.383976 
+0.383976 + j0.927002 +0.383976 — j0.927002 


Since there are no restrictions as to the location of the zeros of p(s), and p(s) 
and p(—s) have opposite roots, we can have the four sets of p(s) zeros, shown 
in Fig. 7.7. Each of the four selections leads to a different expression for the 
p(s) function. 

Selecting the zeros of p(s) to be that of set I of Fig. 7.7, ie. 


—0.927002 + j0.383976 —0.927002 — j0.383976 
—0.383976 + j0.927002 —0.383976 — j0.927002 
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Fig. 7.8 Typical ladder filter structures 


after some manipulations we find 


s+ +. 2.621952753 + 3.4373179852 + 2.6396957963s + 1.0135800 
s+ + 3.450683853 + 5.95360948s2 + 6.0172053177s + 3.040740 


p(s) = 
Selecting set IV of zeros, i.e. 


—0.383976 + j0.927002 —0.383976 — j0.927002 
+0.927002 + j0.383976 +0.927002 — j0.383976 


we find 


s* — 1.086048385° + 0.58975054s2 — 1.09339781s + 1.0135800 
st + 3.450683853 + 5.95360948s2 + 6.0172053177s + 3.040740 


pry(s)= 


For sets II and III, two more functions p(s) can be determined. 
(d) Using (7.4) with set of p(s) zeros I, we find: 


s* + 3.036318s2 + 4.695463752 + 4.328450557s + 2.02716014 


Z = 
(8) = 9 9587311453 4 2.516291552 + 337750955 4 2.02716014, - 


According to Sect. 6.4.1, the input driving point impedance Z1(s) of the termi- 
nated with R;, two-port, as determined from (7.3) or (7.4), is a positive real function 
(see Chap. 11) of order N and therefore it can be synthesized as a ladder circuit 
using sequential removals of poles at infinity. Moreover, in all-pole approximations 
of order N, the so-derived ladder circuit is canonical in the sense that it contains N 
lossless elements, with inductors in the series and capacitors in the shunt arms of 
the ladder, as shown in Fig. 7.8. As for the type of the first arm, it will be a series 
inductor when (7.3) is used. When (7.4) is used, the first arm of the ladder will be a 
shunt capacitor. As an example, when Z1; of (7.16) is synthesized using sequential 
removals of poles at infinity, it leads to the filter shown in Fig. 7.9. 
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Rs=0.5 Ly is 


1.2006664 0.928565 
C2 


1.336782 


qt! 
0.329346 


R,=1 


Fig. 7.9 Filter derived from Z1;(s) of (7.16) using ladder synthesis 


The synthesis of passive lowpass Butterworth filters, i.e. passive lowpass filters 
with maximally flat Butterworth magnitude response, will be demonstrated with two 
detailed examples. 


Example 7.3 Design a 3rd order prototype passive lowpass Butterworth filter with 
equal terminations Rs = Ry = 1. 

Prototype filters have Amax =3dB => Bmax = 1. This maximum value of 6 will 
be used, i.e. 6 = Bmax = |. Function o(s)e(—s) is determined from (7.15): 


4RsR 
L+B°C8Y ~ Rete? 


1+ p(-s?)3 
6 —s59 


56 (+s) —s)(s2+5+)(2?—s+]1) 


4Rs . 0) 
p(s)p(—s) =1— R, EO Mla = 


> p(s)e(-s) = 


The poles of p(s) o(—s) are: 


1 3 1 V3 
s= i, LS — 2 a J and s=-t lj] 

2 2 2 
Since the reflection coefficient function o(s) must have all its poles in the left half 


s-plane, we get: 


s s 
aoa (st1)(s2+5+1)  5s3+2s2?4+25+1 
: _ _ 1 »/3 
with poles s = —1 ands = —5 + j+>. 


Input impedance Z;(s) can be determined from any of (7.3) or (7.4) 


1— p(s) 1+ p(s) 
Zi A(S) = Rs ———_ or Z p(s) = Rs ——_— 
1+ p(s) 1— p(s) 
to find 
257 +25+1 253 +257 +2541 
ZiA(S) = or ZiB(s)= 


253 +252 +2541 252 +25+1 
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Rs=l1 Lj ,=1 L3=1 
(a) C7=2 Ry=1 
Z1p(S) 
Rg=l L2=2 


(b) 


Z1A(5) 


Fig. 7.10 Filter synthesized (a) from Z 1g (b) from Y,4(s) = Z, (s) 


Z1B has a pole at infinity since the degree of the numerator polynomial is higher 
than the degree of the denominator polynomial. This is also true for 


1 2sF +257 +2541 
Zia(s)—-2s2 +2541 


Yia(s) = 


and therefore synthesis can start by removing this pole at infinity. 

Removing the pole at infinity from Z),(s) as a series inductor with L; = 1, the 
remaining impedance Z2z = Zip — S$ has no pole at infinity. However 
2s2+25-+1 

s+1 


_ stl 
~ 2524-2541 
Yop = has as pole at infinity which can be removed as a shunt capacitor 
C2 = 2 and the remaining admittance will be ¥3z = Yog —2s = + => Z3p=st+1. 
This is a series arm inductor with L3 = | in series with a resistor with Ry, = 1. The 
final circuit is shown in Fig. 7.10a. 

Removing the pole at infinity from Y;,4(s) as a shunt inductor with C; = 1, the 


remaining impedance Y24 = Y14 — 5 = sat has no pole at infinity. However 


ZA = 2o42041 has a pole at infinity which can be removed as a series inductor with 
L2 = 2 and the remaining impedance will be Z34 = Z24 —25 = =I >Y¥34=st+l. 
This is a shunt arm capacitor with C3 = 1 in parallel with a resistor with Ry = 1. 
The final circuit is shown in Fig. 7.10b. 

Prototype filters have A(1) = 3 dB and if a different value is required, e.g. A(1) = 
0.5, all inductor and capacitor values must be divided by 


i 1 1 1 
Q3aqBp=B N= = = = 1.41992 


a a, 
(10% _ 1)" (1088 _ 3 0.1220186 


If A(1) = 0.5 dB is required for the filter of Fig. 7.10b, the lossless element values 
must be changed to Cig = C3qg = 1/1.41992 and Lag = 2/1.41992. 
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In order to denormalize the filter for Ry = Rs = 1 kOhm and wc = 27 x 
5000 rad/s, the element values must be denormalized according to (1.29): 


Cla 
Re= Re= 1 10h Ct 2 
amie " 1="3* 57.5000 - 1000 . 
1000-L 
pe a he ei 
Ix - 5000 


Example 7.4 Design a passive lowpass filter with Butterworth response with the 
following specifications: 

Rs = 600 Ohm Ry, = 1200 Ohm Amax = 0.35 dB Amin = 30 dB 

fc = 2.0 kHz fs =6.5 kHz 

It is evident that wc = 272000 and ws = 2776500 rad/s and that the normalized 

specifications will be 
Rs =0.5 Rp=1 Amax = 0.35 dB Amin = 30 dB 
2c =1.0 Q5 = 3.25 

The normalized filter will be designed initially. Equation (7.10) gives the decimal 


order 


1030/10_4 


log(so03s710-7 
Fe i la MO 1 
“~~ 2log (3.25) 


and therefore N = 4. 
The design parameter 6 can be taken equal to its maximum value 8 = Bmax = 


/109-39/10 — | = 0.289701 and from (7.15) we get 
1+ B2(-s?)N —4RsRz/(Rs + Ri) 8 + 1.323903 
P(s)p(—s) = ae = 3 
1+ B—s?) 58 + 11.915129 


Since the denominator polynomial of o(s)o(—s) is a binomial of order 8, it has 8 
poles grouped in four conjugate pole pairs, each of which corresponds to a second 
order denominator term as shown below: 


Poles of p(s)e(—s) Denominator term 
Poles —1.259296 + j0.521617 s* + 2.518591s + 1.857910 
p(s) — 1.259296 — j0.521617 
—0.521617 + 7 1.259296 s* + 1.043235s + 1.857910 
—0.521617 — 71.259296 
Poles +1.259296 — j0.521617 s* — 2.518591s + 1.857910 
p(—s) +1.259296 + j0.521617 
+0.521617 — 7 1.259296 s* — 1.043235s + 1.857910 


+0.521617 + j 1.259296 
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The left hand half s-plane poles of o(s)o(—s) are allocated to p(s). 
The 8 zeros of o(s)e(—s) are also grouped in 4 conjugate zero pairs as shown 
below. 


Zeros of p(s)o(—s) Numerator term 

I —0.956858 + j0.396343 s* + 1.913716s + 1.072665 
—0.956858 — j0.396343 

TI —0.396343 + j0.956858 s* + 0.792687s + 1.072665 
—0.396343 — j0.956858 

—I +0.956858 — 0.396343 s* — 1.913716s + 1.072665 
+0.956858 + j0.396343 

—II +0.396343 — j0.956858 s* — 0.792687s + 1.072665 
+0.396343 + 70.956858 


Since there are no restrictions as to the location of the zeros of the reflection coeffi- 
cient function, the following combinations of zeros can be allocated to p(s): 


{I, IT} {-I, —IT} {II,—T} {I,-IT} 
each leading to a different function p(s): 


(s* + 0.79268690s + 1.07266485) (s? + 1.91371547s + 1.07266485) 


PIS) = (347 043234605 + 1.85791004)(s2 + 2.51859120s + 1.85791004) 
(s? — 0.79268690s + 1.07266485)(s? — 1.91371547s + 1.07266485) 
P28) = (347 043234605 + 185791004) (s2 + 2.51859120s + 185791004) 
(s2 +. 0.79268690s + 1.07266485)(s? — 1.91371547s + 1.07266485) 
P3(S) = (341 043234605 + 1.85791004)(s2 + 2518591205 + 1.85791004) 
Aye (s2 — 0.79268690s + 1.07266485)(s? + 1.91371547s + 1.07266485) 


(s? + 1.04323460s + 1.85791004)(s2 + 2.51859120s + 1.85791004) 
For the determination of Z;(s), (7.4) 


1+ p(s) 
1— p(s) 


will be used to lead to four different expressions, one for each expression of p(s): 


Zip(s) = Rs 


s* + 3.13411953 + 5.00281852 + 4.760324s5 + 2.30123 


Zi1p(s) = 5 5 
0.85541453 + 2.680969s2 + 3.714461s + 2.30123 
Zips) s* + 0.427707s? + 5.00281852 + 1.857231 + 2.30123 
a 
sad 6.26823853 + 2.680969s2 + 9.520648s + 2.30123 
s* + 1.22039753 + 3.48582952 + 2.707527s + 2.30123 
Z3p(S) = 


4.682858s> + 5.714946s2 + 7.820055s + 2.30123 
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Rs=0.5 Ly is 


0.15953 
(a) Z)20(s)> C2 


0.64753 


C4 
2.33802 


Rs Ly L3 


0.6KQ  15.24mH 
(b) C2 
119.37nF 


61.86mH 
C4 
155.12nF 


R, 
1.2KQ 


Fig. 7.11 Filter of Example 7.4 synthesized from Z12)(s): (a) Normalized. (b) Denormalized 


s* +. 2.34142953 + 3.485829s2 + 3.910027s + 2.30123 


Z = 
140(8) 2.440794s3 + 5.714946s2 + 5.415055s + 2.30123 


It should be noted that since (7.4) was used, all four expressions Z1,p(s) have a pole 
at infinity. Moreover, for all above input impedances Z1x,(s) we have Z14,(0) = 
Ry, = 1. This is expected since at zero frequency (DC) the LC two-port inserted 
between Rs and R; becomes transparent and the input impedance is equal to the 
load resistance Ry = 1. If (7.3) had been used, all expressions of Zixq(s) would 
have Zjx_(0) = R24 30.257 Ry = 1. 

Selecting one of the above impedances, e.g. Z12)(s), it can be synthesized by 
sequential removal of poles at infinity to yield the normalized filter of Fig. 7.1 1a. 
Denormalizing for Ry = 1.2 kOhm and wc = 272000 rad/s, we get: 


Rs =0.5 - 1200 = 0.6 kOhm R, = 1.0- 1200 = 1.2 kOhm 


0.15953 - 1200 1.79918 
eee as aa ele 
i= F¢.200° ©2= 5-3 2000- 1200 ~ 119-37 
0.64753 - 1200 2.33802 
See ise Ce i 
3 9 oe - 2000 oe 4 Fo - 2000 - 1200 " 


The denormalized filter is shown in Fig. 7.11b. The plot of the attenuation response 
is shown in Fig. 7.12 


The synthesis of the input driving-point function reveals the filter structure and 
the element values. In Butterworth normalized lowpass filter design and only in the 
special case of equal terminations Rs = R_, it can be shown that the values 7; of 
the N normalized lossless elements are given by 


1, (2k-1 
7. = 26 sin( n) k=1,2,...,N (7.17) 


There is no similar simple formula for the case of unequal terminations, where the 
element values can be determined using one of the following methods: 
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Fig. 7.12 Attenuation response of the filter of Example 7.4 


1. By synthesis, as has been presented in this section, i.e. by determining p(s) and 
then Z1(s), which is finally synthesized as an RLC one-port circuit. 

2. By analysis of the ladder structure which is known once the order N has been 
determined from the specifications (N lossless elements with inductors in the se- 
ries arms and capacitors in the shunt arms). When the transfer function has been 
determined by analysis, it can be made equal to the corresponding Butterworth 
attenuation function of (7.7) and solve the system of equations which emerges 
from coefficient matching. This method is practical for low order filters and will 
be demonstrated in the next section. 

3. By using Butterworth filter design tables and nomographs. 


7.2.1 Butterworth Filter Design by Analysis 


The order N of a lowpass Butterworth filter and the design parameter 6 can be 
determined directly from the specifications. An alternative method to find the values 
of the circuit elements and avoid synthesis is to use the conclusions of synthesis, i.e. 
that the filter is an LC ladder with N reactive arms, with inductors in the series and 
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capacitors in the shunt arms. The first arm may be a series or a shunt arm and the 
LC ladder is terminated by the load resistor Ry, = 1. 

The transfer function H(s) of the circuit can then be determined using any anal- 
ysis method and therefore, the effective attenuation will be 


Acire(@) = 20log( ~ aon) (7.18) 
2) Rs HUD 


which is a function of {2 and the coefficients depend on the values of the reactive 
elements. On the other hand, the Butterworth attenuation from (7.8) is 


A() = 2010p ( SS + pa") (R, =1) 


and the two expressions must be made identical, i.e. 


Ri 1 (Rs + Rx)? 
ARs |H(j2)|> ARs Ri 


(1+ 672") (7.19) 


This can be done by matching the coefficients of the two polynomials which yields 
N equations. The method is demonstrated by two detailed examples. 


Example 7.5 Design a passive lowpass filter with Butterworth response with the 
following specifications: 


Rs = Ry = 600 Ohm Amax = 3 dB @c = 275000 rad/s 
Amin = 20 dB @s = 27 16000 rad/s 


The normalized specifications are 
Rs=R,=1 Amax = 3 dB Qc=1 Amin = 20 dB Qs =3.2 


and the order is determined from (7.10): N = 2. 

Parameter 6 is taken equal to Bmax = 1. Therefore, since we have Rs = Ry, the 
filter will be either the one shown in Fig. 7.13a starting with a series inductor or the 
one shown in Fig. 7.13b starting with a shunt capacitor. 

Analyzing the filter of Fig. 7.13b, we find H(s) and 


1 
H(j2)\- = 
Eee) CP L524 + (Cy + Lo)? — 4C1 L2) 2? +4 


and therefore (7.19) yields 
1 
qiCiL32" t5(C4 bey 4G)? + HH=C4 725 


1 1 
> gerbe" 4 ria =iny OQ +i1Sso*+1 
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Fig. 7.13 Filter of Rs=1 Ly 

Example 7.5: (a) Normalized 

starting with L. 

(b) Normalized starting (a) C2 Ry=1 
with C. (c) Denormalized 


(b) ee Ry=1 


Ry 
6002 


(c) 


In order for the left hand side polynomial to be identical to that of the right side, the 
following conditions must hold: 


1 
C;=L> and gcil3 =! > Cy=Ll,=V2 


Figure 7.13c shows the denormalized filter with 


600/2 
Rv=R,=1- h L= = 27 mH 
eas 2 5000 as 
2 
= oe = 74.9 nF 
27 - 5000 - 600 


and Fig. 7.14 the frequency response of both normalized and denormalized filters. 


Example 7.6 Design a passive lowpass filter with Butterworth response with the 
following specifications: 


Rs = Ry = 1.0 kOhm Amax = 0.5 dB @c = 275000 rad/s 
Amin = 25 dB ws = 21120000 rad/s 


The normalized specifications are 
Rs =R,=1 Amax = 0.5 dB 2Qc=1 Amin = 25 dB 25 =4.0 


and the order is determined from (7.10): N = 3. Parameter 6 is taken equal to 
Bmax = 0.349311. Therefore, the filter will be either the one shown in Fig. 7.15a 
starting with a series inductor or the one shown in Fig. 7.15b starting with a shunt 
capacitor. 

Analyzing the filter of Fig. 7.15b, we find H(s) and 


1 
H(jQ)P = 
AG 2) = et Katt RQ +4 
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Rs=1 Ly L3 
(a) C2 Rp=1 
Rs=1 Lp 
(b) C; C3 Ry=1 
Rs=1KQ Lp 


44.86mH 


(c) C; 


22.43nF 


G R,=1KQ 


22.43nF 


Fig. 7.15 Filter of Example 7.6: (a) Normalized starting with L. (b) Normalized starting with C. 
(c) Denormalized 


where 


Ke =C?L3C2 
K4 = Lo[Lo(C + C3)* — 2C1C3(Cy + L2 + C3)] and 
Ky =(C, + C3 — L2)” 
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Full response 


A(f) 


0 
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Passband response 
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Fig. 7.16 Attenuation response of the filter of Example 7.6 


and therefore (7.19) yields 
1 
q(Ko2® + K49* + K22? +4) = (p?2° +1) 


In order for the left hand side polynomial to be identical to that of the right side, the 
following conditions must be met 


CiL2C3= 26 — La(Cy +. C3)? = 2C1C3(Ci + La + C3) C1 La +C3=0 
Solving this system of equations for C,, Lz and C3 we get 
C, = C3 = 0.7042674 and Lz =1.4085348 


Figure 7.15c shows the denormalized filter with 


1000 - 1.4085348 
Rs=R,=1-1 = 1.0 kOh L=————_ = 44. H 
Ss B 000 0 kOhm Im 5000 86 m 


0.7042674 


27 - 5000 - 1000 


Cy =C 


and Fig. 7.16 the frequency response of the denormalized filter. 
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Fig. 7.17 Attenuation A(Q) 
specifications of passive dB 
lowpass filters 


It is evident that, as the order N increases, the analysis of the ladder circuit and 
the solution of the corresponding system of equations becomes more laborious than 
the determination of Z;(s) and its synthesis. 


7.3. The Chebyshev Approximation in Passive Filter Design 
Given the normalized specifications 

{Amax, Amin, 8&5, Rs} (8c =1 and R; = 1) 
of a passive lowpass filter, we are looking for an effective attenuation function 
A(S2), the plot of which does not enter the shaded area of Fig. 7.17, where Ax is 


the minimum attenuation that is achieved by the filter. Attenuation A({2) is related 
to the magnitude of the transfer function of the filter to be designed by: 


ARC) —d0ieg| = Oe 
— o8(5 mam) 


It must be remembered that our final goal is to determine the input driving-point 
impedance Zj(s) of Fig. 7.1 from the reflection coefficient expression p(s)p(—s), 
which is directly related to the magnitude of the transfer function via (7.5): 


4Rs . 2 
p(s)p(-8)=1- FS |HG Dia 


In passive filter design, the Chebyshev approximation is defined as 
A(2)=AxK + 20log(,/ 1 + e2C%,(@)) (7.20) 
where 


— eis the ripple factor, a design parameter which depends on the specifications 
— Cy (2) is the Chebyshev polynomial of order NV: 


Cy(2) =cos(N cos~! 2) or Cy(2)=cosh(N cosh! 2) 
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dB ;A(Q) 


A,t20log(/i +2") 


A,- 20log (1+) 


0 


Fig. 7.18 Odd and even order passband ripple 
— Ax, the minimum passband attenuation, is given by: 


Ao for N odd 
Ak= (7.21) 


Ao —20logV1+¢2 for N even 


— Ap is the attenuation before the filter is inserted between source and load (see 
(6.29)) and is given by 


Rs+R 
Ay = 201og( as: 4) 


2/RLRs 


From the properties of the Chebyshev polynomial, we have 


0 for N odd 


and arene) = 1 for even and odd N 
1 for N even 


Cc2.(0)= | 
and therefore: 


Ao for N even 
A(O)=A, forall N and A(1)= 
Ca () Leas for N odd 


Since for 0 < 2 < 1 the Chebyshev polynomial Cy ({2) assumes values between 
0 and 1, attenuation A({2) assumes values from A, to Ag + V1 + 62 when N is 
odd. When N is even, the Chebyshev attenuation varies from A, to Ag —V1+ 2 
in the same frequency range 0 < (2 < 1. Figure 7.18 shows the plot of A(S2) in the 
passband for an even and an odd N. It should be noted that at $2 = 0 there exists an 
extremum and that there are exactly N attenuation extrema in the passband. 

Due to the ability of the Chebyshev attenuation to assume values lower than 
A, when N is even, plain gain specifications are related to effective parameters 
specifications as follows: 


Ay Amin 


20 Hs = H,- 107 ® 


Hc = H, - 107 
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a for N odd 
where Hp = 45% aay (7.22) 
Ri _10Q° 30 for N even 
Rs+Rz 


From the above analysis, and in view of Fig. 7.18, it becomes evident that the 
term 20log V1 + ¢? can be at most equal to Amax and therefore the maximum value 
of the ripple factor ¢ is given by: 


max 


e<y 10 =1—6r0 (7.23) 


Combining (7.23) and (7.22), we also get 


V0 —1— [He _y 
Emax = ey er eae 
Ac 


which is the value determined in Sect. 2.3.2 of Chap. 2. 
The Chebyshev attenuation function A({2) is monotonically increasing for 
§2 > 1 and therefore the stopband specifications are met if 


A(Qs)>Ax+Amin <= > 20log,/1+e2CX (2s) = Amin 


from which we find for the integer order N of the approximation: 


1 [10H 1 
cosh ( a=) 
10 10 —1 


cosh7! Q5 


N>Nag= (7.24) 

As should be expected, this is the same value found in Sect. 2.3.2 of Chap. 2. 
Integer order N is of course selected to be the lowest integer which satisfies N > Ng. 
As has been explained in Sect. 2.3.2, this leaves room for optimization and defines 
the lower boundary of the design parameter ¢, which can be selected from the range 


Amin 
10 10 —] Amax 
“Co, 1010 


4 (7.25) 


For any value of the ripple factor ¢ within this range, a Chebyshev filter can be de- 
signed, the attenuation of which will satisfy the specifications in a slightly different 
manner. The details can be found in Sect. 2.3.2 of Chap. 2. 

In order for the filter circuit to have Chebyshev attenuation, its corresponding 
attenuation function must be made equal to the attenuation of the Chebyshev ap- 
proximation, i.e. 


= Le = 2¢2 
A(@) = 2010g( 5 Re Gay) Tak + 20b08( y1+e cm) (7.26) 
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Fig. 7.19 Doubly resistively terminated LC ladder filters 


from which we get 


H2 


BUD) =a a on 
(1+ €2C2(Q)) 
10° [R = when N is odd 
where Hcho = Ah = | Rst Re (787) 
2 Rs oy é2 when N is even 


This expression of | H(j £2)| can be used in (7.5) to determine the necessary function 
p(s)p(—s): 


4Rs 772 
Ry, -*Cho 


1+ 22[C¥(Q)] gr. 


4Rs : 2 
p(s)p(-8)=1— FSG Opa =1 (7.28) 


The transfer function H(s) can also be determined from H(s)H(—s) = 
IH (J2)[20__ 2» as has been done in Sect. 2.3.2 of Chap. 2, to find 


H 
H(s)= ce 
e-2N-1. TTP 1 (s — sx) 
where sx = 04 + j 2x fork =1,2,...,N (7.29) 


_ (QN+2k-1)r\ , 1. fi 
o, = sin sinh sinh = 
2N N E 
2 2k—-1 1 1 
92k = cos Nes 2 cosh sinh! ( — 
2N N € 


The Chebyshev transfer function is an all-pole function, similar to the Butterworth 
transfer function. The only difference is that the Butterworth poles lie on a circle 
and the Chebyshev poles on an ellipse. Therefore, it should not be a surprise that 
when the input driving-point impedance Z;(s) is determined from p(s)o(—s) and 
synthesized, the resulting filter will have the ladder structure shown in Fig. 7.19. 


(7.30) 
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A(Q) AQ) 
dB dBi 
Asiobice ( ie) odd N Ao even N 
Ao A,-20log(\1+e”) 
0 ; Q 0 ; : Q 
(a) (b) 


Fig. 7.20 Typical Chebyshev attenuation plots: (a) N = odd. (b) N = even 


It is evident that due to this circuit topology, at 2 = 0 (DC) the plain gain is 
Rtg since the reactive part of the circuit becomes transparent for odd and even N 
and therefore, the corresponding effective attenuation at §2 = 0 is given by: 


— oO 


Rs +R 
(0) = 20103( Sas “) 


2/7 R5RzL 


Figure 7.20 shows the Chebyshev attenuation plot for an odd and an even order, 
namely for N =5 and N =4. 
The cutoff rate of the passive Chebyshev filters is 6N dB/octave and the 3-dB 


frequency is given by 
1 fl 
§23q¢R = cosh{ — cosh - (7.31) 
N é 


7.3.1 Even Order Passive Chebyshev Filters 


Effective attenuation A(2), as defined in (7.2), assumes by definition only non— 
negative values since the average power P2 dissipated on the load cannot exceed the 
maximum power Pmax delivered by the source. 

In odd order Chebyshev filters, where the attenuation is always above the non- 
negative value A, (see Fig. 7.20a), there are no restrictions on the ripple tolerance 
Amax aS opposed to even order Chebyshev filters, where some complications exist. 
When, for example, equal terminations Rs = R, are specified, then A, = 0 and an 
even order Chebyshev filter cannot exist since its passband attenuation would be 
below A, = 0, i.e. negative. This is better understood by reference to Fig. 7.20b or 
Fig. 7.18 with A, = 0. The conclusion is that it is not possible to design an even 
order passive Chebyshev filter with equal terminations. In case equal terminations 
are specified and order N is determined to be even, it should be increased to the 
next odd order N + 1. Alternatively, instead of increasing the order, the modified 
Chebyshev filter can be designed using the modified Chebyshev approximation of 
the next Sect. 7.3.2. 
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When unequal terminations Rs 4 Ry, are specified, i.e. A, > 0, and the order N 
is determined to be even, then, referring to Fig. 7.18 or Fig. 7.20b, it is clear that if 
the specified Amax < Aj then the filter can be directly designed with the determined 
even order N. If the filter must have exactly the specified passband ripple Ajax, this 
imposes a constraint on the value of Rs derived from Amax < Ao (Rx = | has been 
used): 


A < 201 stl i R2—2(2 10°10" -1)R +1>0 (7.32) 
; fe) : ; 
max S g 27 Rs s S ze 


This is only possible if Rs > Rs2 or Rs < Rs; where Rs; and Rs are the roots of 
R2 —2(2-10°% 


© —1)Rs +1=0: 


Amax Amax 


Amax =] 
Rsj =2-10°10 —1—2yV10710 (10 10 -)=R55 


(7.33) 


Ar Amax 


(10 1 —1)= Roy 


Amax 


Rs2 =2- 10°10 ~142y/10 


It is clear that for Rs; < Rs < Rs2 we have Ag < Amax. 
Equation (7.32) implies that for each value of Rs there is a maximum ripple 


value 20 log( vine. which can be realized by an even order passive Chebyshev 
L 


2/R 

filter and for each ripple value Amax there is a range Rs; < Rs < Rs2 for which it 
cannot be realized. Attenuation A, has been plotted as a function of Rg in Fig. 7.21. 
From Fig. 7.21a, we can see that the ripple Amax = 0.5 dB can only be achieved 
when Rs > R52 = 1.9841 or Rs < Rs; = 0.504, as determined from (7.33). This 
is the reason why in Chebyshev filter tables [12] with ripple 0.5 dB, the Rs value 
starts from 1.9841 for all even orders. If Amax = | is specified, then the filter can be 
directly designed only if Rs > Rs2 = 2.6597 or Rs < Rs; = 0.3760, as determined 
from (7.33). This is shown in Fig. 7.21b, and in this case, if Rs = 0.5 is specified, 
the passive filter with ripple exactly Amax = 1 dB cannot be directly designed with 
any even order NV. 

However, when for the specified Rs we have Rs; < Rs < Rs, the filter can 
still be directly designed with lower ripple A, = 20 log( i), determined by Rs, 
provided that the specified Amin is lower than the maximum Aj, jn which can be 
satisfied by a filter of order N and {Rs, Ry, = 1, S2s}. This value can be determined 
from the order equation (7.24) by setting Amax = Ao to find: 


Rs — 1)” 
Age 1otog( “Scr, Qs) + 1) (7.34) 


When Amin < Asx, the filter can be designed with ripple Ay < Amax using 


[Rs — RL | 
Eo = V 1040/10 — | = —" 7.35 
7 2/RsRzL ( ) 
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Ao(Rs) 
(dB) 


(a) 


Amax=0-5 


0.1 Rg] 1 Rs? 10 
0.5040 Rg 1.9841 


0.1 Rg] 0.5 1 Rg 10 
0.3760 Rs 2.6597 


Fig. 7.21 A, as a function of the normalized input termination R 


or lower using any value from the range 


V10Amin/10 — | [Rs — RL| 
Emin = ————__ © € § OS = £0 

C(N, 825) 2/7 Rs RL 
provided that émin < &>. Any value of ¢ from the above range leads to ripple less 
than the initially specified and the resulting filter meets stricter passband spec- 
ifications. More specifically, selecting the value ¢, the ripple will be from A, 
to zero, and selecting min, the ripple will be even smaller, namely from A, to 


(7.36) 


Ajo — 20log,/1+ oo In both cases, the stopband specifications are met. 


Example 7.7 Given the normalized specifications (Qc = 1 and Ry = 1) 


{Amax = 1, Amin = 30, 25 =2.2, Rs =0.5} 
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Fig. 7.22 The passband attenuation for the two boundary permitted values of the ripple factor 


the order is found N = 4 and 


Rs + Riz 0.5+1 
opis = Va abige (Ss a 
og( TE) oe ) Sane 


If we want the passband ripple to be exactly the specified Amax = | dB, then since 
Amax > Ao, the even order N = 4 must be increased to N = 5. Alternatively, the 
modified Chebyshev filter (see next section) must be designed with N = 4. However, 
since 


(Rs — Ry)? 


2. 
CeCpai 
ARsRL 4 aap ) 


CAQs)+ i) = oe 


Asmx = Lot0e( 
= 34.4727 


=> Amin = 30 < Asmx = 34.4727 


these designs can be avoided if we accept lower passband ripple, i.e. stricter speci- 
fications, using 


0.211157 = emin < € < &9 = 0.353553 


Figure 7.22 shows the passband attenuation for the two boundary permitted val- 
ues of the ripple factor and for the obviously not permitted value émax = 0.508847. 


Example 7.8 Given the normalized specifications (Qc = 1 and Ry = 1) 
{Amax = 1, Amin = 36, Qs = 2.2, Rs = 0.5} 


the order is found again N = 4 and 


A, = 201o sat) =2010 ( Cee ) <0s11525 <A a | 
Be IIRSRE)  OOSeL) vig = 
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Fig. 7.23 Passband response for some characteristic values of the ripple factor 


If we want the passband ripple to be exactly the specified Amax = | dB, then since 
Amax > Ao the even order N = 4 must be increased to N = 5. Alternatively, the 
modified Chebyshev filter can be designed with N = 4. 

For the stopband specifications Amin = 36 dB of this example, 


(Rs — Rx)? (“ —1)? 
5 


Asmx = L0t0g( ARsR_ 


> Asmx = 34.4727 < Amin = 36dB 


Cy (Qs) + i) = 10log C2 (2.2) + i) 


and the filter cannot be directly designed with lower passband ripple. This becomes 
obvious if we determine the boundary values of the ripple factor 


Emin = 0.421471 Eo = 0.353553 


where €min > €&0. Figure 7.23 shows the passband attenuation of the filter with 
N =4 for the characteristic values of eé. It is clear that for ¢ = €min = 0.421471 and 
€ = Emax = 0.508847 the attenuation assumes negative values for certain frequen- 
cies and, therefore, these values of ¢ cannot be used. For ¢ = é,, the passband speci- 
fications are met but the stopband specifications are violated. As a consequence, the 
filter cannot satisfy the specifications with N = 4. In this case, the order must be 
increased to N = 5 or the modified Chebyshev filter must be designed according to 
the next section. 


7.3.2. The Modified Chebyshev Approximation 


As we have seen, the value Cy (0) = C(N, 0) of the odd order Chebyshev polyno- 
mials Cy (92) = C(N, 82) at 82 = Dis equal to zero. When N is even, C(N, 0) = +1 
and this causes the design issue addressed in the previous section in even order pas- 
sive filters with Chebyshev response. A solution to the problem is to modify the 
Chebyshev polynomial [9] in such a way as to have zero value at zero frequency 
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Fig. 7.24 The Chebyshev (thin line) and modified Chebyshev (thick line) polynomials for N = 6 
and N =8 


while retaining the value | at £2 = 1. Such a modification can be accomplished by 
replacing 2 with 


ay = 211 — 22) +. 22 (7.37) 


where £2, is the lowest root of C(N, 82) given by 


N-1 
Qy = cos aN n) (7.38) 


This transformation moves the lower roots +{2, of the even order Chebyshev 
polynomial to zero. The modified Chebyshev polynomial is expressed as 


Cu (N, 2) = CN, 2y) (7.39) 


with a double root at §2 = 0, (N — 2)/2 positive roots and (N — 2)/2 negative roots. 
Two indicative plots of the modified Chebyshev polynomials are shown in Fig. 7.24 
for N =6and N=8. 

The modified Chebyshev approximation is defined as 


A(Q) = Ay + 20log ,/1 + e2C2,(N, @) (7.40) 


and a typical attenuation plot is shown in Fig. 7.25 for N = 6. It should be noted 
that the attenuation curve has N — | passband extrema, one less than the extrema of 
the non-modified Chebyshev attenuation. 
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dB 
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Fig. 7.25 The Chebyshev (thin line) and modified Chebyshev (thick line) attenuation plot for 
N=6 


The modified Chebyshev approximation can be used whenever an even order 
passive Chebyshev filter cannot be directly designed because the specified ripple 
Amax exceeds the value A, imposed by the terminations. However, it can be shown 
that this is only possible if 


where g = (7.41) 


Bet eee aL 
Cin(N, Qs) 10° —] 


This constraint, which is reported for the first time, is in fact the order inequality 
of the modified Chebyshev approximation and will be demonstrated in the next 
example. 


Example 7.9 Given the normalized specifications of Example 7.7 
{Amax = 1, Amin = 30, 25 =2.2, Rs =0.5} 
the order has been found N = 4 and 
Ao = 0.511525 <Amax=1 Emax = V100FAmax — 1 = 0.508847 


Moreover, the conclusion reached is that the filter can be designed with lower pass- 
band ripple satisfying stricter specifications. However, if the passband ripple must be 
exactly Amax = 1 dB, either the even order VN = 4 must be increased to N = 5 or the 
modified Chebyshev filter must be designed with N = 4 and ¢ = &max = 0.508847 
provided that condition (7.41) holds: 


Amax 1.0 
10°10 —1 101 —1 
&= Aa = 30 = 0.016099 
10-10 — 1 101 —1 
N-1 
2, = +cos( aN a) = 0.38268343 


320 7 Synthesis and Design of Passive Filters 


AQ 
Oo leer eee H.5115 


a ee “10,5115 
02 04 0.6 0.8 1 


Fig. 7.26 Attenuation plots of Example 7.9 


Cn (4, 2.2) = C(4, V2.22(1 — 0.382683432) + 0.382683432 = 113.16481517 


1 
___*__ = 9.00883667 < g = 0.016099 
C,, (4, 2.2) 7a 


Since condition (7.41) holds, the modified Chebyshev attenuation will not violate 
the stopband specifications. The attenuation in this case will be 


A(2) = Ay + 20log ,/ 1 + e?C2,(N, 2) 


which varies from A, to Ag + Amax aS Shown in Fig. 7.26. The attenuation at {25 = 
2.2 will be 35.2073 dB above Ap = 0.5115. 
If Amin = 36 dB had been specified, as in Example 7.8, then 


Amax 
10 


10 —1 
— = 0.0080657 
10710 — 1 1010 — | 


lee) 
II 
II 

us 

lo) 


and CEE = 0.00883667 > g = 0.0080657 which violates condition (7.41) and 
the modified Chebyshev attenuation cannot meet the stopband specifications. In- 
deed, in this case the attenuation at (25 = 2.2 will be again 35.2073 dB above A, = 
0.5115, violating the specifications which require Amin = 36 dB above A, = 0.5115 
and finally the only way to design a Chebyshev filter with the given specifications 
and Amin = 36 GB is to increase the order to N = 5. 
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7.3.3 The Synthesis of Passive Chebyshev Filters 


The goal of filter design is to determine the filter circuit structure and the values of 
all circuit elements. This can be done in various ways, the most general of which is 
synthesis. Given the normalized lowpass specifications, the order N of the Cheby- 
shev approximation and the filter can be determined from (7.24), taking into account 
Sect. 7.3.1 if N turns out to be even. The value of the ripple factor ¢ can, in general, 
be selected from (7.25), although special attention must be paid when N is even. 

Having WN and e¢, the reflection coefficient related function p(s)o(—s) can be 
determined from (7.28): 

a He ho 

1+ 22[C%(Q)] gr. 


4Rs . 2 
p(s)o(—s) =1— SIMU Qigo__a =! (7.42) 


from which p(s) can be separated, taking into account that p(s) and o(—s) have 
opposite poles and zeros and the poles of p(s) are located in the left half s-plane. 
For each expression of p(s), the input driving-point impedance of the terminated 
with Ry, = | reactive two-port can be determined from (7.3) or (7.4), repeated here 
for convenience: 


_ p l-ps) 
Zia(s) = Rs (7.43) 
or 
Fiske” (7.44) 
1— p(s) 


Z\(s) can finally be synthesized using sequential removals of poles at infinity to 
obtain a resistively terminated ladder LC circuit. The above outlined synthesis pro- 
cedure is identical to the procedure used in Butterworth filter synthesis and will be 
demonstrated by several examples. 


Example 7.10 Design a 2nd order normalized lowpass Chebyshev filter with 
Rs =0.5 Rup =1 Amax = 0.5 dB 


Attenuation A, is initially calculated: 


Rs + Ry 0.5+1 
A, =20l08( ==" | aa0ies| —" = — SoS ii5e5 
og( SE) o( :) 


Since the order N = 2 is even but Amax = 0.5 < Ag = 0.511525, the value of the 
ripple factor ¢ can be selected from €min < € < max. We select € = €max: 


2 0.5 


eer 101 — 1=0.12201845 


max — 


From (7.29), we get 


RL 1 
Here = —2— V1 4 2 = — 1 + 0.12201845 = 0.70616915 
eee ag 
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and since 
C2 (2) = 22? —1)* =424 - 42741 
we find 
4Rs 772 
p(s)o(-s) = 1 ET 
1+ €2[C2(Q)lg2__ 42 
0.99734974 


1 + 0.12201845[454 + 452 + 1] 


st +s? + 0.25543 
s+ + 52 +2.29887 


=> pls)p(—s)= 


The zeros of p(s)o(—s) are 


—0.051966 + j0.709014 and + 0.051966 + j0.709014 
and the poles 


—0.712812 + 71.004042 and +4 0.712812 + 71.004042 


Therefore, since the poles of p(s) must be in the left half s-plane, poles —0.712812+ 
j 1.004042 will be allocated to its denominator polynomial D,(s): 


Dp(s) = (s + 0.712812 — j 1.004042) (s + 0.712812 + j 1.004042) 
=> D,(s)=s* + 1.425624s + 1.516201285 


Zeros —0.051966 + j0.709014 or +0.051966 + 70.709014 can be allocated to the 
numerator N, of p(s). Allocating the left half s-plane zeros to N,, we get 


N,(s) = (s + 0.051966 — j0.709014)(s + 0.051966 + j0.709014) 
= 57 +0.10393s + 0.50540 


and finally 


Np(s) _ s*+0.103931s + 0.50540126 
D,(s) 5% +1.425624s + 1.516201285 


From (7.43) and (7.44) we find 


p(s)= 


1— p(s) 2.64345 + 2.0216 
Zia (s) = Rs = 2 
I+p(s) 852+ 6.11825 + 8.0864 
and 
1+p(s)  s*+0.76481s + 1.0108 
Zip(s) = Rs aa 


1—p(s)—:1.32176s + 1.0108 
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Fig. 7.28 Attenuation plots of the second order Chebyshev filter of Example 7.10 


Zia(s) has Zjq(0) = RY = 0.25 and cannot be used. Synthesis of Zp(s) (with 
Z1p(0) = Ry = 1) yields the filter shown in Fig. 7.27, the attenuation plots of which 
are shown in Fig. 7.28 

If the right half s-plane zeros of p(s)o(—s) are allocated to p(s), then: 


s* — 0.103931s + 0.50540126 
s* + 1.425624s + 1.516201285 


p(s)= 
For this expression of o(s), (7.43) and (7.44) give: 


0.38245 + 0.2527 s* + 0.66085 + 1.0108 
Zip(s) = 


Z = 
1a(s) s* + 0.66085 + 1.0108 1.5296s + 1.0108 


Again, since Z;,(0) = Ry = 1, synthesis of Z1,(s) is possible and leads to a ladder 
similar to that of Fig. 7.27 but with different element values. 
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Example 7.11 Design a normalized 3rd order lowpass Chebyshev filter with 
Ry, =1.0 Rs =2 Amax = 0.5 dB 


Attenuation A, is initially calculated: 


A, = 201 (SS) 201 (-) 0.511525 dB 
= 6) ——————————— ee I oO =U. 
. BONE Nor 


We will use € = max, which is found to be émax = 0.349311 = e% = 0.12201845. 
For 


Hope fe eee 
OMe Rah Sad L 
and 
C2 (2) = (423 — 32)? = 162° — 2424 +992? 
=> [C3(Q)]g2_.2 =—16s° — 2454 — 95? 

we find from (7.42): 

4Rs 77? 6 4 2 

R. {Cho s© + 1.554 + 0.562552 — 0.056913 

p(s)e(—s)=1 = 


14+ 22[C2(Q)]g2__.2 8° + 1.554 + 0.562552 — 0.51222 


The zeros of p(s)o(—s) are: 


0.286670 —0.143340 + j0.90090 +0.143340 + 0.90090 


The poles of p(s) o(—s) are: 


0.626457 —0.313228 + j 1.02193 +0.313228 + 7 1.02193 


The left half s-plane poles must be allocated to the denominator polynomial D,(s) 
of p(s), which becomes: 


Dp(s) = (s + 0.626457) (s + 0.313228 — j1.02193)(s + 0.313228 + 7 1.02193) 
=> D,(s)=(st+ 0.626457) (s? + 0.626457s + 1.14245) 


There are four possible combinations of zeros that can be allocated to o(s). In this 
example, we allocate —0.28667 and +0.14334 + 70.9009 to the numerator polyno- 
mial N,(s) of p(s) to obtain: 


N,(s) = (s + 0.28667) (s — 0.14334 — j0.9009)(s — 0.14334 + j0.9009) 
=> N,(s) =(s + 0.28667)(s7 — 0.28667s + 0.83218) 
= 53 +0.75s + 0.238565 
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Fig. 7.29 The normalized Rs=2 ty 
lowpass with N = 3 
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Fig. 7.30 Passband and full attenuation response of filter with N = 3 


Finally, for this choice of numerator zeros we get: 


Ny(s) s? + 0.75s + 0.23856 
D,(s) 83 + 1.25295? + 1.534895 + 0.71569 


p(s)= 


From (7.43)-(7.44), we find 


1— p(s) 1.25295? + 0.78495 + 0.47713 
Zia(S) = Rs = 3 2 

1+ p(s)  s3+0.62646s2 + 1.14245s + 0.47713 

1+p(s) s?+0.62646s? + 1.142455 + 0.47713 
Zip(s) = Rs = 


1—p(s)  ——- 0.313252 + 0.1962s + 0.1193 


Zip(S) is not useful since Z1,(0) = RS = 4. The input admittance Yig(s) = 
1/Zjq(s) with Yjq_(0) = | and a pole at infinity can be synthesized by sequential 
removals of such poles to derive the filter shown in Fig. 7.29. The attenuation plots 
of the filter are shown in Fig. 7.30. 


326 7 Synthesis and Design of Passive Filters 


Example 7.12 Design a passive lowpass filter with Chebyshev response from the 
following specifications 


Rs=600O0hm = =Rp=1.5kOhm = Amax =0.5dB ~~ Amin = 36 dB 
fo=2.0kHz  fs=4.6 kHz 


From the specifications, it is evident that 
@c = 272000 rad/s @s = 2774600 rad/s 
The specifications of the normalized filter are Amax =0.5 dB, Amin = 36 dB and 
Rs =0.4 Rr=1 2Qc=1 25 =2.3 


The decimal order Ng = 3.9927 is determined from (7.24) and the integer order is 
taken N = 4. According to Sect. 7.3.1, the realizability of the even order Chebyshev 
filter with unequal terminations depends initially on the relation of the specified 
Amax and Ao. 


Ao = 2010 sae) = 2010 a=) = 0.88136 a8 
OS eR RR) NTS) 


Since Amax = 0.5 < Ag = 0.88136, the filter can be realized with N = 4 and the 

value of the ripple factor ¢ can be selected from the range Emin < € < max. We select 

€ = €max and we find &max = V10°>/!0 — 1 = 0.34931 and ¢2,,, = 0.12201845. 
From (7.27), we find 


RL 1 
ese =e V1+0.12201845 = 0.75661 
eae ae 


and for CH), we have: 


C2 (2) = (8924 — 82? + 1)? = 64.28 — 128:2° + 80924 — 1627 +1 
=>  [CP(DQ]g2-_,2 = 645° + 1285° + 8054 + 1657 + 1 


Equation (7.28) gives: 


Rho _ 8 +256 + 1.2554 + 0.2557 + 0.02639 
1+ e2(C2(Qg2 2 58 +256 + 1.2554 + 0.2552 + 0.14368 


p(s)e(—s) = 1 


=S 


The poles and zeros of p(s)o(—s) are given below: 
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Poles of o(s)o(—s) 

—0.42334 — j0.42095 
—0.42334 + j0.42095 
—0.17535 — j 1.01625 
—0.17535 + j 1.01625 
+0.17535 — 7 1.01625 
+0.17535 + j 1.01625 
+0.42334 — 70.42095 
+0.42334 + j0.42095 
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Zeros of p(s)o(—s) 

—0.17564 — j0.38954 
—0.17564 + j0.38954 
—0.07275 — j0.94043 
—0.07275 + j0.94043 
+0.07275 — j0.94043 
+0.07275 + j0.94043 
+0.17564 — j0.38954 
+0.17564 + j0.38954 


Left half s-plane poles are allocated to o(s) and their opposites, located in the right 
half s-plane, to o(—s). After some manipulations, the corresponding denominator 
polynomial D,(s) of p(s) is found: 


Dp(s) =s4 + 1.197385? + 1.71685857 + 1.025449s + 0.379052217 


For the zeros of p(s), there are four possible choices: 


I: 
I: 
IL: 
IV: 


—0.17564 + j0.38954 
+0.17564 + j0.38954 
+0.17564 + j0.38954 
—0.17564 + j0.38954 


—0.07275 4 
+0.07275 4 
—0.07275 4 
+0.07275 4 


L [0.94043 
L [0.94043 
L [0.94043 
L [0.94043 


Using choice II, i.e. allocating the right half s-plane zeros to p(s), the numerator 
polynomial N,(s) of p(s) becomes 


N,p(s) =s* — 0.496785° + 1.123403215* — 0.339101s + 0.16245126 


and therefore, for this choice of numerator zeros: 


_ No(s) _ s4 = 0,49678s3 + 1.12340321s? — 0.339101s + 0.16245126 


p(s) 


~ D,(s) 84+ 1.19738s3 + 1.716858s2 + 1.025449s + 0.379052217 


The input impedance Zj(s) can now be determined from (7.4) 


to get 


Zip(s)=Rs 


1+ p(s) 
— p(s) 


0.854 + 0.2802453 + 1.1361045s2 + 0.2745391445s + 0.21660139 


Zi(s)= 


1.6941653 + 0.5934548s2 + 1.36455023s + 0.21660139 
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Fig. 7.31 Zeros combination II: (a) Normalized. (b) Denormalized 


Since Z;(s) has pole at infinity, it can be removed as a series inductor L; = 


ii = 0.4722104, leaving the remaining impedance 


0.49174965s2 + 0.1722579s + 0.2166 


Pes f= 
2s) = Z1(s) — sLi = 7 or 63 4 0,503454852 4 1.364555 40.2166 


Admittance Y2(s) = 1/Z2(s) will be used in order to continue removing poles at 
infinity: 


1.694165? + 0.5934548s7 + 1.364555 + 0.2166 


y = 
2(8) 0.49174965s2 +.0.1722579s + 0.2166 


Removing a shunt capacitor C2 = ais = 3.4452, the remaining admittance is 


0.618322s + 0.2166 


38) = Vals) ~— 8C2 = 0701749654652 4 0.17225795 + 0.2166 


and therefore: 


0.4917496546s7 + 0.1722579s + 0.2166 


Z3(s) = 


0.618322s + 0.2166 
From Z3(s), a series inductor L3 = pereareteaal = 0.7953 can be removed to leave 
0.2166 
Z =7 L3= 
a(s) = 238) — sls = 5 eia399,5 4 0.2166 
0.618322s + 0.2166 
Y. = = 2.85465 1 
mt 0.2166 sa 


This represents a shunt capacitor C4 = 2.85465 in parallel with a resistor Ry = 1. 
The final normalized circuit is shown in Fig. 7.3 1a. 
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6002 ay ia 
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C2 


105.475nF 


G 15002 


62.628nF 
Fig. 7.32 Zeros combination I: (a) Normalized. (b) Denormalized 


The normalized element values can now be denormalized using wc = 27 
2000 rad/s and Ry = 1500 Ohm to finally get the circuit shown in Fig. 7.31b with 


L; = 56.36 mH C2 = 182.77 nF L3 = 94.93 mH C4 = 151.45 nF 


If choice I had been preferred for the zeros of p(s), i.e. if the left half s-plane zeros 
had been allocated to p(s), the resulting normalized filter would have been that of 
Fig. 7.32a with 


L, = 1.14189 C2 = 1.9882 L3 = 1.37807 C4 = 1.80511 
The denormalized filter with 
L, = 136.3 mH C2 = 105.48 nF L3 = 164.5 mH C4 = 62.63 nF 


is shown in Fig. 7.32b. Both denormalized filters will have the same attenuation 
shown in Fig. 7.33. 


The Chebyshev approximation, as an all-pole approximation, leads to passive 
ladder structures with inductors in the series an capacitors in the shunt arms. The 
synthesis procedure reveals the values of the passive elements. However, in the equal 
terminations case, the values 7; of the elements can be calculated from the following 
recursive formulas: 

_ Aak-1 
by Tk-1 


. (Qk-1)r . 
ay = sin{ ————— ]} withaj=1 
2N 


by = y* + sin? (kat /N) with by = 2 


: 1 1QAmax/20 + 1 
y = sinh aN In [0Ann/20 4 1 (7.45) 


Tk with 79 = y andk=1,2,...,N 
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Fig. 7.33 Attenuation plot of the denormalized filter 


7.3.3.1 Determination of the Element Values by Analysis 

The order N of a lowpass Chebyshev filter and the ripple factor ¢ can be determined 
directly from the specifications. For low order filters, the synthesis procedure can be 
avoided by exploiting its conclusions, i.e. that the normalized filter will be a ladder 
with N lossless elements, inductors in the series and capacitors in the shunt arms, 
terminated by R; = 1. 

Therefore, after determining the order, we know the structure of the filter cir- 
cuit, and its voltage transfer function and attenuation function can be determined by 
analysis. By equating the so determined attenuation function with the corresponding 
Chebyshev attenuation function, the element values can be determined by solving 
the system of equations which emerges from coefficient matching. This method has 
been presented in Sect. 7.2.1 for the Butterworth case and will be demonstrated in 
the Chebyshev case by an example. 


Example 7.13 Design a passive lowpass filter with Chebyshev response from the 
following specifications: 


Rs =R,=1.5kOhm = Amax =0.5dB Amin = 25 dB 
fo=1.0kHz fs=4.0kHz 
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Rs=1 ij is 

(a) C2 Ryp=1 
Rs=1 is 

(b) C7 C3 Ryp=l 
Rs=IKQ ie 


R,=1KQ 


Fig. 7.34 (a) Normalized. (b) Normalized. (c) Denormalized 


From the specifications, it is evident that 
@c = 271000 rad/s @s = 2774000 rad/s 


The specifications of the normalized filter are Amax = 0.5 dB, Amin = 25 dB and 


The decimal order Ng = 2.2397 is determined from (7.24) and the integer order is 
taken N = 3. Therefore, the normalized filter will be that of Fig. 7.34a or b. The 
transfer function of the filter of Fig. 7.34b can be determined by analysis: 

V2(s) 1 

E(s) — CyL2C3s3 + Lo(Cy + C3)s2 + (C1 + Lz + C3)s +2 


lA cire(i2)I? 


Hcirc(s) = 


1 
[2 — L2(Cy + C3) 22]? + Q2[Cy + Lo + C3 — C1) 120327]? 
1 
~~ CPL3C3.26 + Lo[L2(Cy + C3)? — 2C1C3 (Cy + Lz + C3))24 + (Cy + C3 — L2)?22 44 


From (7.27), with N = 3 we find 


RL 1 


= =0.5 
Rs+Rr 141 


Hecho = 


and since 


C3(@) = (427 — 32) = 162° — 24.2% +992? 
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we find 


H2 
|H(j 2)? = ~— 
1+ 62C2(Q) 


1 1 
~ A+ 4e2(1626 — 2424 4922) 646226 — 966224 + 366222 +4 


In order to have 
|Hcire(j2)|? = |H(2)/ 


the coefficients of the two denominator polynomials must be equal, and therefore: 


CiL2C3=8e = L3 (C1 + C3)* — 2CL2C3(C1 + Lz + C3) = — 96” 
C, + C3 — Lo = 6€ 
The ripple factor ¢ can be selected from the range €min < € < &max. If we select 
€ = Emax = 0.34931, solving the above system of equations, we get the element 
values of the normalized filter: 


C; =C3=1.5962 and L z= 1.0967 


The element values are finally denormalized for wc = 271000 rad/s and Ry = 
1.0 kOhm to find: 


Cy =C3=254nF and L2,=174.5 mH 


The final denormalized filter is shown in Fig. 7.34c. 


7.4 The Pascal Approximation in Passive Filter Design 
Given the normalized specifications 
{Amax, Amin, 8&5, Rs} (8c =1 and Rz = 1) 
of a passive lowpass filter we are looking for an effective attenuation function A({2), 
the plot of which does not enter the shaded area of Fig. 7.35, where Ax is the 


minimum attenuation that is achieved by the filter. A({2) is related to the magnitude 
of the voltage transfer function H(s) of the filter to be designed by the following 


relationship: 
1 /Rz 1 
A(Q2) = 20log{ =, / — ———_ 
2\ Rs |H(j2)| 
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Fig. 7.35 Attenuation A(Q) 
specifications of passive dB 
lowpass filters 


As with all other approximations, our final goal is to determine the input 
driving-point impedance Z (s) of Fig. 7.1 from the reflection coefficient expres- 
sion p(s)p(—s), which is directly related to the magnitude of the transfer function 
H(s) via (7.5), 1.e.: 


4Rs . 2 
p(s)p(—s) = 1— BR, EG Mg2—-92 


The effective attenuation function of the Pascal approximation is defined as 


AlMaAee 2010 (1 + 22P2(N, 2)) (7.46) 


where 

— N is the integer order of the approximation. 

— iis the ripple factor, a design parameter which depends on the specifications and 
has been thoroughly examined in Sect. 2.4.1. Its boundary values have been given 
in (2.86). 

— Pp(N, £2) is the filter-appropriate Pascal polynomial of order N, as defined in 
(2.69) and (2.71) of Sect. 2.4 in Chap. 2. 

— Ax is the minimum passband attenuation given by 


(7.47) 


Ao for N odd 
Axk= 
A, —6A_ for N even 


The quantity 


5A = 20log ,/ 1 + 42P2(N, 0) (7.48) 


is zero when N is odd, since Pe (N, 0) = 0, and assumes a very low value when 
N is even, since fae (N, 0) is very low. In passive filter design using the Pascal 
approximation, the value Pp(N, 0) of the filter-appropriate polynomial Pp (£2) 
at §2 = 0 is crucial and is given by (2.75). It is also tabulated in Table 2.6. The 
absolute value |Pp(N, 0)| is very small as compared to | Pmax|. 
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Fig. 7.36 Pascal passband attenuation ripple (a) odd N (b) even N 


— Aj, is the attenuation before the filter is inserted between source and load 
(see (6.29)) and is given by 

Rs + Rx 

Ao = 20log| —————. 

(3 ae) 


The Pascal passband attenuation, as defined in (7.46), varies as follows: 
— From A, to Ay +20log 1 + A? P2,, when N is odd. This is shown in Fig. 7.36a. 
— From A, — 6A to Ay — 5A + 20log 1 + A? P2,, when N is even. This is shown 
in Fig. 7.36b. 
It should be remembered that the quantity Pmax depends only on the order N and 
can be taken from Table 2.4 of Sect. 2.4. 
Due to the ability of the Pascal attenuation function to assume values lower than 
A, when N is even, plain gain specifications are related to effective parameters 
specifications in a similar way to the Chebyshev case as follows: 


Amax Amin 


Hc = H,- 107 20 Hs = H,-10— 20 
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Ri 
wise Hypa tPett wy for N odd 7.49) 
R Rt_1020 for N even 
SHR 


From the above analysis, and in view of Fig. 7.36, it becomes evident that 
20log /1 + Nes oe can be at most equal to Amax, from which the maximum value 
of the ripple factor 4 is derived: 


= ion 4 
2log,/1+A2P2,.<Amx © A< nT ne (7.50) 
max 


This maximum value of the ripple factor has been also found in Sect. 2.4.1. 
The Pascal attenuation function A(S2) is monotonically increasing for 82 > | and 
therefore the stopband specifications are met if 


A(@s)> Ax + Amin <> 20logy/1-+22P3(N, Qs) = Amin 
from which, setting 4 = Amax, we get the order inequality: 


Amax 


10°10 —1 
23>. |— a, <1 (7.51) 


10°10 —1 


| Pp(N, 1) 
PDN, &s) 


| Pmax 
PD(N, Qs) 


This is the same inequality found in Sect. 2.4.2 and, as explained there, cannot 
be analytically solved for N, and the order is determined from the nomograph of 
Fig. 2.43. The usage of the nomograph has also been presented in Sect. 2.4.2. Having 
the order N, the lower boundary value of the ripple factor can be determined and 
finally 2 can be selected from the range of (2.86), repeated here for convenience: 


Amin Amax 
10710 —1 V¥10-10 —1 
< Se 


min SAX max = 


——________ =} 
|PD(N, 25)| | Pmax | 


(7.52) 


The value of |Pmax| = |Pp(N, 1)| depends only on N and can be taken from Ta- 
ble 2.4 of Sect. 2.4. 

For any value of the ripple factor A within this range, a Pascal filter can be de- 
signed, the attenuation of which will satisfy the specifications in a different manner. 
For A = Amax, the passband attenuation fully covers the specified passband tolerance 
Amax and A({25) is better (higher) than the specified. For A = Amin, A(2g) satisfies 
the specified lower stopband attenuation in an exact manner, while the passband at- 
tenuation ripple is lower than the specified. Details can be found in Sect. 2.4.1 of 
Chap. 2. 

In order for the filter to have Pascal attenuation, its corresponding circuit function 
must be made equal to the attenuation of the Pascal approximation i.e.: 


AQ) = 20t0g( 5 apa = Ax + 2010g( s/t +22 PR W. 2) (7.53) 
2) Rs |HG2)| 
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Fig. 7.37 Doubly resistively terminated LC ladder filters 


From (7.53), we get 


H2 
la#Ga2)P= se 
(1+ Aa*P5(N, 2)) 


Ry 
Rs + Ri 


Ri 2 aA 
= 1010 (7.54) 


2 
where Hp, = ( ) (1 +4*P3(N, 0)) 


Rs + Ri 


It should be remembered that when N is odd, Pp(N, 0) = 0 and 6A = 0. The above 
expression of |H(j 2)|? can be used in Feldtkeller’s equation (7.5) to determine the 
necessary function p(s)p(—s): 

“Ry ~~ Po 
14+ 22[P2(N, 2) e292 


4Rs H2 
(7.55) 


4Rs . 2 
p(s)p(-s)=1— SS |HG Diao =I 


The transfer function H(s) can be determined from 


H(s)H(-s) =|H(j2)|5o_ 


ag? 


as has been done in Sect. 2.4.3. The Pascal transfer function is an all-pole function, 
as in the Butterworth and Chebyshev cases, and therefore it is not surprising that 
when the input driving-point impedance Z(s) is determined from e(s) and properly 
synthesized, the resulting filter will have a ladder structure terminated by Ry, as 
shown in Fig. 7.37. 

It is evident that due to this circuit topology, the plain gain at 2 = 0 (DC) is 
_*i _. since the reactive part of the circuit becomes transparent for odd and even 


Rs+Rz 
N and therefore the corresponding effective attenuation at 2 = 0 is given by 


oe 
—. oO 


SAL 


which is in accordance with Fig. 7.36. 
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Example 7.14 Design a passive lowpass filter with Pascal response from the follow- 


ing normalized specifications: 


Amax = 1.25 dB Amin = 36 dB Rs =0.6 Rp=1 


Qoe=l1 25 =2.0 
We first calculate 


10° — 
———— = 40.7677 (see (2.88)) 


Amax 
“TO 


1 
HP= 2010e(—) = 20 log 
& 


The order is then determined from the order nomograph of Fig. 2.43 with HP = 
40.7677 and S25 = 2. We find N = 5. 
For N = 5, polynomial Pp(5, S2) is given in Table 2.7 


Pp (5, 2) = —0.3561622° + 0.3965392? — 0.070639s 
=> P25, 2)|g2—_ 42 =0.1268515!° + 0.28246458 + 0.2075610s° 
+ 0.0560222s* + 0.004999? 


From (7.55) 


4Rs Hb, 
Ri 1+)? P34, Q)[25__ 


4Rs . 2 
p(s)p(—s) = 1— BR, FU Mlg2—-92 =1 


Using 4 = Amax = 19.083814 from (7.52), we find 


46.19825s!9 + 102.8712158 + 75.59206s° + 20.40285s* + 1.81727s2 — 0.0625 
46.19825s!0 + 102.87121s8 + 75.59206s° + 20.40285s4 + 1.817275? — 1 


p(s)p(—s) = 


The poles and zeros of o(s)o(—s) are determined using a mathematical software 


package and are given below: 
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Poles of o(s)o(—s) 
—0.383466 

—0.286033 + j0.558421 
—0.286033 — j0.558421 
—0.094300 + j0.982732 
—0.094300 — j0.982732 
+0.094300 + j0.982732 
+0.094300 — 0.982732 
+0.286033 + j0.558421 
+0.286033 — j0.558421 
+0.383466 
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Zeros of p(s)o(—s) 
—0.161329 

—0.110689 — j0.491241 
—0.110689 + 0.491241 
—0.030024 — j0.947743 
—0.030024 + j0.947743 
+0.030024 + j0.947743 
+0.030024 — j0.947743 
+0.110689 + 70.491241 
+0.110689 — 0.491241 
+0.161329 


Left half s-plane poles are allocated to p(s) and their opposite, located in the 
right half s-plane, to o(—s). The corresponding denominator polynomial D,(s) of 
p(s) is determined as 


Dp(s) = 5° + 1.144132s* + 1.767885s° + 1.1978797s? + 0.625949s + 0.147125 


For the zeros of p(s), there are eight possible choices. Allocating, for example, the 
left half s-plane zeros to p(s), the numerator polynomial N,p(s) of p(s) becomes 


Np(s) =s> +0.442755s* + 1.211383? + 0.402378" + 0.262557s + 0.036781 


and therefore, for this choice of zeros, we have: 
= N p (s) 
D p (s) 


_ s° + 0.442755s4 + 1.211383s? + 0.4023785? + 0.262557s + 0.036781 
~ s+ 114413254 + 1.767885s> + 1.19787975? + 0.625949s + 0.147125 


p(s) 


The input impedance Z,(s) can be determined from (7.3) or (7.4). The first gives 
Ziq(s) with Z,,(0) = Ry = 0.36, which is not useful. In this case, either (7.4) must 
be used to determine Z1,(s), or it can be determined from Z1g(s)Z1p(s) = Ry = 
0.36. In any case, we find: 


Z1p(5) 
_ 6.0s° + 4.76066 154 + 8.937805s* + 4.8007735* + 2.665519s + 0.551719 
~——--3,506885s4 + 2.782506s3 + 3.977509s? + 1.816958s + 0.551719 


Z1(s) = Z1p(s) has a pole at infinity and it can be removed as a series induc- 
tor Ly = 6.0/3.506885 = 1.710920, leaving the remaining impedance Z2(s) = 
Z\(s) — sL,. The synthesis continues by removing the pole at infinity of Y2(s) as a 
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Fig. 7.38 Circuit and attenuation plots of Example 7.14 


shunt capacitor Cz = 1.644423 and so on. The final normalized circuit is shown in 
Fig. 7.38, together with the attenuation plots. 


7.4.1. Even Order Passive Pascal Filters 


As in the Chebyshev case, the specified normalized terminations Rs and Ry, = | de- 
termine the effective attenuation A, of the passive filter at zero frequency according 
to (6.29): 


(7.56) 


Re aR 
y= 2log( 7 ) 


2/7 RiRs 
Effective attenuation A(S2) assumes by definition only non-negative values. In odd 


order Pascal filters, where due to (7.46)-(7.47) the attenuation is always above the 
non-negative value Aj, there are no restrictions on the value of the specified pass- 
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band ripple Amax. In even order Pascal filters, the passband attenuation varies from 
Ag — 5A to Ag — 5A + Amax, Where from (7.48) we have: 


SA= 200g TH PHN. = 2008 1+ 10? Ms — 128 Pa oa (7.57) 
Pais 


For the passband attenuation to be non-negative, 6A can be at most equal to Apo. 
Since A, depends only on the terminations, for each value of Rs there is amaximum 
ripple which can be realized by an even order passive Pascal filter, and for each 
ripple value Ajax there is a range Rs; < Rs < Rg2 for which it cannot be realized. 
This range is determined by finding the roots Rs; and Rs of the equation 


P5(N,0)_ Rs +1 
Fai 2/Rs 


P?(N, 0) Amex 
Reig 27 an 10 10 - (7.58) 
PB ax (N) 


2 
eae ea] of _ fis PRIN, © (0m - :) 
Prax (N) Poax(N) 


The maximum ripple Amaxo that can be realized by an even order N passive 
Pascal filter is a function of Rs and can be determined by a setting 6A = A, to find: 


iA=A, S&S yer 1) 


(Rs ~ 1)? P2.x(N) 
4Rs P3(N, 0) 


Amaxo(Rs) = 20 lon + (7.59) 


In Fig. 7.39, Amaxo has been plotted as a function of Rs. From Fig. 7.39a, it 
is clear that ripple Amax = 0.5 dB can only be achieved when Rs > Rs2 = 1.1563 
or Rs < Rs; = 0.8649, determined from (7.58). If Amax = 1 is specified, then the 
filter is realizable only if Rs > Rs2 = 1.2353 or Rs < Rs; = 0.8095 determined 
from (7.58). This is shown in Fig. 7.39b, and in this case, if Rs = 0.5 is specified, 
the Pascal passive filter with ripple exactly Amax = 0.5 dB can be directly designed, 
as opposed to the Chebyshev case (see Fig. 7.21). 

It can be shown that even when for the specified Rs we have Rs; < Rs < R52 
(or equivalently Amax > Amaxo(Rs)), the filter can still be directly designed with 
lower ripple Amaxo given by (7.59), provided that the specified Amin is lower than 
the maximum stopband specification As, which can be satisfied by a Pascal filter 
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Amaxo(R) 
(dB) 


1.5 


0.5 Rs] 1 Rs 1.5 
0.8095 1.2353 


Fig. 7.39 Amaxo as a function of the input termination R 


of order N and {Rs5, Ry = 1, 2s}. The value of As, can be determined from the 
order inequality (7.51) with Amax = Amaxo: 


- -—1 


| Pax 
Pp(N, Qs) 


10°10 —1 


(Rs — 1)? P2(N, 2s) 2: : 
4Rs P35, (N, 0) 


& Asm = L0t0g( (7.60) 


Finally, the even order N passive Pascal filter cannot be directly designed with 
the specified ripple Amax in the following two cases: 
i. Rs = Ri @ Ao =0 
ti. Rs A R_ } Ay > O and 


bA>Anp & Rsi< Rs <Rs2 


(Rs—Rt)? Pe 


max 


4RsR_ P3(N,0) 


<>  Amax > eg, 
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The filter can, however, be directly designed even if Rs; < Rs < Rs2, with lower 
ripple given by 


(Rs— Rr)? P32 
101 1<A 
ce 4RsR. P2 (N,0) +1 < Amax 


provided that for the specified Amin and 25: 


(Rs — Ry)? Pp(N, &s) : 
4RsRi_ —-P3,(N, 0) 


Ae Lo10g( (7.61) 


Example 7.15. Given the normalized specifications 
{Qc =1, Rp =1, Ama =1, Amin = 30, 825 =2.2, Rs =0.5} 


of Example 7.7, the order is determined from the nomograph of Fig. 2.43 using 
H P(1.0, 30) = 35.86 and 925 = 2.2: N=4— Pp(4, 0) = 0.0234375 (taken from 
Table 2.6) and Pmax = —0.04166667 from Table 2.4. Now 6A can be calculated 
from (7.57): 


5A =20 log y/1 + 22,,,P2(N, 0) = 0.341974 


A, = 016 sare) = 2010 Oat) = 0.511525 > 8 = 0.341974 
NS ene) Nay _— 


and therefore the filter can be directly designed for any value of 4 in the 
range 5.635663 = Amin < A < Amax = 12.212331 given in (7.52). If A = Amax = 
12.212331 is used, the input impedance Z;(s) is found to be: 


s* + 0.6844354253 + 1.2459943952 + 0.52444123s + 0.19199176 


Z = 
Gs) 0.76631472s3 + 0.52449295s? + 0.64815469s + 0.19199176 


with pole at infinity. Z;(s) can be synthesized using sequential removals of poles 
at infinity to yield the passive Pascal filter of Fig. 7.40a, which is shown with the 
corresponding attenuation plots. It should be noted that this filter could not be di- 
rectly designed with Chebyshev response and ripple exactly Amax = | dB (see Ex- 
ample 7.7). 


Example 7.16 Given the same normalized (2c = 1 and Ry, = 1) specifications of 
Examples 7.7 and 7.15 but with Amin = 36, i.e. 


{Aviom |, Agi, 36, Opa 9D, Roa 05) 


the order is found again N = 4 from the nomograph (H P (1.0, 36) = 41.87) and 
nothing changes for the quantities calculated in Example 7.15: 


Pp(4, 0) = 0.0234375 Pmax = —0.04166667 5A =0.341974 and 
Ag = 0.511525 > 5A = 0.341974 
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1.30495 
C2 
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1.5 1. 


Fig. 7.40 Pascal passive filter and attenuation plots. (a) Examples 7.15 and 7.16. (b) Example 7.17 


Therefore, the filter can still be designed for any value of A in the range 11.248839 = 
Amin < A < Amax = 12.212331. Selecting 4 = Amax, the passive Pascal filter will 
be that of Example 7.15, shown in Fig. 7.40a with the corresponding attenuation 
plots. It should be emphasized that the specifications of this example with Amax = | 
and Amin = 36 dB cannot be met by a passive Chebyshev filter with N = 4 (refer 
to Example 7.8) and either the order must be increased to N = 5 or the modified 
Chebyshev filter must be designed. 


Example 7.17 Given the normalized specifications ((2¢ = 1 and R; = 1) 
{Amax = 2; Amin = 36, Qs = 2:2; Rs = 0.5} 


the order of the Pascal approximation is found again N = 4 (from the nomo- 
graph with H P(2.0, 36) = 38.3). In this case, we find A, = 0.511525 and 6A = 
0.73742 > Ao. 

The condition 6A > A, is equivalent to having the value of the specified Rs = 
0.5 between Rs; = 2.306744 and Rs2 = 0.433511, as determined from (7.58), 
which is true, and therefore the passive Pascal filter cannot be directly designed 
with Amax = 2. The maximum ripple which can be realized with Rs = 0.5 is Amaxo 
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given by (7.59): 


(0.5 — 1)20.0416672 
40.5 - 0.0234382 


Amaxo = Lotoe( + i) = 1.445934 dB 
and the design of the filter depends on whether Amin = 36 < Asm x. From (7.60), 
we find Asmx = 38.5482 > Amin = 36 and therefore the filter can be designed with 
ripple 

1.445934 


1 
Amaxo = 1.445934 => Amax = ——y 10° 10 — 1 = 15.084943 


| Pmax| 


The input impedance Zj(s) is found to be: 


s* + 0.46826645s? + 1.1578503852 + 0.355659 16s + 0.15840908 
0.9365329s3 + 0.43812045s2 + 0.71131833s + 0.15840908 


Z1(s)= 


Synthesis of Z1(s) by sequential removals of poles at infinity leads to the filter of 
Fig. 7.40b which also shows the corresponding attenuation curves. 


As we have seen, in both Chebyshev and Pascal passive filter design, when Rs = 
Ry, (Ao = 0), no even order N passive filter can be directly designed and either 
N must be increased to the next odd order N + 1 or the modified filter must be 
designed. When Rs 4 Ry, (A, > 0), then the even order filter cannot be directly 
designed with the specified ripple Amax as follows: 

A. In Chebyshev approximation when 


Rs + Ri 


Amax > Ap = 20log{ —————- 
ial (cae 


) S Rs < Rs < R52 


B. In Pascal approximation 


bA>Ag & Rs < Rs < R52 


Rs—R,) P2 
(Rs ~ Ru) —™X_4+41 (7.62) 
4RsR, P2(N, 0) 


<> Amax > 100g 


In Fig. 7.41, the dotted curves are the plots of the order independent Rs; and 
Rsz of (7.33) as functions of the ripple Amax in the Chebyshev case. For each value 
of Amax. the dotted curves specify the range of the non-permitted values of Rs. If, 
for example, Amax = 0.5, then the filter cannot be directly designed with Rs = 1.2 
since 0.5040 < Rs < 1.9841. The width of the range of non-permitted Rs values is 
for all orders 1.4801. 

The solid curves in Fig. 7.41 are the corresponding Pascal plots of the order 
dependent Rs; and Rs of (7.58) as functions of the ripple Amax for N = 6 and 
N =8. The solid curves specify the range of the non permitted values of Rs for 
each value of Amax. If, for example, Amax = 0.5 and N = 6, then the filter can be 
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Fig. 7.41 Comparison of Chebyshev and Pascal conditions for direct design 


directly designed with Rs = 1.2 since the value 1.2 is outside the range 0.8649 < 
Rs < 1.1563 of width 0.2914, which is less than 20% of the corresponding width 
of the Chebyshev case. For N = 8, the range of the non-permitted values of Rs is 
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Fig. 7.42 Passive Pascal filters: Width of non-permitted values of Rs as a function of the order N 


0.9541 < Rs < 1.04808 of width 0.094, which is 6.35% of the corresponding width 
of the Chebyshev case. The width AR = | Rs — Rs2| is a monotonically decreasing 
function of N and for Amax = 0.5 dB and N = 16 is AR = 0.0006, 1.e. 0.04% of 
the Chebyshev case. Fig. 7.42 shows AR as a function of N and for Amin = 0.5. 
The plot does not change much for other values of Amax. 

It is evident that passive even order Pascal filter design is less restricted as far 
as the even order issue is concerned and therefore, in this respect, Pascal filters are 
superior to their Chebyshev counterparts. In fact, there are specifications which can 
be met by a directly designed Pascal filter of even order N which cannot be met by 
a directly designed Chebyshev filter of the same order. 

As we have seen, if the value of Rg is in the non-permitted range, even order 
Chebyshev filters can be directly designed with ripple A,, lower than the specified 
Amax, provided that for the rest of the specifications, Amin and (25, we have Amin < 
Asmx Of (7.34): 


(Rs — 1) 


2 
Asns = 101og( ve cN,.25) +1) 


The corresponding condition to design the even order Pascal filter with lower ripple 
Amaxo Of (7.59) is given in (7.60): 


(Rs — 1)? P2(N, Qs) ') 


Asmx = L0t0g( 4Rs PRN, 0) 


The two relationships for As, for the two cases are similar, with the only dif- 
ference being that instead of C 2(N, Qs) of the Chebyshev case, in the Pascal case 


2 _ PRIN2s) _ 2 _ M3(N,@s) 
we have Mz(N, 85) = P2(N.0) > C*(N, Qs). The ratio Gines 


Fig. 7.43 for N = 4 — 8. Since this ratio is always much higher than unity, espe- 
cially for high orders, As, is higher in the Pascal case and condition Amin < Asmx 
is less restricting. This is one more advantage of even order Pascal filters over even 
order Chebyshev filters. 


is plotted in 
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Fig. 7.43 Ratio 


Example 7.18 Given the normalized specifications (R; = 1, 2c = 1) 
Rs =1.2 Amax = 0.5 dB Amin = 48 dB 25 =2 


in the Pascal case, we find from the nomograph with H P(0.5, 48) = 57.14, N =6. 
From the Chebyshev order equation we also find N = 6. However, since Amax = 
0.5 > A, = 0.0360 the filter cannot be directly designed with the Chebyshev ap- 
proximation. This is also clear from Fig. 7.41 since Rs = 1.2 is in the non-permitted 
range. From the same figure, we see that in the Pascal case, the value Rs = 1.2 
is in the permitted range and therefore the filter can be directly designed using 
the Pascal approximation. This could also have been ascertained by checking if 
5A < Ay = 0.0360. From (7.57) with A = Amax = 14.88112, we find 6A = 0.022869 
and therefore 6A = 0.022869 < A, = 0.0360 and the filter can be directly designed. 
Indeed, following the synthesis procedure we find one expression for the input ad- 
mittance: 


© 4+. 0.961687s> + 1.9934485* + 1.3641185° + 1.026960s2 + 0.382167s + 0.0836313 


Yi(s)= 
13) 0.843297s5 + 0.810985s4 + 1.293164s53 + 0.777314s2 + 0.394837 + 0.0836313 


Y1(s) has a pole at infinity which can be removed as a shunt capacitor Cy = 
1/0.843297 = 1.185822. Continuing the synthesis with the inverse of the remaining 
admittance, we find the second element, which is a series inductor Lz = 1.833322 
and so on until we find all six elements. The filter with its attenuation curves is 
shown in Fig. 7.44. 


The Chebyshev approximation leads to equiripple passband attenuation and to 
the lowest order, as compared to all other all-pole approximations. The Pascal all- 
pole approximation leads to passband attenuation with increasing ripple. The order, 
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Fig. 7.44 6th order Pascal filter of Example 6: Rs = 1.2, Amax = 0.5 


as determined from the specifications, is in most cases equal to that of the Chebyshev 
approximation determined from the same specifications [5]. 

Both Pascal and Chebyshev approximations present similar difficulties in the de- 
sign of even order passive filters and the exact conditions under which even or- 
der passive filters cannot be directly designed have been set for both approxima- 
tions. Namely, even order passive Chebyshev filters cannot be directly designed if 
Amax > Ag, a condition which corresponds to a wide range of non-permitted values 
of Rs according to (7.33). Two indicative plots are shown with the dotted curves in 
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Fig. 7.41. The width of this range is the same for all even orders and is an increasing 
function of the specified Amax. The term direct design has been used to imply that 
the even order passive filter can be synthesized using the straightforward methods 
without recourse to the modified filter or the increase of the order to the next odd 
order. 

The conditions under which passive even order Pascal filters cannot be directly 
designed have also been set and found less restricting as compared to the corre- 
sponding conditions of the Chebyshev case. Even order passive Pascal filters cannot 
be directly designed if 6A > Aj, which corresponds to a range of non-permitted 
values of Rs according to (7.58). Two indicative plots are shown with the solid 
curves in Fig. 7.41. The width of the non-permitted values of Rs in the Pascal case 
is much lower than the corresponding range in the Chebyshev case due to the fact 
that according to (7.57), 5A(Amax) < Amax- Moreover, for a given Amax, this width 
decreases as the even order increases, in contrast to the Chebyshev case where it is 
order independent. 

As a result, there are specifications which can be directly satisfied by even order 
passive Pascal filters but cannot be met by directly designed even order passive 
Chebyshev filters of the same or higher even order. This superiority of Pascal filters 
in the design of even order passive filters has been shown theoretically and has been 
demonstrated by several design examples. 


7.4.2. The Modified Pascal Approximation 


As we have seen, the value Pp(N, 0) of odd order Pascal polynomials Pp(N, £2) at 
92 = 0 is equal to zero. When WN is even, Pp(N, 0) 4 0 and this causes the design 
issue addressed in the previous section. A solution to the problem is to modify the 
Pascal polynomial Pp(N, $2) in such a way as to have zero value at zero frequency 
while retaining the value Pmax at §2 = 1. Such a modification, which is analogous to 
the modification of the Chebyshev polynomial of Sect. 7.3.2, can be accomplished 
by replacing §2 with 


Qy = 21 ~ 22) +22 (7.63) 


where £2, is the lowest root of Pp(N, S2) given by 


1 1 
Q, = +— | ——_ 7.64 
= (am) ( ) 


This transformation moves the lower roots +2, of the even order Pascal polynomial 
to zero. The modified Pascal polynomial is expressed as 


Pom(N, 82) = Pp(N, 2y) (7.65) 


with a double root at 22 = 0, (N — 2)/2 positive roots and (N — 2)/2 negative roots. 
Two indicative plots of the modified Pascal polynomials are shown in Fig. 7.45 for 
N=6andN=8. 
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Fig. 7.45 The Pascal (thin line) and modified Pascal (thick line) polynomials for N = 4 and N = 6 
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Fig. 7.46 The Pascal (thin line) and the modified Pascal (thick line) attenuation plot for N = 6 


The modified Pascal approximation is defined as 


Am (@) = Ay + 20log y/1 + 22P3,,, (N, 2) (7.66) 


and a typical attenuation plot is shown in Fig. 7.46 for N = 6. It should be noted 
that, as in the case of the modified Chebyshev approximation, the attenuation curve 
has N — | passband extrema, one less than the extrema of the non-modified Pascal 
attenuation. 
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A(Q) 


Fig. 7.47 Typical elliptic filter attenuation plot (N = 5) 


The modified Pascal approximation can be used whenever an even order passive 
Pascal filter cannot be directly designed, i.e. when Ay = 0 (Rs = Ry) or 6A > Apo. 
However, it can be shown that this is only possible if 


Pmax 


> ————— __ where g= (7.67) 
Ppm (N, Qs) 7 


& 


in order to ensure that the stopband specifications are met. 


7.5 The Elliptic Approximation in Passive Filter Design 


The elliptic or Cauer approximation is a rational approximation and has been thor- 
oughly presented in its general form in Chap. 4. Its main feature is that it has equirip- 
ple passband and stopband magnitude response, as shown in Fig. 7.47. In this sec- 
tion, elliptic approximation will be presented as used in the design of normalized 
passive lowpass filters from the normalized specifications: 


{RL = 1, Rs, Qo= 1, Qs, Amax; Amin} 


For the purpose of designing passive elliptic filters, the attenuation of the elliptic 
approximation is defined as follows: 


AMSA 20log(,/1 + €2R2,(Qs, 2)) 


As for N odd 
Ax =A, —(1—n)20logV1+ 6? = 
k = Ag — (1—7)20log v1 + €2 eee for N even 


Rs + Rx 0 for N even 
Ao = 20log| ———— = 
2/RLRs 1 for N odd 


(7.68) 
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Fig. 7.48 Typical elliptic attenuation plots: (a) N = odd. (b) N = even 


Parameter ¢ is the ripple factor and (25 > | is the specified stopband edge fre- 
quency. Function Ry (Qs, $2) is the elliptic rational function (ERF, or Chebyshev 
rational function) of order N as defined in (4.15)-(4.17): 


N-n 


wef B= 22500) 
Ry (Qs, 2) = Ay(2s)2" |] (a) (7.69) 
2 Ss 
m=1 2 2p m) 
Im —1 1 
2790) = si ( ule” 1) Ka). 21 («- = i) (7.70) 
S 
N=n QR 
z ~ 23, (m) 
An (25) = I] 28") so that Ry(25, 1) =1 (7.71) 
ine 1 — 23,(m) 


From the properties of the ERF presented in Sect. 4.4, we have that Ri (Qs, 22) 
varies between 0 and 1 when 0 < §2 < 1 and 


+1 foreven NV 
Ry(825,1)=1 forall N, even and odd Ry (25,0) = 
n(Qs, 1) n(@s5, 0) : fanoda © 


and therefore from (7.68) = A(O) = A, = 20 loge) for all NV. The passband 
L 


attenuation A(S2) varies 


from A, to Ag + 20logV1+¢2 when N is odd 
from A, to Ag —20logV1+ 2 when N is even 


as shown in Fig. 7.48. 
The plain gain specifications shown in Fig. 7.49b are related to the effective 
attenuation specifications as follows: 


_ Amax _ Amin P RL Amax (1=n) 
Hc =H,-10° 2 Hs=H,-10 2% ~~ with Hp, = ————10 2 4 
Rs +R, 
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AQ) G(Q)=|HGQ)| 


(a) (b) 


Fig. 7.49 (a) Effective attenuation specifications. (b) Plain gain specifications 
Setting A(S2) from (7.68) equal to the circuit attenuation, we get: 


A(2)=Ax + 201og(//1 + 6? Ri (Qs, 2)) = 2010( | Saas) 


(peer +2) 


1+ e?R4,(Qs, 2) 


=> |A(jQ)P= (7.72) 


The reflection coefficient related function p(s)o(—s) can be determined from 
Feldtkeller’s equation (6.49): 
4Rs Ri 2\1—n 
(Rs+Rz)? (ee 
1+ 2R% (Qs, Ql gr 


4Rs : 2 
p(s)p(-8)=1— FAG OQ) a =1 (7.73) 


Function p(s) can then be isolated, taking into account that p(s) and p(—s) have 
opposite poles and opposite zeros and that the poles of o(s) lie in the left half s- 
plane. Since there are no restrictions for the location of the zeros of p(s), the above 
procedure leads to more than one function p(s) and therefore (7.3)-(7.4) can give 
more than one function for Z)(s), which, when synthesized, yield more than one 
filter circuits. 

The integer order N of the elliptic approximation is the rounded up decimal order 
Na given by (4.47): 


i= K(k) K(/1 — 8”) 
K(V1—k?) K(g) 


1 10Amax/10 _ ] 
k=a-<! ad =) ory (7.75) 


(7.74) 


where 
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K(x) is the complete elliptic integral presented in Chap. 4, where the range of the 
permitted values of the ripple factor ¢ has also been given (see (4.58)): 


A 


10 el Amax 
————— = min SE S Emax =V 10 0 — 1 (7.76) 


Ly(&s) 


Lyn (S25) is the discrimination factor 


Ly (2s) = Ry (2s, 25) (7.77) 


7.5.1 Odd Order Elliptic Passive Filters 


When order N is odd, the passband attenuation plot is above A, and A(oo) = oo. 
As a result, odd order elliptic filters do not present any design complications when 
following the synthesis procedure used in other approximations, i.e. determination 
of p(s) from (7.73) and of Z;(s) from (7.3) or (7.4): 


1 as 

Ziq(s) = Rs (7.78) 
1 

Zip(s) = Rs ere ca a (7.79) 


Zip(s) has a pole at infinity which is removed as a series inductor resulting in a 
ladder starting with a series inductor. Yj,(s) has a pole at infinity which is removed 
as a shunt capacitor resulting in a ladder starting with a shunt capacitor. This is 
shown in Figs. 7.50 and 7.51. However, due to the transfer function zeros (atten- 
uation poles), the synthesis of Z1p(s) or Yiq(s) cannot be accomplished solely by 
sequential removals of poles at infinity as in the case of all-pole approximations. 
In the elliptic case, minimum positive real functions emerge which require a Brune 
cycle (see Chap. 11), each producing a resonant LC circuit as shown in Figs. 7.50 
and 7.51. 


Example 7.19 Design an elliptic lowpass filter from the following normalized 
(Qc = 1, Ry = 1) specifications: 


{Amax = 0.5 dB, Amin = 30 dB, 25 =2, Rs =0.5} 


The decimal order Nz is determined from (7.74), where the complete elliptic inte- 
gral can be calculated using the AGM according to Chap. 4: 


Ng = 2.93184 => N=3 


The elliptic rational function for N = 3 and {25 = 2 is determined from (7.69)— 
(FAL): 
2(27 — 0.88103084") 


Ry (Qs, 2) = R3(2, 2) = —18.558954 
NSS, 82) = Ra) 22 — 2.270068092 
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Rs Ly L3 
C2 _ 
N=3 Ryp=1 
L2 
Rs Ly L3 Ls 
Cp Cy _ 
- R,=! 
io Ly 


Fig. 7.51 Typical odd order elliptic filters 


Using € = €max = 0.349311 from (7.76), (7.72) yields 


Cm te)" 4/9 
1+62R2(Q5,2) — 1+62R2(2, 2) 


|H(j2) = 
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Agi (2) 


Agi (2) 


dB 


AotAmin 


100 


Q 


Fig. 7.52 Passband and full attenuation response 


=> |A(j2)/ 


_ 424 — 41.225673Q2? + 106.2222575 
~ 378.2465752° — 578.201588.24 + 135.13967622 + 239.000079 


Before we continue with synthesis, the correctness of | H (j 2)|? will be checked by 
plotting the attenuation 


1 [Re 1 
su2)=2008( 31 ee TG) 


The corresponding plots are shown in Fig. 7.52 and are exactly as expected. 
Therefore, the synthesis procedure may start by determining p(s)o(—s) from 
(F938): 


s® + 1.54978585* + 0.5752507s2 — 0.070237 
p(s)p(-s)= = | 5 
5® + 1528626554 + 0.3571746s2 — 0.6321330 


The poles and zeros of p(s)o(—s) are calculated using a mathematical software 
package and are given below: 
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Zeros of p(s)o(—s) Poles of p(s)e(—s) 
—0.309561329561 —0.69221756 

—0.1290663427 + j0.91622327589 —0.268965786 — 7 1.037419121 
—0.1290663427 — j0.91622327589 —0.268965786 + 71.037419121 
+0.1290663427 + j0.91622327589 +0.268965786 + 7 1.037419121 
+0.1290663427 — j0.91622327589 +0.268965786 — j1.037419121 
+0.309561329561 +0.69221756 


Left half s-plane poles are allocated to o(s) and their opposites, located in the right 
half s-plane, to o(—s). The corresponding denominator polynomial D,(s) of p(s) 
will be: 


D,(s) =s° + 1.23014913s* + 1.52094671s + 0.795067956 


For the zeros of o(s), there are six possible choices and we select one, the left half 
s-plane zeros. For this particular choice, the numerator polynomial N,p(s) of p(s) 
is: 


Np(s) =s° + 0.56769403s7 + 0.936031114s + 0.265022655 


For this choice of zeros, we get: 


(s) s? + 0.5676940352 + 0.936031114s + 0.265022655 
sj= 
p s3 + 1.2301491352 + 1.520946715 + 0.795067956 


The input impedance Z;(s) can be determined from (7.4) 


1+ p(s) 


Zip(s) = EST pW) 


to get: 


gs? + 0.89892158252 + 1.228488915 + 0.53004530 


Z — 
166) 0.662455099s2 + 0.584915592s + 0.53004530 


Z1(s) has a pole at infinity and it can be removed as a series inductor L, = 
1.0/0.662455099 = 1.50953627 leaving the remaining impedance Z2(s) 


0.01597028s7 + 0.42836630s + 0.5300453 


Z(s) = Z1(s) -—sLi= 5 
0.662455099s- + 0.584915592s + 0.5300453 


as shown in Fig. 7.53. 

Z2(s) does not have any poles or zeros on the jw-axis and it is minimum 
positive real requiring a Brune cycle in order to continue the synthesis. It can 
be found that the real part Re[Z2(j§2)] becomes zero at (2; = 2.270068 and 
X, = Im[Z2(j821)] = —0.33721. According to Brune’s method, a negative series 
inductor 


XxX 
Li, = — =—0.148546 
Q| 
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Fig. 7.53 Removal of Ly 
impedance pole at infinity 


Z1(s) —_ 
Z2(S) 
Fig. 7.54 Removal of a Ly Li 
negative inductor 
Z1(s) —_> 
Z3(S) 
Fig. 7.55 Removal of a Li Li 
shunt arm series LC circuit 
Lz 
Zi(s) —> 
C2 
Y4(S) 


can be removed from Z2(s), in which case the remaining impedance will be 


s? + 1.04524235? + 5.1532086s + 5.3863546 


Z3(s) = Zy(s) — (—0.148546s) = 
3s) = Za(s) — ( ’) = 69319114752 4 5.943950s + 5.3863546 


Figure 7.54 shows the result of this synthesis stage. 
The admittance 


6.73191147s? + 5.943950s + 5.3863546 


BO=2;'@= 
305) = 23 (8) = S77 045040392 4 515320865 4 53863546 


has a real pole at s = —1.04524277658 and an imaginary conjugate pole pair + j [22 
with 22 = 2.270068. This imaginary pole pair can be removed as a shunt arm series 
resonant circuit as shown in Fig. 7.55 with 


1 2k 
=—— C2= “where ko = 2.843334 and 22 = 2.270068 
2k 22 


=> L2=0.17585 C2 = 1.10352 


Lo 


(kz is the residue of Y3(s) at pole j§22, see Chap. 12). The remaining admittance 
Y4(s) after removing the imaginary conjugate pole pair will be 
1 


0 Z4(s) = 0.9567156s +1 
4) = Qose7ises a1 24? ~ 
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L; Li L3 
Lp 1 
(a) Z)(s) —> 
C2 
Rs=0.5 


1.36099 


0.9567156 
0.17585 R=1 


(b) 
1.10352 


Fig. 7.56 Elliptic filter: (a) normalized, (b) denormalized 


which is an inductor L3 = 0.9567156 in series with Ry; = | as shown in Fig. 7.56a. 
The final elliptic filter is shown in Fig. 7.56b, where Ly = 1.50953627 and 
L11 = —0.148546 have been combined in one positive inductor L = 1.50953627 — 
0.148546 = 1.36099. 

Analyzing the final filter circuit, we find 


0.1028573(s? + 2.270068) 


A(s)= 
(s + 0.6922175)(s2 + 0.5379315s + 1.14858102) 


and the corresponding attenuation plots are found to be identical to those of 
Fig. 7.52. 


7.5.2 Even Order Elliptic Passive Filters 


The order of the passive elliptic filter depends on the specifications and is deter- 
mined from the order inequality (7.74). When it is even, we have two problems: 
1. According to (4.29), when N is even 


lim Ry (Qs, 2) = Ly(Qs) = Ry (Qs, 2s) 
2 00 


which is a finite value. Therefore, the attenuation function A(S2) as defined in 
(7.68) will not have a pole at infinity as required by (6.52) of Sect. 6.4, and as 
a consequence A(§2) cannot be realized by a doubly resistively terminated LC 
two-port without coupled elements (transformers). This problem can be over- 
come by modifying the elliptic rational function by moving its higher pole to 
infinity. This modification leads to a family of modified elliptic filters referred to 
as type-B elliptic filters. Figure 7.57 shows an indicative plot of the attenuation 
of a type-B elliptic filter with N = 4. 

2. When N is even, the passband attenuation plot is below A, and therefore there is 
a maximum value of ripple Amax which can be realized by a normalized doubly 
resistively terminated LC two-port with specified Rs and Ry = 1. This maximum 


360 7 Synthesis and Design of Passive Filters 


“Ay 


= ;Ao-Amax 


Saweseccccccece 


OT 1 2 10 


Fig. 7.57 Attenuation of elliptic filters (NV = 4): Type-A (dashed), Type-B (thick) 


ripple is of course Ay. On the other hand, a specified ripple Amax can only be 
realized if 


Amax < 201o (Fe) & R2 —2(2- 10°" —1)Rs+1>0 (7.80) 
max g 2/Rs s S = : 
Condition (7.80) holds only if Rs > Rs2 or Rs < Rs, where Rs; and Rs are 


Amax 


the roots of R§ —2(2-10°10 — 1)Rs +1=0: 


Amax Amax Amax =| 
Rs, =2- 10° — 1 — 2/10 10“ — 1) = Ry 
(7.81) 


Amax Amax Amax 


Rsy =2-10 10 ~142y10 i (10 1 —1)=R5)} 
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Sawnaceecscccee 


Fig. 7.58 Attenuation of elliptic filters (NV = 4): Type-A (dashed), Type-C (thick) 


When ripple Amax is given, Rs; and Rs2 define the range of the non-permitted 
values of Rs as in the even order Chebyshev case, namely (7.32)-(7.33). This 
limitation can be overcome by modifying the elliptic rational function, mov- 
ing its lower root to zero as we did in the modified Chebyshev case. This 
modification, when applied to the already modified ERF in order to have at- 
tenuation pole at infinity, leads to a family of modified elliptic filters referred 
to as type-C elliptic filters. The passband attenuation of type-C elliptic fil- 
ters is above Aj, as in the odd order case, and has N — 1 extrema. Fig- 
ure 7.58 shows an indicative plot of the attenuation of a type-C elliptic filter 
with N =4. 
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Fig. 7.59 Circuit for Rs=1 L) 
Problems 7.7 and 7.8 


Cp Ryp=1 


7.6 Problems 


7.1 In Example 7.2, (7.4) was used with p;(s) to determine Z1;(s) of (7.16) with 
Z11(0) = Ry = 1. Verify that, if (7.3) had been used instead, for the resulting input 
impedance Z,(s), we would have Z;(0) 4 R; = 1. 


7.2 In Example 7.2, determine the input impedance using p;y(s) (set IV of the 
zeros of p(s)p(—s)). 


7.3 In Example 7.2, determine the reflection coefficient p(s) and the corresponding 
input impedance Z7;(s) using set II of the zeros of p(s)o(—s) of Fig. 7.7. 


7.4 In Example 7.2, determine the reflection coefficient p(s) and the corresponding 
input impedance Z7;7(s) using set III of the zeros of o(s)o(—s) of Fig. 7.7. 


7.5, Design a 2nd order prototype passive lowpass Butterworth filter with equal ter- 
minations Rs = R; = 1. 


7.6 Verify that all four expressions Z1,,(s) of Example 7.4 are correct. Why are we 
using (7.4) and not (7.3) to determine the input impedance? 


7.7 Determine the element values of the normalized Butterworth lowpass filter of 
Fig. 7.59 by analysis, so as to have A(1) = 2 dB. 


7.8 Determine the element values of the normalized Chebyshev lowpass filter of 
Fig. 7.59 by analysis, so as to have passband ripple Amax = 2 dB. 


7.9 Determine the element values of the normalized Butterworth lowpass filter of 
Fig. 7.60 by analysis, so as to have A(1) = 2 dB. 


7.10 Determine the element values of the normalized Chebyshev lowpass filter of 
Fig. 7.60 by analysis, so as to have passband ripple Amax = 2 dB. 


7.11 Explain why the normalized lowpass specifications (¢ = 1 and R; = 1) 
{Amax = 1 dB, Amin = 30dB, Q5 =2.2, Rs =0.5} 


cannot be met by a passive Chebyshev filter with N = 4. 
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Fig. 7.60 Circuit for Rs=1 Li ia 
Problems 7.9 and 7.10 


C2 R,=1 


7.12 Explain why the normalized lowpass specifications (Qc = 1 and Ry = 1) 
{Amax = 0.511525 dB, Amin = 36 dB, 225 =2.2, Rs =0.5} 
cannot be met by a passive Chebyshev filter with N = 4. 


7.13 Design the Chebyshev filter of Example 7.12 using choices III and IV for the 
zeros of p(s). 


7.14 Synthesize Z1p(s) = as of Example 7.10. 


7.15 Design the Pascal filter of Example 7.14 allocating the right half s-plane zeros 
of p(s)p(—s) to p(s). 
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Active Simulation of Passive Ladder Filters 


There are two general and systematic methods for the design of active filters. The 
first is based on the determination of the corresponding transfer function H(s) using 
one of the known approximations. Then, the transfer function is seen as a product of 
first and second order terms, each related to a real pole or to a conjugate pole pair of 
H(s). These first and second order terms are then realized by simple active circuits, 
which are finally cascaded to yield the final filter structure. Some examples of this 
simple method have been given in previous chapters (Examples 2.4, 2.9, 5.3, 5.6 
and 5.9). Active filters designed using this simple straightforward method, the cas- 
cade approach, are usually more sensitive than active filters designed by simulating 
passive ladder filters. 

The simulation of passive, doubly resistively terminated LC ladder filters 
(Fig. 8.1) is the second major method of designing active filters. In fact, a pas- 
sive filter is initially designed to meet the specifications, which is then simulated 
using various methods, as will be explained in the next sections. 

Active filters derived from passive LC circuits by some form of simulation tech- 
nique maintain some desirable properties of the passive original. For example, the 
sensitivity, of passive filters within the passband is extremely low since it appears to 
be proportional to the reflection coefficient », which assumes very low values within 
the passband. This low passband sensitivity property is inherited by the simulated 
circuit. 

H.J. Orchard proved [7] that in doubly resistively terminated ladder LC filters, 
the first order differential gain sensitivity with respect to inductors and capacitors is 
very low in the passband and zero at the frequencies of maximum power transfer, 
where the effective attenuation and the reflection coefficient become zero. Since the 
passband attenuation is a smooth continuous function, the corresponding sensitivity 
at frequencies between these maximum power transfer frequencies remains low. 

Doubly resistively terminated LC ladder filters with maximum power transfer 
frequencies, referred to as well-designed doubly terminated LC ladder filters, can 
be used as a design vehicle for active filters. Such passive filters, when simulated 
using active circuits, lead to active filters that maintain the low sensitivity property 
of the original passive circuits. 


H.G. Dimopoulos, Analog Electronic Filters, Analog Circuits and Signal Processing, 365 
DOI 10.1007/978-94-007-2190-6_8, © Springer Science+Business Media B.V. 2012 
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Fig. 8.1 The doubly Rs 
resistively terminated passive 
two-port 


LC two-port 


E(s) ©) V(s) Vos) SR, 


Z1(s) 


For the active simulation of doubly resistively terminated LC ladder filters, three 
methods are used: 

1. The direct simulation method, where inductors are replaced by simulated induc- 
tors, i.e. active inductorless circuits with inductive behavior. 

2. The frequency dependent impedance scaling of the passive RLC ladder, which 
leads to inductorless circuits, as will be seen in Sect. 8.2. 

3. The structural simulation method, which, although it appears in many distinct 
forms (Wave Active Filters, Leap-frog, Signal Flow Graph etc.), these can all be 
seen as special cases of the more general Linear Transformation Active (LTA) 
method [5], as will be seen in Sect. 8.3. With proper selection of the linear trans- 
formation matrices, the LTA approach can lead to circuit structures suitable for 
op amp realizations but also for realizations employing any other active device 
(OTAs, CCIHs etc.). 


8.1 Inductance Simulation 


The most straightforward method of transforming a passive ladder filter into an ac- 
tive inductorless circuit is to replace all its inductors by active circuits with inductive 
behavior, referred to as the simulated inductors. Simulated inductors are one-port 
circuits, the input driving-point impedance of which is of the form Z;y(s) = sL. 
Although there are many circuits that behave like inductors, the most popular are the 
Riordan’s and the Antoniou’s circuits, which have been used for several decades. 


8.1.1 Riordan’s Simulated Inductor 


Analyzing the Riordan’s circuit of Fig. 8.2, we find that its input driving-point 
impedance Z;y(s) is given by: 


E(s) _ Z1(s)Z3(s)Zs(s) 


Zin (8) = = (8.1) 
I(s) Z2(s)Z4(s) 
It is clear that if Z2 is a capacitor with impedance Z2(s) = G and all the other 
impedances Z;(s) are resistors R;, as in Fig. 8.3, the input impedance becomes 
R, R3R5C2 
Zin(s) = 5 —————_ (8.2) 


R4 
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= I= R}R3R5C2 
se 
Fig. 8.3 Riordan’s simulated inductor 
which represents an inductor with inductance given by 
R, R3R5C2 
jaca As (8.3) 
R4 


Since one of the terminals of the input port of Riordan’s circuit is ground, it 
realizes grounded simulated inductors. The floating simulated inductors will be 
presented in Sect. 8.1.3. Finally, it should be noted that if Z4 is a capacitor with 
Za(s) = a and all the other impedances Z;(s) are resistors R;, the circuit realizes 
a grounded simulated inductor with 


_ Ry, R3R5C4 
= Ro 


L 


Example 8.1 Figure 8.4 shows a passive Chebyshev highpass filter of order N = 3, 
designed to meet the following specifications: 


fc = 10 kHz fs = 333.33 kHz Amax = 0.5 dB Amin = 30 dB 
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1000 10000 100000 
Frequency in Hz 


Fig. 8.5 Logarithmic gain plot of active filter of Example 8.1 


The grounded inductor of the passive filter is replaced by a Riordan’s simulated 
inductor with Cy = 9.98 nF. If we let R3 = R4 = R5 = R, then the value of Rj 
can be calculated from R; = Re: For R = 1000 Ohm, C2 = 9.98 nF and Lz = 
14.52 mH, we get R; = 1455 Ohm. The logarithmic gain plots of the passive and 
the active circuits are identical, as expected, and they are shown in Fig. 8.5. 
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Fig. 8.6 Antoniou’s general circuit 


8.1.2. Antoniou’s Simulated Inductor 


The input driving-point impedance of the circuit of Fig. 8.6, proposed by A. Anto- 
niou, is given by: 

E(s) — Z(s)Z3(s)Z5(s) 
I(s) Z2(s)Z4(s) 


The circuit is a general impedance converter (GIC), which, when Z2 represents 
a capacitor and all the other impedances Z; represent resistors R;, as Fig. 8.7, gives 


Zin (Ss) = (8.4) 


Ri R3RsC. 
a (8.5) 
R4 


which is the impedance of an inductor with inductance 


Ri R3RsC. 
je (8.6) 
R4 


It is clear that when Z4 represents a capacitor and all the other impedances Z; 
represent resistors R;, the input impedance of the circuit will be that of an inductor 


R,R3RsC. 
pa RiBaRsCa 
Ro 


Since one of the terminals of the input port of Antoniou’s circuit is ground, it 
realizes grounded simulated inductors. The floating simulated inductors will be pre- 
sented in the next section. 
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E(s) ° 


R{R3R5Cp 
Zin(S)=8 ee 


—> 


Fig. 8.7 Antoniou’s simulated inductor 


8.1.3 Floating Simulated Inductors 


It has already been noted that both the Riordan’s and the Antoniou’s simulated in- 
ductors are grounded and therefore neither of these circuits can be directly used to 
simulate a floating inductor. Floating inductors are simulated using two identical 
grounded simulated inductor circuits connected back-to-back. Figure 8.8 shows two 
Antoniou’s simulated inductors connected back-to-back and it will be shown that 
currents /;(s) and J2(s) are equal and in addition, the current-voltage relationship 
is given by: 


1 
f(s) = hfs) = | (Ei(s) — Ea(s)) (8.7) 


In order to simplify the analysis, we consider ideal op amps with infinite input 
impedances and open loop gains. In this case, the inverting and non-inverting inputs 
of each op amp will have equal voltages, as shown in Fig. 8.8. Writing KCL for 
nodes a, b, c and d, we get: 


FE, -V, 
From node a: (V2 — £4)sC2 = ———— 
Ry 
Y,-E E,-E 
From node b: : ee : 
R4 2R5 
V3 — Ep 
From nodec: (E2 — V4)sC2 = > 
3 


Ex—V3 _ E, — E2 
Rg —-2Rs 


From node d: 
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Fig. 8.8 Floating inductor using back-to-back connection of two Antoniou’s simulated inductors 


From the above four equations we find: 


(2sC2R3R5 — R4)E, + R4E2 


Y- = 
2(s) 2sC7R3R5 

vise R4gE| + (2sC2R3R5 — R4) Eo 
ee, 2sC2R3R5 


For the currents J; and Jy, we find that they are equal: 


FE, — Vo R4 
= = (E — E2) 
R, 2sC7R,R3R5 
V4— Eo R4 
h= = (E, — E2) 
R, 2sC7R,R3R5 


Therefore, the impedance of the floating element will be given by: 


Pie E\(s) — Eo(s) = (See) 


T(s) R4 
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Rs L2 


(b) 


Fig. 8.9 The active-RC simulation of a third order passive lowpass filter 


It is clear that the circuit simulates a floating inductor with inductance 


R,R3R 
a (8.8) 
R4 


It can be shown in a similar manner that the back-to-back connection of two 
identical Riordan’s simulated inductors gives a floating inductor. 


Example 8.2 Figure 8.9a shows a passive lowpass filter with 
Rs = Ry = 1 kOhm Cy, = C3 = 31.1847 nF L2 = 63.6942 mH 


In Fig. 8.9b, the inductor Ly has been replaced by a simulated floating inductor 
obtained as a back-to-back connection of two identical Antoniou’s circuits with all 
resistors equal to R = | kOhm. The value of the two equal capacitors is calculated 
from (8.8): Cp = #3 = 31.847 nF. 

Figure 8.10 shows the logarithmic gain of the passive and the active filters of 
Fig. 8.9. 
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Fig. 8.10 The logarithmic gain plot of the simulated filter 


Fig. 8.11 A general circuit R 
for the simulation of 4 
grounded inductors 


iy A(s)E(s) 


Es) 


_ I(s)_1-H(s) nd 
"O"E() Ro 


8.1.4 A General Approach 


Figure 8.11 shows a circuit with voltage transfer function H(s). The output voltage 
is fed back to the input via a resistor R,. Considering infinite input resistance and 
zero output resistance of the circuit, the input admittance of the device will be: 


I(s) 7 1— H(s) 


Y(s)= — : 
(s) EG) R, (8.9) 
For 
1 
A(s) =1- — (8.10) 
STq 

the input admittance of (8.9) becomes 

Y(s)= (8.11) 


STaRo 
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E 
R 
C R 
E Ve 
R 
xX SRy Cc R 
(e) - () = 


Fig. 8.12 Simulated inductors 


which is the admittance of an inductor L = Ty Ro. 

Figure 8.12 shows six circuits with voltage transfer function of the form H(s) = 
1- a where Tz = RC. All six circuits have infinite input and zero output resis- 
tance and therefore they can be used in the device of Fig. 8.11 to produce grounded 
simulated inductors. 

When the circuits of Fig. 8.12a and b are used in the device of Fig. 8.11, the two 
Riordan’s simulated inductors are obtained, as shown in Fig. 8.13. Similarly, the 
circuits of Fig. 8.12c and d lead to the Antoniou’s simulated inductors, as shown in 
Fig. 8.14. 

Using the circuit of Fig. 8.12e in the device of Fig. 8.11, a new grounded simu- 
lated inductor is derived, shown in Fig. 8.15. The new circuit is based on a negative 
resistor which appears between node a and ground. 
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Ro 
R 
; - 


Z(s)=sRgRC Z(s)=sRgRC 


Fig. 8.13 Riordan’s simulated inductors 


Z(s)=sRgRC Z(s)=sR RC 


Fig. 8.14 Antoniou’s simulated inductors 


8.1.5 A Single Op Amp Simulated Inductor 


Considering the op amp in the circuit of Fig. 8.16 to be ideal, the voltages of its 


inverting and non-inverting inputs become equal to Vy = rE . The current /(s) 


entering the circuit is the sum of the currents of the three resistors R, Ro and kR,: 


E-Y, E-YV, E-V, E E E-Y, 
I(s)= = e+ -= + a 2 (SA2) 
R R, KRo (A+1)R k(A+1)R, R, 


For the currents of the common node of the two capacitors, we have: 


E-Vx A(u + 1) 
re Oe a ey sk(a + 1)R2C 


(8.13) 
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Ro Ro 


—_ —_ 
Z(s)=sRgRC Z(s)=sRgRC 
Fig. 8.15 Simulated inductors 


Fig. 8.16 Single operational I(s) 
amplifier simulated inductor ° 


Combining (8.13) and (8.12) we find: 


Yin (s) = 


(8.14) 


E41 1 “3 1 a l-Ap & 
I(s) A+1|R KR Ro sk(A + 1)R2C 
Y7n(s) represents a grounded resistor R, in parallel with a grounded inductor L 
with: 


1 1 fl ot 1-ap . 
= and L=k(A+1)R2C (8.15) 
Rp A+1LR kRo Ro 


It is clear that for 


mo k(1+ 8) +1 
Xr =1 aS = SS 
as ia a kA 


i (8.16) 
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Fig. 8.17 The equal resistors 
single operational amplifier 
simulated inductor 


we have 1/R, = 0 and the input admittance becomes 


1 


a 
nls) = at DRC 


(8.17) 
which is purely inductive. Since one terminal of the input port is ground, the circuit 
with its parameters satisfying (8.16) simulates a grounded inductor with L = k(A + 
1)R2C. 

It should be noted that the value of the simulated inductance L = k(A + 1)R2C 
of (8.15) does not depend either on R or on yw. This means that the values of the 
parameters k, A, R, and C can be selected so as to give the desired value of L 
according to (8.17) and then R and yz can be used to make the parasitic conductance 
1/R, of (8.15) equal to zero. 

Let us now consider that Rj = R and k = 1. This equal resistance circuit is shown 
in Fig. 8.17. 

To design the circuit so that it simulates a grounded inductor with given L: 

1. A and yw are selected so that Au = 3. 
2. The value of either R or C, is selected at will. 


: _ 2 _ Lk 
3. If R is selected, then from L = (A+ 1)R°CSC= OR" 


If C is selected, then from L = (A+ 1)R*C > R= eeeire 

Example 8.3 In order to simulate a grounded inductor with L = 16.506 mH using 
the circuit of Fig. 8.17: 

1. We select A =3 and yz = | so that Au =3. 

2. We select C = 1 nF 

3. From L =(A+1)R°?C > R= ladne = 2031 Ohm. 

In order to simulate a grounded inductor with L = 22.566 mH using the circuit of 
Fig. 8.17: 

1. We select A =3 and yz = | so that Au =3. 

2. We select C = 1 nF 


3. From L=(A+1)R2C 3 R= Vane = 2375 Ohm. 
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Re C; C3 Cs 

IK2 6.9807nF | 5.9404nF | 8.5367nF | * 
(a) C2== 48.129nF C lV 

Rs C; C3 Cs 

IKQ 6 9807nF | 5.9404nF | 8.5367nF 

C2>= 48.129nF C4== 16.86nF 
V2 

(b) 


R ,=2031Q R9=2375Q2 


Fig. 8.18 The simulation of an elliptic highpass filter using the single op amp simulated inductor 


Example 8.4 The grounded inductors of the passive elliptic highpass filter of 
Fig. 8.18a have been replaced by single amplifier simulated inductors. The resulting 
filter is shown in Fig. 8.18b and the necessary parameters have been calculated in 
Example 8.3. Simulation of the two circuits of Fig. 8.18 shows that their frequency 
responses are identical. 


In order to simulate a floating inductor using the single op amp simulated induc- 
tor, two identical circuits must be connected back-to-back, as shown in Fig. 8.19. 


For the back-to-back connection of Fig. 8.19, it can be shown that [)(s) = In(s) 
and that the input admittance is given by: 


Yin(s) = er ane a (8.18) 
ec S| ces an 2sk(a + 1)R2C 
Setting 
m9 k(1+ #2) +1 
0 al ee eee ee = —_*__ 8.19 
ne a an Ba. (8.19) 
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I,(s) 1,(s) 


Fig. 8.19 Floating simulated inductor 


174.5mH 
(a) 


(b) 


H=3  =R=1477Q =C=10nF 


Fig. 8.20 Simulation of a 3rd order lowpass filter 


the first term of (8.18) becomes zero and the circuit simulates a floating inductor 
with: 


L =2k(A+1)R2C (8.20) 
Example 8.5 Figure 8.20a shows a Chebyshev lowpass filter of order N = 3. The 


floating inductor is replaced by the simulated floating inductor of Fig. 8.19 and the 
filter is shown in Fig. 8.20b. 
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Fig. 8.21 Elements table for 1 
the frequency dependent sk 
impedance scaling R R 


L 
sb k 
TH > -—w- 
1 1 
sC s2kC 


eo 


8.2. Frequency Dependent Impedance Scaling 


L.T. Bruton introduced the concept of frequency dependent impedance scaling, in 

which all arm impedances of a doubly resistively terminated LC ladder filter are 

divided (scaled) by a factor of the form sk. If constant k has dimensions of time (s), 

the factor sk is dimensionless. Such a frequency dependent impedance scaling trans- 

forms the elements of the filter without affecting the voltage transfer function. More 
specifically: 

1. The impedance of a resistor R becomes &. which represents a capacitor with 
C=k/R. 

2. The impedance Z;(s) = sL of an inductor becomes L/k, which represents an 
inductor R = i. 

3. The impedance Zc(s) = 1/sC of a capacitor becomes Zs = ye which repre- 
sents a new element, referred to as supercapacitor or frequency dependent nega- 
tive resistor (FDNR), since Zs(jw) = — ee 

Figure 8.21 shows the frequency dependent impedance scaling table and the symbol 

of the new element, the FDNR. 

There are several ways to realize a frequency dependent negative resistor. 
The most common is to employ Antoniou’s GIC circuit of Fig. 8.6, repeated in 
Fig. 8.22a. The input impedance of this circuit is given by (8.4): 

Z1(8)Z3(s)Z5(s) 


ZIN(S)= ~Folsy Zac) (8.21) 


When two of the numerator impedances (e.g. Z; and Z3) represent capacitors 
and all the other impedances Z; represent resistors R;, as in Fig. 8.22b, we have: 
1 ; Ryo R4C1 C3 
Zin(S)=— 3>=. With D= ——— 
1n(S) 2p Rs 


Riordan’s circuit can also be used in a similar manner, as shown in Fig. 8.23. The 
input impedance of the circuit is again 


Z1(s)Z3(s)Z5(s) 


Zin) =~ 7) Za(s) 
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(a) 


Zin(S) > 


(b) 


Zin(8) > 


Fig. 8.22 (a) Antoniou’s GIC. (b) A FDNR realization using Antoniou’s GIC 


In the circuit of Fig. 8.23b, the numerator impedances Z3 and Zs5 represent capaci- 
tors and all the other resistors and therefore: 


Ro R4C3C5 


1 
Z as ith D= 
n@)=>, Ri 


A single op amp FDNR realization is shown in Fig. 8.24. The input impedance 
of this circuit is given by: 


ea ed CoCiR 4 (8.22) 


Y(s) = 
(s) ea Lai” 


Circuit parameters can be selected so that the bracketed term becomes zero and 
therefore the circuit realizes an FDNR circuit with: 


= CoCiR 


D 
A+1 
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Fig. 8.23 (a) Riordan’s GIC. (b) A FDNR realization using Riordan’s GIC 


ale ae | 
aa 
R Cc 
i 7 


If, for example, we select Cp = C; = C, A = 1 and wp =3, then 


Fig. 8.24 Single op amp 
FDNR realization 


CRs C’R 
°s > D=—— 


Y(s)= 5 


All FDNR circuits presented in this section are grounded circuits, i.e. one of their 
terminals is grounded. Floating FDNRs can be realized by connecting two identical 
grounded simulated FDNRs back-to-back, as we have done in order to simulate 
floating inductors. 
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IKQ  50.836mH 50.836mH 
(a) 54.035nF 1KQ 
100nF 508 36 508.362 


(b) + D=54.035-10°? i 


Fig. 8.25 The simulation of a third order passive lowpass filter 


| 508.362 508.362 out 508.362 508.362 


OUT 


100nF 


540.352 


540.352 


(a) (b) 


Fig. 8.26 Final circuits of Example 8.6 


Example 8.6 Figure 8.25a shows a third order passive lowpass filter. If all 
impedances are divided by ks with k = 107 s, then the scaled circuit is shown in 
Fig. 8.25b. The FDNR with D = 54.0350 - 107!3 can be realized using Antoniou’s 
GIC circuit or the single op amp circuit. Figure 8.26 shows the final inductorless 
active filter with these two alternative FDNR realizations. 


8.3. __ Linear Transformation Active Filters 
The third method to simulate a passive ladder filter is based on the simulation of 


its structural and operational characteristics and although it appears in many distinct 
forms (Wave Active Filters, Leap-frog, Signal Flow Graph etc.), they can all be seen 
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as special cases of the more general Linear Transformation Active (LTA) method 
[2, 5], which will be presented in this section. It should be noted that with proper 
selection of the linear transformation matrices, the LTA approach can lead to circuit 
structures suitable for voltage-mode op amp realizations as well as for realizations 
employing any other active device (OTAs, CCIIs etc.). 

The two-port circuit of Fig. 8.27a is described by its transmission (or ABCD) 


parameters as follows: 
Vi; _ |A B Vo 
n]=[é a) 29 
Equation (8.23) can also be written as follows 
Vi|_ |A —B]] V2 
n]=[é a)le 20 


where the negative sign of — J) has been absorbed by parameters B and D. The new 
matrix 


is referred to as the modified transmission matrix of the two-port circuit and will 
be used in this section instead of the original transmission matrix T. The modified 
transmission matrix of a series ladder arm with impedance Z(s) is: 


The modified transmission matrix of a shunt ladder arm with admittance Y(s) is: 


j 1 0 
m ae *| 


The LTA method is based on the linear transformation of the input and output 


vectors 
Vi Vo 
il [a] 
as follows: 
x} ay Bil] Vy x2 a2 Bo|| Vo 
= d = 8.25 
| ie lle o i i Ale B29) 
Matrices 


are referred to as left and right linear transformation matrices respectively. 
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] 0) 


(a) (b) 


Fig. 8.27 (a) Two-port circuit. (b) Linearly transformed structure 


Fig. 8.28 Block diagram of 
the linearly transformed 
structure 


If, in the transformation matrices, elements a; and y; are dimensionless and £; 
and 6; represent resistances, then the transformed quantities x; and y; will represent 
voltages. If x; and x2 are taken as the voltage inputs of the transformed circuit, y, 
and y2 will be the outputs of the linearly transformed circuit, which can be repre- 
sented as in Fig. 8.27b. 

Combining (8.24) and (8.25), we find: 


-1 
£4 a Bi}|A —B]la2 py x2 
= 8.26 
I is a E | i oo) y2 o) 
From the above equation, the outputs y; can be expressed in terms of the inputs x;: 
YI K(s)  L(s) || x1 
= 8.27 
3. la) Nis) Lye oe 
This input-output relationship can be realized as shown in Fig. 8.28. It should be 
noted that the linearly transformed structure of Figs. 8.28 or 8.27b does not simulate 


the original two-port. It is simply a linearly transformed version of the original two- 
port under the linear transformation defined by the transformation matrices. 


Example 8.7 The simple series arm inductor of Fig. 8.29a with modified transmis- 


sion matrix 
,_ |A —-B]_}1 —sL 
PS E = = E —1 


will be linearly transformed using 


a Bi 1 Ro a2 fo -1 0 
o=(% ele | ae o=(% els =| 
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YI 2 yi y2 


oT RC= 


(a) (b) (c) 


Fig. 8.29 A series arm inductor and two linearly transformed circuits 


If Ro represents resistance, then all transformed variables will represent voltages. 
After some manipulations, (8.26) yields: 


1 
Xy+ 
l+s¢ l+s¢ 


yi=y2 and y= x2 (8.28) 


Since x1, x2, yj and y2 are voltages, the linearly transformed circuit described by 
the above relationships can be realized as shown in Fig. 8.29b. 
If we use the transformation matrices 


_jar Bil jl 0 _ fag Bo} |-l 0O 
o=(% leh a ame o=|% ae | 


equation (8.26) gives 


1 1 
yi=y2 and y2=-——-x1- —-x2 (8.29) 
Ry Re 


which can be realized as shown in Fig. 8.29c using a summing inverting Miller 
integrator. 

It should be remembered that the linearly transformed structures of Fig. 8.29b 
and c do not simulate the original floating inductor of Fig. 8.29a. They are simply 
transformed versions of the original two-port under the linear transformation as it is 
defined each time by the transformation matrices Q, and Q2. 
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421 B21}\412 B12||422 B22|:\413 B13||423 B23) ‘Jain Bin 
var %21}|¥12 612|| 722 422]: 713 913]|723 423} |1N 91N 

Fig. 8.30 Application of the LTA method 
Vila 2a YIb 2b 


41a Pla\|42a B2a 
Ya lal|?2a 92a 


Fig. 8.31 The cross-cascade connection 


¥2a -92a\|42b B2p 
0.24 -B2q\|72b 926 


8.3.1 Connection of Linearly Transformed Two-Ports 


To design a linearly transformed filter from a passive ladder filter, the ladder is seen 
as a cascade of elementary two-ports, series and shunt arms, as shown in Fig. 8.30. 
Each elementary two-port is linearly transformed and the transformed circuits are 
properly connected to form the linearly transformed filter. The interconnection of 
the linear transformed arms of the ladder depends on the transformation matrices 
which have been used to transform the adjacent arms of the passive ladder. In order 
for the connection of two linearly transformed circuits to be as simple as possible, 
namely the cross-cascade shown in Fig. 8.31, the left transformation matrix of the 
second section (subscripts 1b) must be related to the right transformation matrix 
Qoq of the preceding section (subscripts 2a) as follows: 


be ae | (8.30) 


Yip Sib 2a —Bra 


Equation (8.30) implies that in order to have the cross-cascade connection, the 
left matrix Qj, of a section must be derived from the right matrix Q2, of the pre- 
ceding section by simply interchanging its rows and changing the sign of the second 
column. The right matrix Q2, of the second section can be freely selected and it will 
determine the left matrix of the next section, in view of the cross-cascade connection 
constraint of (8.30). 
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ayy BY 
Yu O11 


a21 B21 
21 021 


y21 
By-azRs 
611-711Rs 


(b) 


X11 X21 


0179 17-B LY 1 
611-711R$ 


Fig. 8.32 The input termination 


As an example, if the following transformation matrices are used for a section 


1a B la 1 0 2a Boa —l 0 
= — and = = 
Pia Be a E al Or Es 52a 0 —Ro 
then, in order for the transformed sections to be cross-cascaded, the left transforma- 
tion matrix Q1, of the next section must be: 


Oa< ap Bib| __|¥2a —82a])_]| 9 Ro 
os Vib Sib Q2q —f2a -1 0O 
8.3.2 Input Termination 


The first reactive arm Nj of the doubly terminated lossless ladder filter of Fig. 8.32 
is terminated by the source resistor Rs. Let N; be transformed using the transfor- 


mation matrices 
jon Bu _ jaz, Bai 
ae be ‘a te bee ‘sl 
as shown in Fig. 8.32. From (8.26), we have 
= 
X11 on Bi a2, Bo) X21 
— T; 8.31 
| sr a : be ‘al a een) 


where 7) is the modified transmission matrix of the first reactive arm and for the 
resistive input termination, we have V}; = E — 1\;Rs5 or 
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Vii 
1R =E 
[1 rs] [ 7 
When this equation is combined with the left transformed variable vector of arm N 
xu] fou Bir} | Vii 
Yul yin Onn | Lt 
we obtain the relationship: 
on Bul fx 
1R =E 8.32 
[1 Rs] be | | ee) 


Equation (8.32) describes the linearly transformed input termination and can be 
used to express the input x1; in terms of the other variables: 


11611 — Buyin Bi, — ay Rs 
x= E+ yu (8.33) 


61 —viuks J — yuRs 


The implementation of this relationship is illustrated in Fig. 8.32b, from which 
it can be seen that the corresponding LT structure of the first reactive arm of the 
ladder, when taken in conjunction with the source resistance, is in fact a two-input- 
one-output system with one of the two inputs being equal to the source voltage EF. 
The description of this two-input-one-output LT structure, which corresponds to the 
first reactive arm of the ladder and the source resistance, can be derived from (8.31) 
and (8.32) by eliminating the left linearly transformed vector [x11 y1 JZ , to get: 


a2; Bar| |xar] _ 
[1 &s71] i ad fel a 22 


It is worth observing that this relationship depends only on the right transformation 
matrix of the first reactive arm N,. The explicit forms of (8.34) are given below 
when JN is taken to be a series arm with impedance Z (s) or a shunt arm with 
admittance Yj (s): 


621 + y21(Z1 + Rs) a 021621 — B21 21 
Bo, +021(Z; + Rs) B21 + 21(Z1 + Rs) 


y2Rs + 621(%1 Rs + 1) 21621 — Boiy21 
Shunt arm: y2; = 


- x24 
a1 Rs + B21 (Y1 Rs + +1) o21 Rs + B21 (11 Rs + 1) 
(8.36) 


Series arm: 2] = E (8.35) 
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(a) 


ain Bin 
Yin In 


42n B2n 
Y2n O2n 


Yin 
B2n-42nRL 


(b) 
Wa 6 2n-Y2nRL 


XIn X2n 


Fig. 8.33 The input termination 


8.3.3 Output Termination 


The last reactive arm N,, of the ladder filter is shown in Fig. 8.33a together with the 
resistive termination, which represents the load of the filter. On applying the linear 
transformation to N, with transformation matrices 


_ | Qin Bin _ | @2n Bon 
Qin 7 sn a an ~ ie | 


the linearly transformed structure will be derived from (8.26): 


Xx] Ain Bi don Bon] | [x2 
n| _ n n| or n n n 8 37 
bal ie fl " be P| ie ( ) 


However, since 


and moreover, 


-1 
Von = C2n Bon X2n 
Ion Y2n 52n Y2n 


the following relationship between y2, and x2, can be derived: 


2n Bon - X2n 
[1 -ki]| |= (8.38) 


Y2n 82n Y2n 
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In fact, (8.38) represents the LT resistive termination of the filter and it shows the 
relationship between x2, and y2,, which can be written explicitly as: 


= Pon — 2n Ri 


Xn = 5) (8.39) 
" 52n — Y2n Ry ie 


The above relationship is illustrated in Fig. 8.33b, where y2, is considered to be the 
output of the LTA filter. If y2, is expressed in terms of the output voltage V2, of the 
original ladder filter, it can be shown that 


Yon = (vm és a) Von (8.40) 


It should be noted that if y2, is to be taken to represent the output voltage V2, then 
the factor y2, — 52,/Rz,_ must be frequency independent and ideally equal to unity. 

The LT structure for the last reactive ladder arm N,, in conjunction with the re- 
sistive termination (Fig. 8.33b) can be considered as a single-input-single-output 
circuit in a manner similar to the input termination case. The description of this 
circuit can be derived from (8.37) and (8.38): 


=f 
1—R, | 77! | % Bin Xin} _o 8 A] 
[ t] ‘ be O1n Yin ( ) 


It should be noted that this equation involves only the left transformation matrix. 
The explicit forms of (8.41) are given below when JN, is taken to be a series arm 
with impedance Z, = Z,,(s) or a shunt arm with admittance Y, = Y,(s): 


Sin + Yin (Zn + Ri) x1 
Bin + Q1n(Zn + RL) : 


. VinRt + 6in(Q@nRi+ 1) 
Shunt arm Y;: Yin = XIn 
oinRr + BinYnRt + 1) 


(8.42) 


Series arm Z;: Yin = 


(8.43) 


However, if this single-input-single-output model for the terminated last reactive 
ladder arm is employed, the y2,, output which is directly associated with the output 
V>2, of the original ladder filter is no longer available explicitly. In such a case, the 
output node of the LTA filter must be located from (8.37), which can be written as 


Xin Qin Bin 1 
= T, V: 8.44 
ka ie i ‘ | - ( ) 


When JN, is a series arm with 


then (8.44) gives: 


Xtn =[Qin(. + ZnGr) + BinGrl Von (8.45) 
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Yin = [YinQ + ZnG_) - 51inGr] Von (8.46) 


In order for one of x1, Or yj, to be suitable as a direct output, either aj, or yin must 
be equal to zero. 
— If we want yj, to be the output, then we must set 71, = 0, in which case 


R 
Von = Yin = (series last arm and y;, = 0) 
In 


— If we want x1, to be the output, then we must set a1, = 0, in which case 


Ry : 
Von =Xin—— (Series last arm and a, = 0) 


In 
When JN,, is a shunt arm with 
1 0 
Ti, — Be = 
then (8.44) gives: 
X1n = [On + Bin(n + GL) V2n (8.47) 
Yin = [Yin + b1n(Yn + GL) V2n (8.48) 


Similarly, in order for one of xj, or yj, to be suitable as a direct output, either 61, 
or 61, must be equal to zero. 
— If we want yj, to be the output, then we must set 6], = 0, in which case 


1 
Von = Yin — (shunt last arm and 6), = 0) 
ln 
— If we want x1, to be the output, then we must set 61, = 0, in which case 
1 
Von =Xin— (shunt last arm and 61, = 0) 


Qin 


It is, therefore, essential that there must exist a proper zero entry in the left trans- 
formation matrix of the last reactive arm, in order that the single-input-single-output 
model be used effectively without the need for extra passive and active components 
to generate an output node other than the already available x1, and yin. 


Example 8.8 In order to simulate the passive lowpass filter of Fig. 8.34 using the 
LTA method, we select the transformation matrix: 


_|a2, Boal |O —R 
On = |% ly =| 


for the first shunt arm Y;(s) = sC, and the input termination. 
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a R,C=RC, R C=2L2/R R3C=RC3 


Fig. 8.34 The application of the method to a third order lowpass circuit 


Equation (8.36) gives: 


RC, 1 


Ss 
pelts, ee 8.49 
wu RC SRO Bea?) 


One way to implement the two-input-one-output circuit described by (8.49) is 
shown in Fig. 8.34. The circuit uses a series RC circuit and a buffer. 

The left transformation matrix of the next arm, the series arm inductor Lo, is 
determined by the cross-cascade connection constraint: 


bo a2 Biz} _|ya1 —éa}_|1 R 
viz 412 a2; —21 O R 


For the right transformation matrix of the same arm, we may chose 


O ae ell | 
Pe y22 822 O —-R 


For the above Qj2 and Q22 and the modified transmission matrix of the series ladder 


arm 
b= A —B _ 1 —sLy 
2—le =p) 10° 1 


equation (8.26) yields: 


1 
yi2=y22 and yo2= Ty *12 
1l+s 
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A possible implementation of this linearly transformed circuit is shown in 
Fig. 8.34. 

The left transformation matrix of the third arm, the shunt capacitor C3, is deter- 
mined from the cross-cascade connection constraint as follows: 


O52 Bis} _| y22 —é22/_| 0 R 
~ Lv3 $13 a22 —22 -1 0 
When this left transformation matrix is used to linearly transform shunt capacitor 


C3 together with the load termination, (8.43) gives: 


1 


a RCs 1° 


Since 6,3 = 0, direct output can be taken from yj3 as has been explained. 


8.3.4 Wave Active Filters 


Wave Active Filters, as presented in [3] and independently in [10] under the name 
Scattering Parameter Active Filters, can be derived as a special case of the LTA 
method using the same transformation matrices for all the series and the shunt arms 
of the ladder, namely: 


a, £p 1 R a2 fp 1 R 
af s]=[ “e] we @=[e el-e=[ “| 


Under this linear transformation, for the series arms with impedance Z(s), we get: 


Z(s) n 2R 2R “i Z(s) 
— x Xx = Xx x 
7S FLOR ZAR AOR ZG) OR 
(8.50) 
For the shunt arms with admittance Y(s), we get: 
RY(s) 2 2 RY(s) 
y= 2 y2 1 x2 (8.51) 


x1 x a x 
RY(s)+2 RY(s) +2 RY(s)+2 RY +2 


The Wave Active Filter terminology stems from the fact that under this specific 
transformation set, the transformed variables x; and y; can be identified with the 
incident and reflected voltage waves at the corresponding ports. The voltage transfer 
ratios, which multiply x; and x2 in (8.50) and (8.51), are equal to the elements of 
the scattering matrix of the corresponding ladder arms, thereby justifying the name 
Scattering Parameter Active Filters. 

As far as the input termination is concerned, for the Wave Active Filters case, 
(8.34) yields 


2R 


“N= BERS 
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which becomes x;; = E for R = Ry. This implies that the x;; input of the LT 
structure corresponding to the first reactive ladder arm Nj, represents the actual input 
of the Wave Active Filter. 

The output termination of the Wave Active Filters can be found from (8.39) as 
follows: 


_ RL-R 
~ RE+R 


This implies that for R = R_, the input x2, must be grounded, in which case from 
(8.40) we find y2, = 2V2,. Therefore, the output yo, of the Wave Active filter struc- 
ture represents the output of the original ladder filter with a gain of 2. The single- 
input-single-output model for the last reactive arm, when transformed in conjunction 
with the load R;,, cannot be used due to the absence of a proper zero entry in the left 
transformation matrix, which is required for the existence of a convenient output 
node. 


X2n Y2n 


8.3.5 Leap-Frog Filters 


The well-known leap-frog or active ladder synthesis [6] emerges from the general 
LTA procedure by considering the transformation matrices to be as follows: 
For the series ladder arms: 


_ ja, Bil ja O _j|a2 Bo| |-a 0 
oly oleLo a] am =[5 E]=[o° | 


For the shunt ladder arms: 


a By 0 —6é a2 Bo 0 —6 
afr alel o] ele Sele 
Parameter a is a real dimensionless number and 6 represents resistance. It should 
be noted that the transformation matrices are chosen so that the cross-cascade con- 
nection constraint is satisfied. The original leap-frog synthesis can be derived using 

a=landéd=Rs. 
Such a scheme for the LT structure of the series arm Z(s) yields the following 
relationships: 


6 
=— = Or + 8.52 
y1 yo y2 aZ(s) (x1 + x2) (8.52) 
For the shunt arm Y (s) we get: 


a 
~ 8Y(s) 


yH-y2 y= (x1 + x2) (8.53) 

The two-input-one-output model can be employed for the input termination. 
Moreover, due to the zero entries of the left transformation matrix, the single-input- 
single-output model can be used for the last reactive arm when taken in conjunction 
with the resistive load. 
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Fig. 8.35 The derivation of the leapfrog filter 


Example 8.9 The third order passive ladder filter of Fig. 8.35 will be linearly trans- 
formed using the leap-frog transformation matrices. For the first shunt arm, the ca- 
pacitor C; with the input termination, the right transformation matrix will be 


Ou @21 Br] _|}0 —R 
yo. 621 1 O 
From (8.36) we get 


1 1 


ee er ee 
aS eel gRC el 


which can be realized as shown in Fig. 8.35. For the exact implementation, input 
E should have been inverted but this is not necessary since it would only affect the 
phase. 

Next ladder arm, inductor L2, will be transformed using the following leap-frog 


transformation matrices: 
1 O|;;-1 O 
O R O R 


which will give the LT structure described by: 


1 1 
YI2=— 22 Y2I= — 7 _*12— Fy *22 
oe Ee 
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Output y22 can be implemented using a summing inverting Miller integrator. Output 
y12 = —y22 can be taken from y2 using a voltage amplifier with gain equal to —1, 
as shown in Fig. 8.35. Finally, the last shunt arm, capacitor C3, will be transformed 


together with the load using 
0 —-R 
Q13= 0 


to give 


Y13 13. and = yj3=—V, 


= —_—x 
sRC34+1 


This can be implemented as shown in Fig. 8.35. The output of the filter will be 
V, = —y 13. The minus sign affects only the phase and it is not necessary to use a 
voltage amplifier with gain equal to —1. 


8.4 Problems 


8.1 Prove that the input driving-point impedance Z7y(s) of the Riordan’s circuit of 
Fig. 8.2 is given by (8.1). 


8.2 Prove that the input driving-point impedance Z;y(s) of the Antoniou’s circuit 
of Fig. 8.6 is given by (8.4). 


8.3 Prove that the back-to-back connection of two identical Riordan’s simulated 
inductors is a floating inductor. 


8.4 Prove that the voltage transfer function of all six circuits of Fig. 8.12 is 


1 
H(s) =1-— —~ 
ts) sRC 


8.5 Prove that the input admittance of the circuit of Fig. 8.36 is given by 


l-Aw 1 
Y(s) = + 5 
A+1D)Ro  skA+1)RZC 


and make it simulate a grounded inductor with L = 10 mH. 


8.6 Determine the input admittance of the circuit of Fig. 8.37 and set the conditions 
under which it realizes a simulated grounded inductor. 


8.7 Use Pspice to verify that the gain responses of the two filters of Fig. 8.18 are 
practically identical. 
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Fig. 8.36 Circuit for R 
Problem 8.5 y 


Fig. 8.37 The 
Orchard-Wilson simulated 
inductor 


8.8 Use Pspice to verify that the gain responses of the two filters of Fig. 8.20 are 
practically identical. 


8.9 Figure 8.38a shows a passive elliptic lowpass filter. In Fig. 8.38b, the floating 
inductor has been replaced by the simulated floating inductor of Fig. 8.19. Calculate 
all element values and parameters so that the two filters have identical frequency 
responses. 


8.10 Show that the circuit of Fig. 8.39a has the same admittance as the circuit of 
Fig. 8.39b with: 


a A+1 
Crs 4Co Li = + I)RORIC Me = et 
1 Oo 


(This means that the circuit of Fig. 8.39a simulates a grounded parallel RLC cir- 
cuit.) 
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C2 


2.50597nF 
L2 


C) 12.352mH C3 Ry 


29.9515nF 29.9515nF 


(a) 


(b) 


Fig. 8.38 Circuit for Problem 8.9 


(a) (b) 


Fig. 8.39 Circuit for Problem 8.10 


8.11 Show that the circuit of Fig. 8.40a has the same admittance as the circuit of 
Fig. 8.40b with: 


Gj 6 I4SZOLURRNC RS ee, 
20.41) 2) 1= oN] = ee 
i 2) 


(This means that the circuit of Fig. 8.40a simulates a floating parallel RLC circuit.) 
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E} 7) 
R R 
1 I Gj 
ac, ic; 
I’ as 
000 
o l i I Co Co I ae l o P| 
(a) (b) 


Fig. 8.40 Circuit for Problem 8.11 


Fig. 8.41 Circuit for 
Problem 8.15 


8.12 For the back-to-back connection of Fig. 8.19, show that J; (s) = J)(s) and that 
the input admittance is given by (8.18): 


i. 4 ad 1 


slr ER.” Ro 2sk(A + 1)R2C 


Yin(s)= 


8.13 Show that the driving-point admittance of the circuit of Fig. 8.24 is given by 
(8.22): 


Y= Cot C+ —-apycy Cane 2 
~ A+1 A+] 


8.14 Prove (8.28) and (8.29) of Example 8.7 


8.15 Prove that in the circuit Fig. 8.41 we have 


1 1 
— Xp + x2 
1+5%C 1+5%C 


Yi = y2 


Quantities x; and y; represent voltages. 
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Fig. 8.42 Circuit for Rs=Rz, Lp 
Problem 8.16 ° 050 oV, 


(a) EC) R, 


Qn O21! O12 O22 


(b) 


Fig. 8.43 Circuit for = L 
Problems 8.17 and 8.18 ok i 
E C) Rrp= 


Q21 1 Q12 
I 


8.16 Prove that if the passive filter of Fig. 8.42a is linearly transformed using 
_|0 —Rs _|l Rs 
O21 = I‘ | and Q12= lo a 


the LTA filter can be implemented as shown in Fig. 8.42b. Determine all element 
values. 


8.17 Use 
1 R 0 -R 
Qo = i ‘j and Qi2= \ =| 
to linearly transform the passive circuit of Fig. 8.43. 
8.18 Use 


on=| =| and on=|; Al 


to linearly transform the passive circuit of Fig. 8.43. 
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Fig. 8.44 Circuit for Problem 8.19 


8.19 Use 


on=|) | and on=|\ ; 


to linearly transform the passive circuit of Fig. 8.43. Determine the element values 
of the circuit shown in Fig. 8.44 so that it implements the corresponding LTA filter. 
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Operational Amplifiers 


9.1 Introduction 


The importance of the operational amplifier (OA or op amp) as a very powerful 
component in the arsenal of electronic circuits has been recognized since the ’40s. 
At that time, they were implemented using electronic tubes. Twenty or so years 
later, advances in semiconductor and integrated circuits technology made possible 
the manufacture of low cost monolithic operational amplifiers. This provided a phe- 
nomenal impetus to the profound and wide-ranging applications of such compo- 
nents. 

In 1952, the first operational amplifier was made commonly available to the 
public. It was the K2-W, designed by George A. Philbrick of G.A. Philbrick Re- 
searches Inc. Tubes were replaced by transistors in the K2-W only in 1962. At the 
same time, Burr Brown Corporation developed a transistor operational amplifier. In 
1963, Robert Widlar designed the first monolithic operational amplifier, the A702, 
which, in spite of its inherent design weaknesses, was sold by Fairchild Semicon- 
ductors at the price of 300 dollars, mainly for military and aerospace applications. 
Two years later in 1965, Fairchild introduced its own A709, designed again by 
Widlar. The new chip had significantly improved features as compared to its pre- 
decessor and was initially sold for “only” 70 dollars, though soon its price fell to 
5 dollars. In 1970, the price of operational amplifiers had already fallen to under 2 
dollars per unit. 

Widlar had in the meanwhile left Fairchild for a new company, National Semi- 
conductors, where he designed the LM101, a chip which needed an external com- 
pensation capacitor. A little later, the LH101, the first operational amplifier with in- 
ternal compensation, was introduced, followed by the LM107. Fairchild responded 
in May 1968 by introducing the ,zA748 with external compensation and the w~A741, 
designed by Dave Fullagar, with internal compensation. In 1974, National intro- 
duced the LM324, the first single supply chip, and Raytheon Semiconductor the 
RC4558, the first monolithic dual operational amplifier. 
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In 1975, RCA introduced the CA3130, the first FET operational amplifier, and 
National replied with J-FET technology offering the LF355. The same technology 
was used by Texas Instruments to introduce a quad chip in 1976, the TL084. This 
was just the start of significant developments. 

Many of the chips mentioned in this short historical review, based mainly on 
[4] are still available on the market with improved characteristics due to improved 
technology. New operational amplifiers have also appeared with much better speci- 
fications as compared to the old chips. The price of high-specifications commercial 
op amps is today under half a dollar, and at only marginally above this price, one 
can obtain chips with outstanding characteristics. 

All these operational amplifiers handle voltages to produce voltages and are char- 
acterized as voltage-mode or voltage feedback op amps. In the early ’80s, Comlin- 
ear, a company bought later by National Semiconductors, introduced current-mode 
or current feedback operational amplifiers. These amplifiers handle currents instead 
of voltages and, as will be seen later, they have wider bandwidth. 

Filter designers took advantage of the constantly improving characteristics of 
op amps and from the early ’70s designed active filters, creating a new engineer- 
ing area which is still at the cutting edge of electrical engineering research. Using 
operational amplifiers and similar operational devices like operational transconduc- 
tance amplifiers (OTA) implemented in MOS/CMOS technology, high-frequency 
low-power consumption filters can be easily integrated, serving the needs for such 
circuits, especially in mobile communications systems. 


9.2. Operational Amplifier Models 


Operational amplifiers are the fundamental building blocks of active filters, and for 
this reason a thorough understanding of their operation, limitations and usage is 
absolutely necessary for anyone who studies or designs filters. The subject will be 
presented mainly at device level, avoiding wherever possible the details of their 
internal circuits. Most books on electronics deal with the circuits that implement 
operational amplifiers. 

As already mentioned, operational amplifiers can be categorized into two ma- 
jor categories: voltage-mode and current-mode. The mostly commonly used opera- 
tional amplifiers are voltage-mode devices designed with voltage signals in mind, in 
contrast to current-mode amplifiers, which are designed for current handling. This 
situation may, of course, change as the bandwidth advantage of the current-mode 
type is deployed in a wide range of products. 


9.2.1 Voltage-Mode Operational Amplifiers 
Figure 9.1a shows the symbol of the ideal voltage-mode operational amplifier. Al- 


though real OAs chips provide more terminals (pins), e.g. for DC biasing, external 
compensation etc., in this symbol only the operational signal terminals are shown. 
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(a) (b) 


Fig. 9.1 (a) Operational amplifier circuit symbol. (b) The ~A741 


Operational amplifiers have two input terminals, the inverting and the non- 
inverting, denoted by “—” and “++” respectively. In the linear range of the perfor- 
mance of the device, the output voltage is proportional to the voltage difference of 
the two inputs: 


Uo(t) = A(v4(t) — v_(t)) or = Vo(s) = A(V+(s) — V_(s)) (9.1) 


The factor A is frequency independent in ideal operational amplifiers and is re- 
ferred to as open-loop gain. Its value is theoretically infinite although in real OAs 
it is frequency dependent, with very high values only at low frequencies, as we will 
see later. 

The electronic circuit of a real operational amplifier uses transistors, resistors and 
capacitors. A typical example of an op amp circuit is that of Fig. 9.2. The simplified 
version of this circuit, shown in Fig. 9.3 [6], is used to better understand the way the 
op amp works. 

Circuits of Fig. 9.2 and of Fig. 9.3 are structured in three discrete functional sec- 
tions. Modern CMOS and biCMOS operational amplifiers have similar functional 
structure. Referring to Fig. 9.3, the first section, consisting of transistors Q; — Q4, 
ensures very high input resistance and functions as a differential amplifier, distribut- 
ing the bias current 7,4 to 4; and J, in a proportion depending on the voltage differ- 
ence of the inputs. When this difference is very low, then 


i(t) — i2(t) = gm(v-() — v-(@)) or: Ni(s) — hls) = gm(V4-(5) — V_(5)) 
Transistors Q3 and Q4 force currents /3 and 1/4 to be equal, resulting in: 


io (t) = —8m(v4(t) — v_(t)) or Loi (8) = —8m(V4 (8) — V_(8)) 


This high input impedance section is in fact a transconductance which creates a 
current that is proportional to the voltage difference of the two inputs. 

The next section is a Darlington pair of transistors Q5-Q6 with high gain — Ap 
and a compensation capacitor C which creates a pole at w, = et The resistance 
R is the equivalent resistance between the input of this section and ground. 
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Fig. 9.3 Simplified circuit of 
a monolithic op amp 


Veg 


(b) 


Fig. 9.4 Functional diagram of the operational amplifier 


The third section consists of transistors Q7-Qg in a push-pull connection that 
provides unity voltage gain but very high current gain, making this section a power 
amplifier. It should be noted that this section has very low output resistance and 
therefore behaves like an ideal voltage source. 

Keeping in mind the above analysis, the operational amplifier can be represented 
with the functional diagram of Fig. 9.4. Capacitor C is the compensation capacitor, 
which creates, as mentioned, a pole at wy = Fc and serious problems no matter 
whether is internal or external. 

Writing the KCL for the first node with voltage V (Fig. 9.4) we have: 


V 
8m(V4—V_)+ ka (V + ApV)sC =0 (9.2) 
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Since V, = —ApV, (9.2) yields: 


&m 


Vo= I 
RA, + SC(+ a) 


(V+ —V_) (9.3) 


In the operational amplifier circuit, Ap >> 1 and therefore equation (9.3) can be 
written as 

Cc 
ty ts (9.4) 


Yo= 
I 
RA, + sC RCA, +5 


and finally, the voltage transfer function of the voltage-mode operational amplifier 
is given by: 


Vo = &m/C 


cn aan 2 


(9.5) 
s+ RCA, 


In the case of the ideal op amp, where A, tends to infinity and (9.5) gives: 


&mRAp oe: &m 
sRCAp+1 sc 


A(s) = (9.6) 


If in addition we consider that for the ideal op amp C — 0, (9.6) yields: 
A(s) = lim (**) =A where A> 00 (9.7) 
c>0\sC 


Finally, for the ideal operational amplifier we have: 


Vo = A(V+ —V_) with A> oo (9.8) 


Equation (9.8) is the model of the ideal operational amplifier, in which it is assumed 
that the open-loop gain is not only infinite but also frequency independent. No matter 
how simple this model appears, it can be used without hesitation for the analysis of 
real circuits with operational amplifiers embedded in them and having feedback 
paths, at least for the estimation of their performance. 

The ideal voltage-mode operational amplifier can be represented by the equiva- 
lent circuit model of Fig. 9.5. 

This model clearly shows the external characteristics of the voltage-mode oper- 
ational amplifier. The input resistance R;y is very high in order to ensure near zero 
input currents. The output resistance, appearing as the internal resistance Royr of 
the voltage controlled voltage source, is very low, ensuring that the output voltage 
does not depend in any substantial way on the current drawn from the output termi- 
nal. 

Another more realistic model of the voltage-mode op amp is given by (9.5), re- 
peated here 


Vo _ &m/C 
(Vie Ve) 


A(s) = (9.9) 


I 
S+ RCA, 
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Fig. 9.5 Circuit model of the 
voltage-mode operational 
amplifier 


This equation constitutes the one-pole model for obvious reasons. The pole is of 
_ 1 
course Sg = — RCA,’ 
Defining the pole frequency and the DC open-loop gain respectively as 


Wa 


and Age = A(O) = gm RAp (9.10) 


~ RCA; 


equation (9.9) of the one-pole model becomes: 


A 
FG eel (9.11) 
S+@a 
Comparing (9.9) and (9.11), we get 
vat Site (9.12) 


The product wgAgc = @; is defined as the gain-bandwidth product (GBP) of the 
operational amplifier and is one of its most important characteristics. 


GEPl ae Sodas c (9.13) 


The one-pole model equation (9.11) can be rewritten in terms of the gain-bandwidth 
product as follows: 


Or 


A(s) = 


(9.14) 


S+ Qa 


The open-loop gain at the pole frequency wy = RCIs is 


G ) Wa 
A J®a) = j@a Ade = I j 


V2 
Adc > |A(j@a)| = > Ade (9.15) 


This means that at the pole frequency w, the logarithmic open-loop gain falls by 
3 dB from the level at DC. The frequency w, defines the open-loop bandwidth of 
the voltage-mode operational amplifier. 
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Aap(f) 


Aap(f) 80 


f (Hz) f(Hz) f 


Fig. 9.6 Open-loop gain plots 


The open-loop gain of the op amp at the frequency «; of the GBP is 


I I 
= ~] (9.16) 


Mr _ 
2 
jo? +02 i+ [ita 
t c 


The quantity Aa _ 1s extremely high, of the order of 10!°, even for low quality oper- 
ational amplifiers. This means that the logarithmic gain of the op amp at w = a; is 
zero. Gain-bandwidth product is a measure of the useful frequency bandwidth of an 
operational amplifier. The higher the GBP, the higher the frequency up to which the 
operational amplifier behaves usefully. 

It should be remembered that A(s) is the open-loop voltage transfer function 
of the operational amplifier. The typical specifications of the popular ~A741 are: 
R = 10° Ohm, A, = 10*, C = 30 nF and gm = 200 uSiemens. For these values, 
Adc, ®q and w; can be calculated: Age = 200, 000, wg = 2m - 5.3 rad/s and a; = 
2 -1.06-10° rad/s. Figure 9.6 shows the corresponding open-loop gain as a function 
of frequency. 

Equation (9.14) can be rewritten as 


|AGiar)| = 


a; 1 
A(s) = = (9.17) 


~ Ss @ 
S+ Wa oe 


Since @; >> @gq, the ratio an — 0 and the above equation (9.17) can be simplified to 


A= (9.18) 


t 
S 


Equation (9.18) defines the integrator model of the voltage-mode operational am- 
plifier, which is also used extensively due to its simplicity. 
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Fig.9.7 Simplified circuit of current-mode operational amplifier 


Fig. 9.8 The symbol of the I, Va 
current-mode operational 


i Vi. 
amplifier R C i pe V, 


9.2.2. Current-Mode Operational Amplifiers 


Current-mode operational amplifiers are based on “current logic” instead of voltage 
logic. Figure 9.7 shows a simplified electronic circuit that implements a current- 
mode op amp. Again, three sections can be discerned. 

The first section (Q; — Q4) tries, by adjusting the current of the inverting input 
I, = I, — hh, to make the voltages V_ and V_ of the two inputs equal. The circuit, 
provides very low input resistances, in contrast to the voltage-mode op amp, where 
input resistances are very high. 

The second section (Q5 — Qg) creates “mirror images” of currents J; and Jy 
and their difference [, = 1; — Jy in node a. The circuitry of Q5 — Q6 and that 
of Q7 — Qg are called current mirrors because they create the mirror images of 
currents J; and />. The difference I, = I, — Iz is fed to the input of the next section, 
the resistance and capacitance of which are R and C respectively, as in Fig. 9.8a. 
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Fig. 9.9 Functional diagram Vow 
of the current-mode op amp 


Current 
Mirror 
Vee 
As a result, the nodal voltage V, is given by: 


1/C 
Va(s) = Ta (s) = ——Ia(s) 
S+ 


R 
1 
sRC+1 RC 
The third section simply isolates the voltage of node a and forwards it with gain 1 
to the output of the current-mode op amp with very low output resistance. Therefore, 


1/C 
Vo(s) = Va(s) = Ta (s) = ——Ia(s) (9.19) 
S+ 


1 
sRC+1 RC 


The symbol of the current-mode operational amplifier is shown in Fig. 9.8b. The 
three sections described above are shown better in Fig. 9.9. 
Equation (9.19) is the model of the current-mode op amp and the quantity 


_Vos) OR OAC 
ZOO 7 Gy - sRCHT 5a = 020) 


is called open-loop transimpedance of the current-mode op amp. 
The DC transimpedance is Za¢ = Z,(0) = R and Z,(s) has a pole for sy = — a: 


At the frequency 
a (9.21) 
O=— = —— : 
“RC “2x RC 


the magnitude of the transimpedance falls by 3 dB from Zg-. Typical values of 
real life current-mode op amps, like Comlinear’s CLC401, are R = 710 kOhm and 
Sta = @q/2% = 350 kHz. These values used in (9.21) give C = 0.64 pF. 

In current-mode operational amplifiers, the calculation of the open-loop voltage 
transfer function is meaningless. Voltage transfer functions can however be calcu- 
lated when the amplifier is in a circuit with feedback. Let us, for example, study the 


9.2 Operational Amplifier Models 413 


Fig.9.10 Non-inverting 


voltage amplifier i °V,(s) 
Es) C) | 


circuit of Fig. 9.10, which is the typical non-inverting voltage amplifier with one 
current-mode op amp. The input signal is applied to the low input resistance non- 
inverting input and a fraction of the output is fed back to the inverting input through 
resistors R; and Ro. 

The internal circuit of the current-mode op amp determines the current J, so 
that the voltages of the inverting and non-inverting inputs are equal. This means that 
V_ = E and from Kirchhoff’s current law we get: 


_ E(s) | E(s) — Vo(s) 
~ Ry + Ro 


Ta(s) (9.22) 


From (9.19), we have 


Vo(s) 


Vo(s) = Zo(s)\Ia(s) => Ia(s)= Z,(s) 


where Z,(s) is the transimpedance Z,(s) = “7 : of the op amp according to (9.20). 


R 
Combining these equations, we find the voltage transfer function of the device: 


_ Vo(s) _ Ro 1 
H(s)= ie (1 + Je ri as (9.23) 


Transimpedance Z, is very high at least up to the pole frequency fq = @,g/27 = 
1/22 RC from which it starts falling. Typical value for f, exceeds 300 kHz, and 
therefore the magnitude of the transimpedance remains high for much higher fre- 


quencies. R2 is usually at such a level as to keep the ratio A very low in (9.23). 


Setting Z,(s) = an in (9.23), the transfer function becomes: 
er RE 
Re R 
H(s) =k——___ withk = 14 2 (9.24) 
Sod eee Ri 
RRC 


The characteristics of such a transfer function are: 


kR_ 1+(R2/R}) 


Gdac = |H(j0)| = = 
ac |BGO= Fe 14 (a/R) 


(9.25) 
R+R,_ 1+ = 


RRoC =—RoC 


W3dB = 


414 9 Operational Amplifiers 


Ro(f3ap) 


10 10 10 10 
f34p (Hz) 


Fig.9.11 Plot of the resistance as a function of bandwidth 


It is very interesting to observe that the bandwidth w34, of the device, the frequency 
at which the gain becomes 2G ae, depends strongly on the value of R2. This means 
that R2 can be calculated from the desirable bandwidth w3qz, and the gain k = 
1+ fa can be adjusted independently using R}. 


Example 9.1 The non-inverting voltage amplifier of Fig. 9.10 will be designed to 
implement voltage gain k, = 4 using an integrated current-mode operational ampli- 
fier with R = 710 kOhm and fy = 350 kHz > C = 0.64 pF. 

From (9.25) we have 


1+ (R2/R1) R2 


¢ = ko = ——— = 
Ga ia ~ “— grew 


(9.26) 


This means that we can select any value for Ro and calculate the value of R; in 
order to have DC and low frequency gain equal to ky = 4. The value of R2 can be 
calculated from (9.25) and the desired bandwidth w3g 8: 


R&R 142 1 
2 R = 


_ = : (9.27) 
RR2C RoC 2n- faan-C—R 


03dB = 


Figure 9.11 shows the plot of the value of R2 as a function of bandwidth f3az, from 
which it is obvious that high values of R2 correspond to low bandwidth values. 
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Fig.9.12 Gain plot for two resistance values 


For example: 


Ry = 60 kOhm 


1+(R2/R) 1+ (60- 107/710. 10°) 


= =~ 4.5 MH 
In RoC 20 -60-103-0.64- 10-22 ss 


=> fsaB= 


Ry = 10 kOhm 


— 1+(R2/R) 1+ (10- 103/710- 103) 


= ~ 25 MH 
In -R>C 22 -10-103-0.64- 10-2 7 


=> faaB 


From (9.26) with kg = 4 and R = 710 kOhm, we find that: 


17.97kOhm for Rp = 60 kOhm 


1 13.27kOhm for Rp = 10 kOhm 


Figure 9.12 shows the logarithmic gain of the circuit for the two values of R2 as 
a function of frequency in order to highlight both its dependence on R2 and the fact 


that the gain is reduced at a rate of 6 dB/octave after f3az. 


Current-mode operational amplifiers, apart from their poor characteristics with 


respect to input offset voltage and input bias current, have some advantages over 


their voltage-mode counterparts, mainly as far as their high frequency operation is 


concerned. 
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Fig.9.13 The voltage 
follower or buffer 


v-) Vo(t) 


v+(t) 


e(t) 


9.3. Basic Operational Amplifier Circuits 


Some basic circuits with operational amplifiers will be presented in this section not 
only for their usefulness, but also as paradigms of analysis of circuits involving 
operational amplifiers. 


9.3.1 Voltage Follower or Buffer 


The simple circuit of Fig. 9.13 is a voltage-mode operational amplifier in which the 
output is fed back to the inverting input. 

For the analysis of the circuit, we use Vi(s) = E(s) and V_(s) = V,(s) in (9.5), 
the basic equation of the ideal voltage-mode operational amplifier, to get 


Vo(s) = A(s)(E(s) — Vo(s)) => Vos) = 


—E(s) (9.28) 


A(s) 


and therefore 
—_ Vols) _ 1 


H = —— 
EG ae 


(9.29) 


If the operational amplifier is ideal, then A(s) = A > o and (9.29) yields 
H(s)=1 => V,(s)=E(s) and u,(t)=e(£) 


This justifies the name of voltage follower since output voltage follows the input 
voltage. Although the input-output voltage relationship is very simple, a voltage 
follower, when inserted between two sections, isolates them in that the second sec- 
tion does not draw any current from the first. The commonly used name “buffer’’ is 
due to this isolation property of the voltage follower. 

If the operational amplifier used in the voltage follower circuit is not ideal, then 
according to the one-pole model (9.14), A(s) = are and the transfer function of 
(9.29) becomes: 


_ Vols) _ 1 Or 


ES) lt qty St+oat or 


H(s) 
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Fig.9.14 Logarithmic gain of a voltage follower using the ~A741 


The gain of the voltage follower, the magnitude of H(jw), is no longer frequency 
independent since 


‘ Or; 1 
G(@) =|H = =a,,| 9.30 


Gap (@) = 20log(G(@)) dB 


and 


For wm = 0, the DC gain is Gage = G(O) = 1 > & 1 since W1 > Wa (typical 


values are f, =5 Hz and f; = 1 MHz). The frequency w3qgg at which the gain 
becomes PGi. can be calculated as follows: 
/2 Wr 


sf 
G(w3dB) = 5 Gac= a => 03¢dB =O;+ Oa 
t a 


For frequencies above this value, the logarithmic gain of the device 20 log(G(w)) 
reduces at a rate of 6 dB/octave. Figure 9.14 shows the dependence of the logarith- 
mic gain of the voltage follower on frequency. The useful bandwidth of the device 
depends on the affordable gain tolerance. If, for example, gain tolerance is 3 dB 
down from Ggc, then the useful bandwidth is f; = ae If the allowed tolerance is 
lower, e.g. 1 dB, the useful bandwidth is much lower. 


9.3.2 Inverting Amplifier Circuits 
In order to calculate the output of the inverting voltage amplifier of Fig. 9.15, we 


can start from the basic equation (9.5) of the voltage-mode operational amplifier 
Vo(s) = A(s)(V_(s) — V_(s)), which becomes V,(s) = —A(s)V_(s) since Vi = 0 
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Fig.9.15 The inverting 
voltage amplifier 


(grounded). At the node of the inverting input, currents 7; and iz are equal since the 
current drawn by the operational amplifier is zero or negligible even in real op amp 
chips. Equating the two currents we have: 


E(s) — V_(s) _ V_(s) — Vo(s) 
Ri ~ Ro 


Taking into account that V,(s) = —A(s)V_(s), the above equation can be solved 
for Vo: 

Ro A(s) (B — 1) 
Vo(s) = —E(s)— - R = B E(s) (9.31) 
AAQ+ RTT bay 


where B=1+4+ 2 > 1. 
If the operational amplifier is ideal with infinite open-loop gain A, then (9.31) 
gives 


Vo(s) = ZEW) or Ug(t)= — ew) (9.32) 


The usefulness of such a circuit is obvious, especially when the ratio of the two 
resistors R2/R, can take any value. Moreover, it should be noticed that due to the 
negative sign, there is a phase difference of 180° between input-output. Finally, it is 
noteworthy that the voltage of the inverting input of the operational amplifier, given 
by 


Vo(s) _ B-1 
A(s)  A(s) +B 


tends to zero due to the fact that in the ideal operational amplifier, the open-loop 
gain A(s) = A — om. The operational amplifier succeeds in making the voltages of 
its inputs equal, a fact that can be considered as a basic function of its operation in 
the linear region. 

Let us now consider that the operational amplifier used in the inverting voltage 
amplifier circuit is not ideal, i.e. its open-loop gain is frequency dependent given by 
the one-pole model (9.14), A(s) = —“\-. Combining this with (9.31), we get: 


S+@q 


V_(s)= 


E(s) 


Vos)_ Ro BC BG 
E(s) Ri st+Ftoq s+Gtoa 


Ro 
H(s)= Oe =e 
1 


(9.33) 
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Fig. 9.16 Gain plots for two values of the resistance ratio 


If Ga¢ is the DC gain at s = 0, then the frequency at which the gain falls by 3 dB 
and subsequently at a rate 6 dB/octave is the frequency of the pole: 


Or Si 
3dB = B +@q or fxap= 7 + fa (9.34) 


The bandwidth of the device is w37g and depends on 6 = 1 + (R2/R}j) in such a 
way that the useful bandwidth of the device decreases as the ratio R2/R increases. 

Figure 9.16 shows this clearly and is drawn for an inverting voltage amplifier 
which uses a typical operational amplifier like ~A741. For Ro/R, = 1, we have 
i3aB = 0.5 MHz whilst for R2/R; = 10 the 3 dB frequency is 0.1 MHz. In both 
cases, gain is decreasing at a rate of 6 dB/octave after f3¢g. The DC gain Gg, of 
the device can be calculated from (9.33) for s = 0: 


B- 


Gac = |H(s)|s=jo = 1+ p62 


(9.35) 


Evidently, the DC gain depends on # and the characteristics of the operational am- 
plifier. Using (9.35) in (9.34), we get an expression of the device bandwidth as a 
function of the op amp’s characteristics: 


aay 1s Gace (9.36) 
@ = Wq = WO, (42) - 
3dB B a t Lacy, a 
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Example 9.2 (Design of an Inverting Voltage Amplifier) The inverting voltage 
amplifier will be designed using a monolithic A741 operational amplifier with 
St = 1 MHz and f, = 5.3 Hz. The DC gain of the amplifier will be Gg, = 4, ie. 
logarithmic gain 20 log(4) = 12 dB. 

From (9.35), we get 


1+ Gace R 1+ (@a/1) 


2 
= a — = B-1=G¢—— 9.37 
1 — Gac(@a/1) Ry B . 1 — Gace (@a/1) 


B 


For Gac = 4, Wg = 275.3 and a, = 27 10°, the above equation (9.37) gives: 


1+4 Ro 
=5.000106 => — B —1=4.000106 
1 


~ 7 42n 53 
1 45 108 


Any resistors Rj and R2 with ratio R2/R, = 4.000106 can be used to ensure Gage = 
4. Resistor values of the order of 10 kOhm are usually preferred in active-RC circuit 
design. Very low resistor values can cause high currents that are not desirable. Very 
high resistor values tend to create very low currents comparable to the inevitable 
electronic noise. A decent choice in our example would be Rj = 10 kOhm and 
Ro = 40 kOhm. 

The frequency w3q8 at which the gain falls by 3 dB, i.e from 4 to 4- a = 2.8284 
is given by (9.36): 


1— Gace“ 

@3dB Or deo, , a 5 
= ~2.0-10° H 9.38 
20 2a Gact1 * 20 ( ) 


faB = 


The bandwidth of the inverting voltage amplifier cannot be adjusted since it de- 
pends only on the characteristics of the operational amplifier. If higher bandwidth 
is required, an operational amplifier with higher w; can be used. Figure 9.17 shows 
the logarithmic gain of the inverting voltage amplifier with Gg, = 4. 


9.3.2.1 General Inverting Amplifier 

On generalizing the analysis of the circuit of the inverting voltage amplifier with an 
ideal operational amplifier, we find that the voltage transfer function of the general 
inverting amplifier circuit of Fig. 9.18 is given by: 


Vols) _ _ Za(s) 
E(s) Z1(s) 


H(s)= (9.39) 


It is obvious that impedances Z(s) and Z2(s) determine the form of the transfer 
function. 
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Fig. 9.17 Gain plot of the inverting voltage amplifier 


Fig.9.18 General inverting Z,(s) 
voltage amplifier 
Z\(8) 
E(s) Z,(s) 
=- EK(s 
Va(S)="F (EO) 
Fig.9.19 The summation Zi Z,. 
property of the inverting vi : 
voltage amplifier zi 
Vv 
, ! Vo 
l 
ba 
Zn = 


The inverting input of the operational amplifier of the voltage amplifier has the 
summation property, as shown in Fig. 9.19. The output of this circuit with more than 
one voltage inputs can be found: 


ZF ZF ZF 
V V: tee V, 9.40 
Z, 1(s) D 2(5) Zz, v" (s) (9.40) 


Vo(s) = 


9.3.2.2 The Inverting Integrator (Miller) 

The inverting integrator of Fig. 9.20, known as the Miller integrator, belongs to 
the inverting voltage amplifier family. In order to analyse this circuit, we assume 
initially that the op amp’s inputs exhibit very high input resistance. Under this as- 
sumption, the current entering the operational amplifier is negligible, resulting in 
the current of R; being equal to that of the capacitor C2. This is expressed in the 
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Fig.9.20 The Miller C 
inverting integrator 
Ri 
E 
®) Vx V.(s) 

following equation: 

E(s) — Vy (s) 

Ry = a(S) — Vols))sC2 (9.41) 


where V, is the voltage of the inverting input. Combining (9.41) with the model 
Vo(s) = A(s)(V+ — V_) with V_ = 0, we find 


1 
(+ ay)sR1C2 + aw 


Vo(s) = E(s) (9.42) 


For ideal operational amplifier with constant A(s) = A — ov, this equation gives: 


Vo(s) = — 


1 1 f 
E o(t) = —-—— t 4 
5RiG (s) or Uv (t) zal e(t)dt (9.43) 


The voltage transfer function of the Miller integrator with an ideal op amp will be 


Vo(s) _ 1 


A(s)= =-———> 9.44 
EG) > FRG ea 

and the gain will be given by 
G(o) = |H(jo)| = (9.45) 


@R\C 


The plain and the logarithmic gain of a typical Miller integrator is shown in 
Fig. 9.21. The integrator’s behavior when the operational amplifier is not ideal will 
be studied in Sect. 9.4. Nevertheless, in Sect. 9.4 there is a design example (Fig. 
9.40) of an ideal inverting integrator, the gain plot of which is compared to the gain 
of the circuit when the real op amp characteristics are taken into account. 


9.3.2.3 The Lossy Integrator 
The voltage transfer function of the circuit of Fig. 9.22a is: 


Vols) 


H(s)= = 
E(s) sRiCy +1 


(9.46) 
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Fig. 9.21 Gain plots of a Miller integrator employing an ideal op amp 


but changes if its output is connected to a circuit with finite input impedance. For 
example if a load R is connected to the output, as shown in Fig. 9.22b, the transfer 
function becomes: 

Vo(s) _ 1 

E(s) sRiC} +1+ % 


Ap(s) = (9.47) 
A voltage follower can be connected to the output of the circuit of Fig. 9.22a 
to ensure that the transfer function will not change, as shown in the circuit of 


Fig. 9.22c. 
The circuit of Fig. 9.23 has a voltage transfer function 


Vols) _ 1 


H(s)= = 
E(s) —— sRiC, + 
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Fig. 9.22 Lossy integrators 


Fig. 9.23 Inverting lossy 
integrator 


Fe) V.(s) 


Fig. 9.24 Inverting 


R, 
differentiator C 
1 
~ | V.(s) 


similar to that of the circuit of Fig. 9.22c but with a minus sign (phase inversion) and 
the capability to adjust the pole frequency using R. This resistor can be considered 
as the loss resistance of the capacitor C;. When this loss resistor R — oo (zero 
loss), the circuit becomes a Miller integrator. If R has a finite value, this introduces 
the term R,/R into the transfer function. 

Since this term R,/R appears due to the loss resistance R it is tern to as 
“losses” of the integrator and circuits with a transfer function of the form —— Er , like 
those of Figs. 9.22c and 9.23, are referred to as lossy integrators. w denotes the loss 
of the lossy integrator. We shall return to lossy integrators in Sect. 9.4. 


9.3.2.4 The Inverting Differentiator 

A simple circuit that differentiates the voltage input signal, a differentiator, can be 
obtained from the general inverting amplifier circuit of Fig. 9.18 setting Z)(s) = 
1/sC, and Z2(s) = Ro, as we have done in Fig. 9.24. For the inverting differentiator, 
we have: 


d 
Vo(s) =—sRoCiE(s) or vup(t)=—Ro2C qo (9.48) 
The voltage transfer function of the inverting differentiator is: 


Vo(s) 
E(s) 


= RC) (9.49) 
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Fig. 9.25 Inverting differentiator 
and its gain function 
G(@) = |H(jw)| =@RC (9.50) 


Figure 9.25 shows the plain and the logarithmic gain plots of a typical inverting 
differentiator. It should be noted that the device amplifies high frequency noise and 
for this reason its use is normally avoided in filter design. 


9.3.2.5 The Subtractor 
The circuit of Fig. 9.26 can be obtained from that of the inverting voltage amplifier 
if, instead of grounding the non-inverting input, we apply a second input voltage 
through a voltage divider r4/rg so that the voltage of the non-inverting input be- 
comes: 
rA 
rA TTB 


Vis) = V2(s) (9.51) 
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Fig. 9.26 Subtractor 


vi(t) 


v(t) © 


The output voltage is easily calculated as: 


vo) =(1 = ge ie (9.52) 
—— ee ee r Ri ~ : 


It is clear that for r4 =rg and Rj = Ro, the output voltage is V2 — Vi 
9.3.2.6 First Order Circuits Based on the Inverting Voltage Amplifier 
First order circuits with a voltage transfer function 


S+Z 
S+p 


H(s)= (9.53) 
are very important in designing active filters. The zero at —z of this first order trans- 
fer function is real, since if it were complex, its conjugate —z* would also be a root 
of the numerator and the function would be of order 2. For the same reason, the pole 
at — p is also real and p > 0 to ensure stability. 

Based on the general circuit of the inverting voltage amplifier of Fig. 9.18, useful 
circuits with first order voltage transfer functions can be produced, some of which 
are summarized in Table 9.1. 


9.3.2.7 A First Order Allpass Filter 

The voltage transfer function of circuit of Fig. 9.27, based also on the general in- 
verting voltage amplifier, is found to be: 

Z2(s) — Z1(8) 

Z2(s) + Z1(5) 


Setting Z,(s) = 1/sC (capacitor) and Z2(s) = R (resistor), the transfer function 
becomes: 


A(s)= 


1 
gol 
RC 
A first order transfer function of this form has a frequency independent gain G(w) = 
|H(j@)| = 1, while the phase response depends on frequency. The circuit realizes 
a first order allpass filter and can be used for phase (delay) compensation. The gain 


and phase characteristics of such a circuit are shown in Fig. 9.28. 
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Table 9.1 Circuits based on the inverting voltage amplifier 


Fig.9.27 A first order 
allpass filter 


E(s) ¢ 


9.3.3 Circuits with Non-inverting Voltage Amplifier 


In the circuit of the voltage follower of Fig. 9.29a, the full feedback of the output 
voltage to the inverting input has been replaced by a partial feedback of the output 
voltage to the inverting input through a voltage divider R4 — Rpg. This is shown in 
the circuit of Fig. 9.29b. Assuming that the inverting input of the op amp draws zero 
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Fig. 9.28 Gain and phase 1.5 
plots of the first order allpass G(o) 
filter 


0.5 


60 


oO 
— 
N 
Ww 
aS 
nn 
an 


Fig. 9.29 (a) The voltage 
follower. (b) The 
non-inverting voltage 


amplifier E(s) V,(s) 
(a) (b) 
or negligible current, its voltage becomes: 
Ra Vos) Rp 
V_(s) = ——_ V,,(s) = thk=1+—>1 9.54 
(s) Rat Rp o(S) co sig Rar (9.54) 


From the one-pole model of the voltage-mode operational amplifier, 


Vo(s) = A(s)(V4(s) — V_(s)) with A(s) = at (9.55) 
S+Qq 
we find: 
Vo (s) k 
Vo(s) = z E(s) and A(s)= — (9.56) 


=e 
aay E(s)  aytl 


Ne 
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Fig. 9.30 Gain plots for two values of k 


If the operational amplifier is ideal where A(s) = A — 00, equation (9.56) gives: 


Vo(s) Rp 
EG) =k=1+ Ra (9.57) 


The circuit in this case is a non-inverting voltage amplifier with constant gain k = 
Rp 
In the case of non-ideal operational amplifier, the open-loop gain function is 


A(s) = — and the transfer function of (9.56) becomes 


Rp 
Vols) = KEW) = (14 72) £6) and H(s)= 
Ra 


Vo(s) _ ar 


H(s)= = 9.58 
(s) E() 54240, (9.58) 
For de (w = 0) we have 
Gae = |H(j0| = —<@ (9.59) 
= pe oO, + kag . 


The frequency at which this gain becomes mi G4c, that is to say at which it falls by 
3 dB from the DC level, corresponds to the pole frequency of the transfer function, 


1.e. 


@. 
03dB = = ae (9.60) 


It can be seen that the useful bandwidth of the non-inverting voltage amplifier 
is inversely proportional to k and decreases as the ratio Rg/R, increases. Fig- 
ure 9.30 shows the logarithmic gain plots of 20log|H(j@)| of the device for 
Rp/Ra = 1(k =2) and Rg/Ra = 10(k = 11). 
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For the design of a non-inverting voltage amplifier, the value of the DC gain Gg, 
is usually given, and k and the ratio Rg/R, must be calculated from the character- 
istics of the operational amplifier. From (9.59), we have: 


Gac = |H(j0)| = ay, => fay tae : (9.61) 
cia J ~~ oy + kag 7 Ra *°1 — Gac , 
The bandwidth of the device will be 
1— Gace 
wo 
orp = — + Og = 0;——"" + wa (9.62) 


k Gace 


This equation shows the dependence of the device bandwidth on the DC gain. 


Example 9.3 Design a non-inverting voltage amplifier with Gg. = 4 (logarithmic 
gain 12 dB) using the voltage-mode operational amplifier ~A741 with GBP = 
1.0 MHz (a; = 27 - 10° rad/s) and fg =5.3 Hz (@g = 27 - 5.3 rad/s). 

From k = 1+ oa and (9.59), we have 


(1+ R2)er 1 = Gac(@a/or) 
dc = ea ie RBG > Ra = Rg 
wy + (1+ R8)@a Gace — 1+ Gac(Wa/o;) 


We can therefore take any value for Rg and calculate the value of R4 from the above 
equation, ensuring a low frequency gain Gg, = 4. Gain decreases as frequency in- 
creases, and in this circuit we cannot adjust the 3 dB frequency, i.e. the frequency at 
which the gain becomes ae Gac, since it depends on k and the OA’s characteristics, 


according to (9.60). 
1- Gac ee 


wr 
03d B = — + Wg = © ——— + Wa 


k Gade 
For our example, with Gye, @; = 27 - 10° rad/s and @q = 2m - 5.3 rad/s, 


1 = 
o3dB _ r 1 ~ Gae(@a/@r) | a _ 4 5. 195 Hy = 0.25 MHz 
20 20 Gade 20 


fas = 


Figure 9.31 shows the logarithmic gain of the non-inverting voltage amplifier of this 
example. 


9.3.3.1 The Linear Negative Resistor 

Circuits with operational amplifiers are not only used for voltage transfer functions 
design but also for other functions, e.g. the driving-point input impedance design. 
The circuit of Fig. 9.32, for example, presents a very interesting input impedance 
function Zjp(s) = Es) The operational amplifier is used as a voltage amplifier with 


T 
gain 2, 1.e. Vo(s) = E (s). Therefore, for the input current we have: 


E(s) — Vo(s) _ E(s) —2E(s) _ E(s) _ E(s) _ 
a & "og, = 2ST 


I(s)= 


oO 
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Fig. 9.31 Logarithmic gain plot of the non-inverting voltage amplifier 


Fig. 9.32 The linear Ro 
negative resistor 
(s) 


mS) 2F(s) 


Zin(S)=-Ro —> 


R 
E(s) V.(s) 


Fig. 9.33 The Deboo Integrator 


This means that the circuit implements a grounded negative linear resistor. A neg- 
ative resistor does not consume power like its positive counterpart, but produces 
signal power (this signal power is essentially derived from the power supply). 


Example 9.4 (A non-inverting integrator) The circuit of Fig. 9.33 is a simple RC 
circuit with a negative resistor —R connected in parallel to the capacitor. 
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Fig. 9.34 Negative Z(s) 
impedance converter (NIC) 


Fig.9.35 General E(s) 
non-inverting voltage 
amplifier 


Z,(s) 
Z,(s) 


°V,(s)=(1+ )E(s) 


Analysing the equivalent circuit shown in the same Fig. 9.33, we notice that the 


current of the input resistor Eiey vals equals the capacitor current sC V,(s) plus the 


current of the negative resistor Vos) 


E(s) — Vols) _ Vols) _ SRC 
Oa a sCVo tO B() = Hols) 
Vo(s) 1 
H — — 
eS BG) ke 


The above circuit is a non-inverting voltage integrator, known as Deboo integra- 
tor, with integration constant equal to 5RC . The Deboo integrator with a non-ideal 
operational amplifier will be studied in Sect. 9.4. 


Figure 9.34 shows a circuit similar to that of the negative resistor (9.32) where the 
feedback resistor R, has been replaced by impedance Z(s). It can easily be found 
that the input impedance at terminals 1-1’ is —Z(s). 

Circuits that perform this impedance sign inversion are referred to as negative 
impedance converters (NIC). In our case, we have a grounded NIC since terminal 1’ 
is grounded. Using the circuit with a capacitor C, connected at terminals 2-2’, we 
can have a negative grounded capacitor —C, at terminals 1-1’. 


9.3.3.2 First Order Active Non-inverting Circuits 
The general non-inverting voltage amplifier of Fig. 9.35 with voltage transfer func- 
tion 


Vols) _ , , Z2ls) 


a) Z\(s) 
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Table 9.2 Circuits based on the non-inverting voltage amplifier 


,2) 5) 


1 me 2G) 
a 
[ Z,(s) 


giz 

Ro C)(Rit+Ry) 

R, 
2 


1 fd 
Sto 4OR, R 


can produce a series of useful first order non-inverting active-RC circuits by con- 
necting various RC combinations at Z;(s) and Z2(s), as shown in Table 9.2. 


9.3.3.3 First Order Passive Circuits 
First order transfer functions can also be taken from passive circuits with one re- 
active element. Figure 9.36 shows some passive circuits with first order transfer 
functions. 

For example, the input impedance and the transfer function of the circuit of 
Fig. 9.36a is given by: 


v; Ry, s+ 
Z@)= “2 m+ ARC 
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R, R; 
(a) oof = L R, (b) 
R, C R; i 
(c) = R, (d) 
R, R, 
zr R 
(e) (f) 
C i 
ef 4 
R R 
R, if R, 
(g) R; R, (h) 


Fig. 9.36 Some Ist order passive circuits 


HeO= Vout (S) = RiC 
an Vin 7 S+ Rie 
Ry RoC 


with real poles and zeroes. 

Passive circuits of Fig. 9.36 cannot be used in cascade connections since their 
transfer function will be altered due to interstage loading. This can be overcome by 
adding a voltage follower (buffer) to their output. 

The circuits (a) and (b) of Fig. 9.37 have transfer functions 


Vols) —s-Re 


Vo(s) sss 
E(s) 7 s+ 7 


E(s) ST RE 


Ag(s) = and HAhp(s)= 


2 
a 


and the buffers ensure that they remain unchanged when connected to the next sec- 
tion. 
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Fig. 9.37 Two first order RC circuits 


Fig. 9.38 The capacitor with Cc 
the parallel loss resistor 
I(s) 
Ry 
+ Vc(s) - 


9.4 Integrators Revisited 


Integrators are used extensively in active filter design and for this reason they are 
further studied in this section. 

In the frequency domain, the ideal operation of integration is expressed by is, 
where Tt is the integration constant. Such an integration can be seen as an operation 
carried out by an ideal capacitor on a current /(s) to produce a voltage V,(s) ex- 
pressed as: V.(s) = ral (s). When the capacitor is “lossy”, its losses are represented 
as in Fig. 9.38, as a parallel resistor Rg. 

In this case, the operation performed on the current to produce the voltage is 


1 1 
Ve(s) = ——-I(s) or Ve(jw) = ——_I(j@) (9.63) 
sC+ Ri JO+ R; 


The quantity 1/Rg which is added to sC (or to jwC) in the denominator expresses 
the losses. 

The transfer function of the voltage integrator is i and that of the lossy integrator 
ae or H(jo) = ae where the integration constant t has time dimensions 
and y, the losses, is a dimensionless quantity. The integrator!quality factor of the 
integrator can be defined as 


OT 
= 9.64 
Q 7 (9.64) 


By the term “voltage integrator”, we mean circuits with voltage transfer function of 
the form 


Vour I 


H = = = 
(s) Vins) st+yp st+S 


(9.65) 
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Fig.9.39 The Miller C, 
inverting integrator 


— Vi VAG) 


with Q — oo or equivalently w — 0. The performance evaluation of voltage inte- 
grators can be based on the evaluation of the losses w or of the quality factor Q. For 
a pure integrator with transfer function 4 the losses y must be zero or the quality 
factor Q must be oo. We will see that these conditions cannot be fulfilled by real 
integrators, in which case any comparison must be based on the value of the quality 
factor. An integrator with higher value of Q is better than an integrator with lower 
value of Q. We will also see that the quality factor deteriorates as the integrator is 
used in higher frequencies. 


9.4.1 Inverting Integrators 


It was shown in Sect. 9.3.2.2 that the voltage transfer function of the Miller inverting 
integrator of Fig. 9.39 with an ideal operational amplifier is 


1 


H(s) = -——— 
(s) sR {C2 


(9.66) 


If a non-ideal operational amplifier with a frequency dependent open-loop gain 
A(s) is used, the transfer function becomes: 


_ Vols) _ 1 


EN aay Guns =a 
(s) d+ Aw sRiC2 + AG 


(9.67) 


Using the integrator model A(s) = or of (9.18) for the open-loop gain A(s), (9.67) 
yields: 


1 
H(s)=- = = 7 : (9.68) 
s“ Ri Cz + 5(@,R1C2 + 1) sCos+Ritse) 
t 1&2 
For s = jw we have: 
H(jo) (9.69) 
jo)= 5 ; 
: 1 Ric 
JOM +a 
from which the integration constant and the losses can be recognized as 
1 2RiC RiC 
PCs gal ee (9.70) 
Ort Ort |A(j@)| 
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Fig. 9.40 High frequency magnitude response of a Miller integrator with ideal op amp (thick 
curve) and real op amp (thin curve) 


Fig. 9.41 Improving the C, 


Miller integrator Rx 
R, 
=o VAG) 
The quality factor for this circuit is 
ga MME __sagjay— ~-|AGo)| (9.71) 
wv ow wR\C2 


Equation (9.68) shows that there is a severe deviation from the desirable integration 
transfer function ae As an example, in Fig. 9.40 the thin curve is the plot of 
the high frequency magnitude response of a Miller integrator calculated from (9.70) 
with R; = 10 kOhm, C2 = 10 nF and a real op amp with a; = 27 10°. The thick 
curve represents the magnitude response when the op amp is ideal. 

Equation (9.68) implies a simple method to improve the circuit by decreasing 
the losses. This is achieved when the feedback capacitor with impedance 1/sC2 is 
replaced by a series R, — C2 circuit with impedance 


1 RyCa(s+ R¢5) 


R 9.72 
xt 5C2 sC2 ( ) 
as shown in Fig. 9.41. 
The voltage transfer function of the circuit (9.68) becomes 
R, Cite 24 Ryo, w+) 
H(s)= : oa eet RC (9.73) 


sCo(si+Ri+cb) — sRiCro(s+0r+ xe) 


@;C2 


438 9 Operational Amplifiers 


10 f (Hz) 10 


Fig. 9.42 High frequency magnitude response of an improved Miller integrator 


In order to have pole-zero cancellation of the bracketed terms: 


1 1 Ri 
+ Sue ees > Ry 


=a = —_—____—_ (9.74) 
R,C2 Ri C2 1+a,R {C2 


Using this value for R, in (9.73) we find that the transfer function of the improved 
inverting integrator is 
1 


1l+a@;R1C 
SRC GRC 


H(s)= (9.75) 


This is the transfer function of a pure integrator without losses with integration 
constant slightly higher than R; C2 


1+@;R,{C2 
= Ri Co{ ———— ]=R|Co{ 1 
: ( Ri C2 ) a( 3 


9.76 
RG) : 


In practice, to design the improved inverting integrator of Fig. 9.41 given the inte- 
gration constant T, the value of the capacitor Cz can be chosen arbitrarily and then, 
using (9.76), the value of R; can be calculated: 


= t —1/a; 


R,= 9.77 
1 © (9.77) 


R, can finally be calculated from (9.74). 


Example 9.5 Given t = 10~+, Cp = 10 nF and a, = 27 10° rad/s, from (9.77) we 
get Ry = 9984 Ohm and from (9.74), R, = 15.89 Ohm. Figure 9.42 shows the plots 
of the magnitude response of the Miller integrator with Rj = 10 kOhm, C2 = 10 nF 
and ideal op amp and with real op amp (@; = 27 10°) rad/s, Rj = 9984 Ohm, C2 = 
10 nF in series with R, = 15.89. The two curves coincide as expected. 
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Fig.9.43 Alternative 
improved inverting integrator 


Fs) Vs) 


It was shown above that the characteristics of the non-ideal operational amplifier 
can be taken into account to create a more complicated model of the Miller integra- 
tor. The method of compensation of the non-infinite open-loop gain of the OA was 
based on calculations using the gain-bandwidth product @; of the real OA which is 
not constant for all chips of the same family, e.g. 4A741, and must be measured for 
each individual chip. This is not very practical for discrete components implemen- 
tations but if the circuit is to be integrated and produced in one process, it might be 
useful. 

An alternative inverting integrator circuit is shown in Fig. 9.43, where a voltage 
follower has been added in the feedback path of the Miller integrator. This is done 
in order to introduce a real zero in the transfer function to cancel the real pole which 
appears due to the finite w, of the operational amplifier according to (9.68). 

Assuming ideal operational amplifiers, the transfer function of the circuit can be 
found to be identical to that of the Miller integrator: 


1 


H(s) = —-——— 
(s) sR {C2 


However, assuming real operational amplifiers with gain-bandwidth products ; 
and @;2, the circuit based on the integrator model for the open-loop gain yields the 
following expression for the losses: 


(9.78) 


w RCo _ wR Co ( 1 “2 ) 
onl — oF — oh) |A2(jo)| |A2(jo)|?_— ar 


In the case of identical OAs with Aj(s) = A2(s) > a1 = @2, (9.78) gives for the 
losses and the quality factor: 


_ _ @RiC2 ere. 
y= AG)? and Q=|A(jo)| (9.79) 


This is a significant improvement since losses decrease as the cube of the open- 
loop gain and Q depends on the cube of the open-loop gain as compared to (9.70) 


and (9.71) of the original Miller integrator, for which we have w = — aS and 


QO —|AGjo)|. 
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Fig. 9.44 A non-inverting 
integrator 


E(s) 
V,(S) 


Fig.9.45 Alternative 
non-inverting integrator 


E(s) e 


Fig.9.46 Another 
alternative non-inverting 
integrator 


E(s) VAs) 


9.4.2 Non-inverting Integrators 


The simplest way to design a non-inverting integrator is to add an inverting voltage 
amplifier at its output, as shown in Fig. 9.44. 

Assuming ideal OAs, the transfer function of the circuit will be H(s) = ree 
Introducing the integrator model for the open-loop gain of the two op amps has 
the effect that the quality factor of this non-inverting integrator is lower than its 
inverting counterpart, the Miller integrator. A small improvement can be achieved 
by connecting the non-inverting terminal of the second op amp to the virtual ground 
of the inverting terminal of the first op amp, as we have done in Fig. 9.45, although 
the quality factor still remains lower than that of the original Miller integrator. 

Another variation is to add the inversion amplifier in the feedback path, as we 
have done in the circuit of Fig. 9.46, where in addition the terminals of the first op 
amp have been inverted for stability reasons. 

For the ideal case with two ideal OAs, the transfer function will be H(s) = Ets: 
With two non-ideal OAs, the transfer function will be: 


1 
A(s)= 


a 1 sRiCo+l 
eae s Sra ae, + 2 ‘Ats) 


(9.80) 
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Fig.9.47 A non-inverting 
integrator with 3 op amps 


E(s) 


Fig.9.48 The Deboo 
non-inverting integrator 


E(s) 


If we now expand the term —! 5 in a Taylor series, we have: 


A(s) 


1 
sRyCo+1 


age ane nee raed Se 
v2 AS ' AG Aw ' AG AG) 


On setting A(s) = ee (integrator model), we can determine H (ja): 


1 


. w2 R1C. 1 
J@R\C2+ = re 


H(jw)= 


The losses y in this case are found to be: 


w? R1Co wR,C2 
ye =e 
ot |A(ja)| 


In other words, losses are comparable to that of the Miller integrator. 
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(9.81) 


(9.82) 


By adding one more op amp to the circuit of Fig. 9.43, as shown in Fig. 9.47, it 


@R1C2 


can be proved that yy = — TAGan >? 


one additional op amp. 


which is a significant improvement at the cost of 


The non-inverting Deboo integrator presented in Example 9.4 (Fig. 9.33), is 


shown in its general form in Fig. 9.48. 
Assuming ideal op amp, the voltage transfer function of this circuit is: 


14+ 2 
H(s)= a r 
shoe l=—*> 


rA 


(9.83) 
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Setting Re : oi — I, the circuit becomes a non-inverting integrator. In the case where 
the op amp is not ideal and its open-loop gain is A(s) = oe, we can find that 


k 


H(s) = 
R+R kR R 2kR Cc 
s(R{ Cy ae | + R R (2) 7 4 


'B 
where k = 1+ — (9.84) 
TA 


Setting A . a — | to minimize losses, (9.84) gives: 


1 
H(s)=— (9.85) 
RFC 
Sag — ok) - A 
with 

R°C R R? R\C RiC 
ee we) 4h: hd Wee ee (OR) 

Ri +R @R Ri+R Or |A(jo)| 


The losses y are equal to that of the Miller integrator and the quality factor Q = 
iy A( j@)| is also comparable to that of the Miller integrator given in (9.71). 


9.5 Operational Amplifier Imperfections 


It has been seen that real operational amplifiers do not behave in the same way as 
the ideal models. This is parallel to the deviation of the behavior of real inductors, 
resistors and capacitors from the ideal circuit elements. These deviations from the 
ideal behavior usually become more evident as the frequency of operation increases. 
High frequencies in general present problems for electronic circuits since the imper- 
fections of both active and passive circuits become evident and at times dominant. 
However, this does not prevent filter designers from designing high precision filters. 

Although the deviations from the ideal and desirable models are very often under 
control, they present a real problem in operational amplifiers at high frequencies. In 
this section we present some of the problems of real operational amplifiers at an 
encyclopaedic level. Detailed examination can be found in textbooks on electronics 
as well as in specialized books on operational amplifiers. 


9.5.1 The Frequency Dependent Finite Open-Loop Gain 


In ideal voltage-mode operational amplifiers, the open-loop gain is infinite and fre- 
quency independent. In real OAs, the gain is finite and frequency dependent accord- 
ing to the one-pole model of (9.14) or its simplified integrator model of (9.18). These 
models are sufficient for many applications of active circuits at high frequencies. 
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9.5.2 Other Imperfections 


In a circuit of a typical operational amplifier such as the one in Fig. 9.2, the dif- 
ferential input stage performs the pre-amplification of the input signal and ensures 
high input resistance, approximately 2 MOhm (infinite in the ideal op amp). The 
two input terminals of the op amp in a bipolar transistor realization are connected to 
the bases of two transistors and a bias current is required. This implies that the input 
current cannot be zero as we assume when we analyse circuits with op amps. In fact, 
DC currents of the order of approximately 100 nA are required for the operation of 
the op amp and must be provided by feedback paths. Before the signal reaches the 
output, it is compensated by an RC circuit for stability reasons. The capacitor is of 
the order of 30 pF. Some op amp chips require an external compensating capacitor 
and provide the necessary pins for this. The 4zA741 operational amplifier was the 
first with internal compensation, but also provides external compensation pins. Fi- 
nally, the output stage provides the low output resistance, zero in the ideal op amp 
but typically of the order of 100 Ohms in real operational amplifier chips. 

A very important characteristic of the operational amplifiers is the slew rate, 
measured in V/us and with typical values below | V/us. The slew rate specifies the 
maximum rate at which the signals can change. A slew rate of 0.5 V/us means that 
signals with voltage changes of up to 0.5 V in | second can be handled. A sinusoidal 
signal with amplitude A V changes from —A to A in half a periodi.e. 2A Vin 7/2. 
If the slew rate of the op amp is r V/us, the minimum period of the signal will be 
tt us and the maximum frequency which can be handled by the op amp 7; MHz. 
For A = | andr = 0.5 V/us, this maximum frequency will be 125 kHz and if A = 2, 
the maximum frequency will be 62.5 kHz. It is clear that an operational amplifier 
with specified slew rate handles better low voltage and low frequency signals. With 
low voltage signals, the maximum frequency handled without problems by an op 
amp can be increased to values higher than the limit set by the gain-bandwidth 
product. However, voltages cannot be made very low due to problems related to 
noise. 

The output swing capability of an op amp is determined by its supply voltages 
Vcc-Vee. Operational amplifiers cannot give at their output voltages higher than 
Vcc or lower than Ver. The exact output swing depends on the type of the op 
amp. For bipolar op amps like A741, the output voltage can swing from Voy = 
Vec —2 V to Vo, = Veg +2 V. This means that if we use a 4A741 op amp with 
supply voltages +15 and —15 V in a non-inverting voltage amplifier circuit with 
gain 7 and apply a3 V input, the output cannot be 3-7 = 21 V but will be clipped to 
Vou = Vcc —2= 15—2= 13 V. In CMOS op amps we can get even “rail-to-rail” 
swing, i.e. from Voy = Vcc to Vo, = Vee. This bounded output swing imposes 
limits on the input signals of high gain circuits and as we have seen, low voltages 
extend the frequency limit set by the slew rate. It should be repeated that extremely 
low voltages are affected more by the op amp’s noise, which might be of the order 
of 10 pV. 

In ideal op amps, if both input terminals are connected to ground, the output 
voltage will be zero. However, this is not true for real op amps, where we observe 
a non-zero voltage at the output as if there were a voltage difference between the 
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inputs. This apparent input voltage difference is referred to as input offset voltage. 
If, for example, in an op amp with open-loop gain A = 10* the output voltage is 
5 V when both input terminals are grounded, then effectively it means that the input 
voltage difference, that is to say the input offset voltage, is 5/104 V = 0.5 mV. Input 
offset voltage can be easily compensated for using a resistor of suitable value which 
depends on the input bias current under the operating specifications of the op amp. 

An imperfection of real op amps which, however, does not significantly affect 
the operation of active filters, is described through the parameter known as the 
Common-Mode Rejection Ratio, CMRR, measured in dB. This op amp performance 
parameter is defined as follows. When the same signal source is connected to both 
inputs of the op amp, a zero output is expected. This is true for the ideal, but not for 
the real op amps, where there will be an output signal allowing for the definition of 
the Common-Mode Gain or CMG as the ratio of the output to the input. CMRR is 
then defined as: 


Gac 
CMG 


CMRR = 20 log dB 


where Gy; is the open-loop gain for f = 0. 
The op amp imperfections depend strongly on temperature and therefore it is not 
possible to be completely compensated under all possible operating conditions. 


9.5.3 Linear and Non-linear Operation 


The open-loop operation of the op amp depends on the input voltage difference, 
which according to its value determines the linear or non-linear mode of operation. 
Figure 9.49 is a plot of the output voltage of the op amp as a function of the input 
voltage difference V, — V_. The region where the linear relationship V, = A- (V4 — 
V_) is valid is very narrow, namely from You to You | Outside this region, the op 
amp saturates and provides constant output voltage, operating in a non-linear way. 
We saw that Vo, and Voy depend on the op amp but in general are very near Ver 
and Vcc respectively. Evidently, for linear operation the voltage difference Vi — V_ 
of the two inputs must me very low and this is ensured by the op amp itself when it 
operates in feedback mode, i.e. when the output is somehow fed back to any of the 
inputs. 

Some applications are based on the non-linear operation of the op amp. The com- 
parator of Fig. 9.50 is one of them, which gives constant positive output when the 
input is positive of any value and constant negative output when the input assumes 
any negative value. In the comparator, output changes only when input changes sign. 

The circuit of Fig. 9.51a is the same as that of Fig. 9.50 but a reference voltage 
source has been connected to the inverting input of the op amp. In this circuit the 
op amp falls in positive saturation with V, = Voy when input voltage applied to 
the non-inverting input is V; > E. When the input voltage is less than E, the output 
becomes V, = Vo_. The operation of the circuit is shown in Fig. 9.51b. 
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Fig. 9.49 Output voltage as a function of the difference of the input voltages 


Fig.9.50 The basic v.(t) 
comparator 
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Fig.9.51 The comparator 


9.6 Problems 
9.1 Repeat Example 9.1 with k, = 10. 


9.2 Repeat Example 9.2 with DC gain Gg, = 2 and Gg, = 8 and compare the cor- 
responding fap. 


9.3 Show that the voltage transfer function of the general inverting amplifier circuit 
of Fig. 9.18 is given by (9.39): 


_ Vols) _ _ 2268) 
E(s) Z\(s) 


H(s) 


9.4 Show that the output of the circuit of Fig. 9.19 is given by (9.40): 


Zr ZF ZF 
Vo(s) = Z, Vi(s) Z Vo(s) — ++: Z Vi(s) 
n 


9.5 Show that the output of the subtractor circuit of Fig. 9.26 is given by (9.52): 


Vie = ee 
al Ri pee Ri ad 


9.6 Show that the voltage transfer function of the circuit of Fig. 9.27 is given by: 


_ 22(s) — Z1(s) 


OO FEZ 
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9.7 Verify the first order voltage transfer functions given in Table 9.1. 
9.8 Verify the first order voltage transfer functions given in Table 9.2. 


9.9 Show that the transfer function of the circuit of Fig. 9.36a is given by: 


1 
HO@= Vout (5) = R\C 
a Vin 7 S+ Rit Re 
Ry RoC 


9.10 Determine the voltage transfer function of the passive circuits shown in 
Fig. 9.36g and h. 


9.11 Verify (9.78) and (9.79) for the inverting integrator of Fig. 9.43. 


9.12 Show that for the 3 op amp integrator of Fig. 9.47 we have 


@RC2 


Y= Tagore 
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10.1. Introduction 


All network functions of linear time invariant lumped circuits are rational functions 
of s, i.e. quotients of polynomials of s. The maximum degree of s appearing in a 
network function is the order of the circuit. The most general form of a second order 
rational function of s is the biquadratic form: 


A 2 B Zz _ mh 
rp= os + BstCz _ , 6 ~ 25 ~22) 
Aps? + Bps +Cp (s — pi)(s — pa) 


where z; are the zeros and p; the poles of the function F(s). K = rf is a fre- 
quency independent constant, i.e. it does not depend on s. Circuits which realize 
a biquadratic function are referred to as biquads even if one of the numerator or 
denominator polynomials is not complete, e.g. 


ks se +1 
= —_____ FE = ———— (10.1 
ee: 3(5) 2 (10.1) 


F = 
1(8) +as+b 


s*+as+b fas) 
Strictly speaking, in line with complex variable theory, a rational function of s has 
as many zeros as poles. If a rational function of s has constant numerator, it has 
only poles and no zeros (i.e. all its zeros are located at infinity), it is referred to as 
all-pole. F\(s) of (10.1), for example, is a second order all-pole function. 

The general second order biquadratic function can be written as follows: 


A;s* + Bes + Cz _ p SrA —2) ape Woh ee 


F(s)= = = 
Aps? + Bps+Cp (s — pi)(s — pr) s?+ GPs + wp 


where Q, and Q, are the quality factors of the zeros and poles respectively and 
K = A;/Ap. Frequencies wp, and Wg; are the natural frequencies of the system 
described by F(s), or simply the frequencies of its poles and zeros respectively. The 
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Fig. 10.1 Poles-zeros plot 


quality factors and the frequencies of the poles and the zeros are expressed in terms 
of the polynomial coefficients as: 


GC; a) C QO, 
O2= (5 O=z p= Jar Op=zr (10.3) 
z A. Pp a 


Poles and zeros are in general complex. Real poles or zeros simply have zero imag- 
inary part. The poles for example of F'(s) are given by 


a Hp, : ( : ) 1 (10.4) 
sy2= ai ts =O, a : 
2Ap 4A2 Ay \. 205 20> 


and it can be seen that if Q, > 0.5 the poles are complex. A similar expression gives 
the zeros of a rational biquadratic function. Figures 10. 1a and b show the poles-zeros 
plot of F(s) when both Q, > 0.5 and Q, > 0.5. 

The poles of stable linear circuits are always located in the left half s-plane. Zeros 
can, however, be located in the right half s-plane. Thus, transfer functions can have 
zeros with positive real parts, as opposed to driving-point functions which must 
have all their poles and zeros in the left half s-plane or on the jq@-axis. The situation 
shown in Fig. 10.1b can occur if F(s) is a transfer function but not when it is a 
driving-point function. 

The distance of the poles from the jw-axis depends on the quality factor Qp, 
namely it is oY 0," Thus, the higher the Q, the nearer to the jw-axis are the poles, 
thereby drastically affecting the behavior of the circuit. High selectivity is achieved 
with high Q values. In effect, circuits with inherently low pole-Q exhibit low selec- 
tivity. 

We now consider an example to illustrate the points made above. 


10.2 Second Order Functions 451 


Fig. 10.2 A low Q passive 
RC circuit 7 


Example 10.1 As an example consider the circuit of Fig. 10.2 with voltage transfer 
function: 

1 
Vo(s) Ric* 


E(s) ° 2+ s(g + ec) + 


H(s)= 


1 
Ri R2C2 


Transfer function H(s) has a zero s = 0 and two real poles with: 


1 0 Ri Ro 
QO, = —— = ee ae 
PP CJSR1R2 P 2R, +R 


The usefulness of this circuit as a highly selective filter is very limited since it can 
be shown that Q, < ai = 0.3535. In general, passive RC circuits have low Q in 


contrast to their passive RLC and active-RC counterparts, which can be made to 
have very high Q values. 


In filter design, it is highly desirable to have circuits with easily adjustable Q 
and pole frequencies. An additional and desirable feature in a practical circuit is the 
facility to adjust Q independently from the pole frequency. In the low-Q passive 
RC circuit of Fig. 10.2, pole frequency can be adjusted by the capacitor C without 
affecting the value of Q, which depends only on the values of the resistors. 


10.2 Second Order Functions 


A second order rational function of the form 


N(s) _ N(s) 
D(s) s?+as+b 


H(s)= (10.5) 


is classified as lowpass (LP), highpass (HP), bandpass (BP), band-reject (BR) or 
all-pass (AP) according to its zeros, i.e. according to the form and the roots of N(s). 


10.2.1 Second Order Lowpass (LP) Transfer Functions 


The second order lowpass function is an all-pole rational function of the form 


A 


Hy, p(s) = =— 
LP(S) 2+ Esto 


(10.6) 
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Fig. 10.3 Poles-zeros diagram 


The corresponding poles-zeros diagram is shown in Fig. 10.3. The magnitude re- 
sponse of this transfer function, i.e. the gain function G(@), is given by: 
A 
G(o) =|H(jo)|= ; (10.7) 
jo — 20702 (1 — x92) +o} 


The gain G(0) at zero frequency w = 0 is given by 


A 
Go=GO=5 
(22) 


oO 


whilst at very high frequencies w — ov, we have: 
Go =G(~)=0 


The plot of G(w) is shown in Fig. 10.4 for various values of Q. 
The derivative of G(w) of (10.7) assumes zero value at: 


1 
®MAX = o,]1— 302 (10.8) 
Clearly for this real frequency to exist, | — sof >05>Q0> 2 > 0.707. Under this 
condition, G(@) has a maximum value Gy,x forw=ayax: 


GoO _ AQ 
jae ob /1— a 


Figure 10.5 shows the ratios oe, taken from (10.8), and ax , taken from 
(10.9), as functions of Q. It is evident that for high Q values: 


AQ 
or 


(10.9) 


Gmax = 


OMAX=@ and Gyax =GoQ= (10.10) 
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Fig. 10.4 Magnitude frequency response of second order LP function 


GmMax 
QGo 


(b) 


Fig. 10.5 Some characteristics as functions of Q 


From Fig. 10.5, it can be inferred that the relationships of (10.10) are valid for 
Q > 4 but would lead to high inaccuracy if used for Q < 2. 

There exists a frequency wc at which the gain becomes G(wc) = Go. Es- 
sentially at this frequency, the LP gain falls off by 3 dB from its value G(0) = Gz 
at zero frequency and is referred to as the prototype cutoff frequency. wc can be 
calculated from (10.7): 


1 1" 


Figure 10.6 shows the relationship between wc and w, as a function of the quality 
factor Q. It is clear that for high Q values we have 


OC = My 1+ V2 1.554a,5 
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Fig. 10.6 The relationship of 
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Passive RLC circuits with second order LP transfer functions have at least two 
lossless elements (inductors and capacitors). The circuits shown in Fig. 10.7 are 
typical examples of passive second order LP circuits. 


Example 10.2 Show that the circuit of Fig. 10.7a is a lowpass filter and design it 
so that it has pole frequency w, = 2775000 rad/s and Q = 1. Plot the magnitude 
frequency response for these values for frequencies 100 Hz to 10 kHz. 

Apply a voltage source E(s) at the input of the circuit and consider the voltage 
V2(s) across R2 as output. The voltage transfer function can be calculated: 


A(s)= 


Vo(s) _ Te 
Es)? +8( + Rc) + ICR, 


Since the numerator does not depend on s, this transfer function is a second order 
LP function with 


(10.12) 
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To design the filter so as to have w, = 2775000 rad/s and Q = 1, the four unknown 
values of Rj, Ro, L and C must be calculated from the two design equations of 


(10.12). Considering R2 = R and Rij = kR, (10.12) yield: 


k+1 Wo 
eo = = FR 1 
LC tht oe 
k+1 KR 1 
> LC= as Sea 
ws L CR @Q 
k+1 KR 1 
= = OA2 Wo Cea 
Ca? k+1 Q 
k+1 k+1 4k Q? 
Ca? 2kRQW5 k+1 
For the capacitor C to assume real values, 
k+1 1 
(10.13) 


4072 a 
sy 7 = 492-1 


This allows the designer to select the value of k and in our case, in order to simplify 


calculations, we choose 


k+1 2 1 
ed he = —. 
k Q = 407-1 
in which case 
4 2 k+1 4Q? 
ee ee Q (10.14) 
2kKRQW, Rao Ca? (40? — 1)Cw? 


From (10.14), for an arbitrary choice of R = 1000 Ohm and for the given wy = 
275000 rad/s and Q = 1, we finally get: 


1 
C = 63.6620 nF L=21.22 mH k= 3 


Ry = R= 1000 Ohm Ry =kR = 333.33 Ohm 


The magnitude frequency response of the circuit for these values is shown in 
Fig. 10.8. 
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Fig. 10.8 Frequency response of Example 10.2 
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Fig. 10.9 Poles-zeros diagram of the HP second order function 


10.2.2 Second Order Highpass (HP) Transfer Functions 


The second order highpass function has the general form: 


Q<0.5 


Ay p(s)= 


As 


sr +sB + @5 


jo 


(10.15) 


The only difference from the lowpass function is that in the highpass case the nu- 
merator is s* giving a double zero at s = 0. The value of Q determines whether the 
HP function has two real poles or a complex conjugate pair of poles, as in the case 
of the LP function. Figure 10.9 shows the pole-zero diagram for these two cases, 
namely for Q > 0.5 and for Q < 0.5. 
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G(o) 


Fig. 10.10 Magnitude frequency response of the second order HP function 


The magnitude of the second order HP function of (10.15) is: 


. Aw 
G(@) =|H(jo)|= (10.16) 


jo — 20*03 (1 — Ti) +o4 


For w = 0, we have Gp = G(0) = 0, and for very high frequencies, i.e. when 
@ — OO, we have Gag = G(CO) = A. 

The plot of the magnitude frequency response G(w) = |H(j@)| is shown in 
Fig. 10.10 for several characteristic values of Q. 

It can be easily shown that, as in the case of the LP function, if Q > wo a 


maximum value Gy 4x exists at frequency wy ax: 


1 


WMAX = Wo 1 I (10.17) 
~ 29? 
The value of the maximum Gy ax at wy ax is given by 
G A 
GMAx = oO. g (10.18) 


lL. I 
J! 4Q? ra 4Q? 
Obviously, for high Q-values we have wy ax = @) and Gya4x =GuoQ=AQ. 


The prototype cutoff frequency, the frequency at which the gain becomes 
a 


Wehekes = 0.707G 40, and the logarithmic gain drops by 3 dB from 20log(G4o), is 


given by: 


1 2 
wc = | 5 —1+ (1-5) a (10.19) 
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Fig. 10.11 The relationship 
of cutoff and pole frequency 
as a function of Q 
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Fig. 10.12 Second order HP passive circuits 


For high Q-values, (10.19) gives wc = woV¥ V2 — 1 = 0.6436w,. Figure 10.11 
shows the ratio aa as a function of Q. 

Passive circuits that realize a second order HP function have at least two lossless 
elements. Some typical circuits are shown in Fig. 10.12 and it would be a good 
exercise to determine their transfer functions. 

It should be noticed that the LP function 


A 


Ay p(s) = ise, 


can be transformed into an HP function if s is replaced by “2. Indeed, making this 


AY 
replacement in the LP function we get: 


AQ 
we 


5s? + s(@o/Q) + w2 


A(s)= 


which is a second order HP function with the same pole frequency and Q as the 
prototype lowpass case from which it was derived. Such frequency transformations 
will be presented in detail in Chap. 5 
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Fig. 10.13 Pole-zero diagram of 2nd order BP function 


10.2.3 Second Order Bandpass (BP) Transfer Functions 


The second order bandpass function is of the general form: 


As 
Hgp(s)= 3 (10.20) 


+5% + 0% 


The corresponding pole-zero diagram is shown in Fig. 10.13. The BP function dif- 
fers from the LP function in that its numerator is s, 1.e. it has a zero for s = 0. The 
two poles can be real (Q < 0.5) or form a complex conjugate pair (Q > 0.5). The 
magnitude frequency response will in this case be 


: Aw 
G(@) =|H(jo)|= (10.21) 


jo — 20*02 (1 — Soh) +o4 


It is apparent that G(O0) = G(co) = 0, and the gain plot is shown in Fig. 10.14 for 
some characteristic values of Q. 

In the BP case, there is always a maximum at frequency wyAx = Wo, and its 
value Gy ax can be determined from (10.20) by setting w = a,: 


AQ 


oO 


(10.22) 


Guax = Go) = 


The frequencies @; and w2 at which the gain G(w) = |H(jo)| = 5 Gmax, Le. 
the logarithmic gain decreases by 3 dB from its maximum value 20 log(G yay), are 
found to be: 


o1=s51-1+ v1+40"| on=Foll+ 1-497] (10.23) 
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Fig. 10.14 Gain plot of 2nd order BP function 


Fig. 10.15 Passive 2nd order R Cc L 


BP circuits NA A { 


(a) R; 


(b) 


Frequencies w; and w2 are called passband edge frequencies and define the pass- 
band bandwidth BW: 


BW o) 0) o with 10 = 02 (10.24) 


Figure 10.15 shows some passive circuits with 2nd order BP transfer func- 
tions. 
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Fig. 10.16 Pole-zeros diagram of the 2nd order band-reject function 


10.2.4 Second Order Band-Reject (BR) Transfer Functions 


The 2nd order band-reject or bandstop or band-elimination function is of the general 
form: 


A(s* + @2) 


> 10.25 
g24 sF + 0 ( ) 


Hgr(s) = 
The characteristic of the BR function is that it has an imaginary conjugate pair of 
Zeros + j@, on the jw-axis. As in the LP, HP and BP cases, the two poles can be 
real or a complex conjugate pair, as shown in Fig. 10.16. 
The magnitude frequency response G(w) = |H(ja@)| is given by 


Alw? — w| 


jo — 20702 (1 — : )+ a4 


G(@) =|H(jo)|= (10.26) 


29? 


The gain at m = 0 and w = o can be determined from (10.26) and is G(O) = 
G(oo) = A. The gain plot of the 2nd order BR function is shown in Fig. 10.17 
for various values of Q. 

In the BR case, there is always a transmission zero, i.e. a frequency at which 
the gain becomes zero at wm = wo. In addition, it should be observed that since 
the transmission zero frequency and the pole frequency are equal, the property 
G(0) = G(c) = A is valid. In this case, the frequencies w, and w2 at which the 
gain becomes —-A are given by: 


i 
o = —2[-14+ 14407] 
— (10.27) 
@2 = sputvi +407] 
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Fig. 10.17 Gain plot of the 2nd order band-reject function 


The bandwidth BW of the BR function is defined as 


Wo : 2 
BW =a02-0| = 0 with @1@2 = 0% (10.28) 


When the zeros of the function occur at the pole frequencies w,, the BR function 
is referred to as notch. If the zeros are tj@, with w, # @o, then the BR function 
takes the general form: 


A(s? + @2) 


H = 10.29 
BR(S) 245% + a2 ( ) 


If wm, > Wo, the band-reject function is referred to as lowpass-notch due to the 
2 
gain plot, which is of the form of Fig. 10.18a. In this case, G(0) = As > A and 
G(oo) = A. If w, < wo, the BR function is referred to as highpass-notch due to the 
2 
gain plot, which is of the form of Fig. 10.18b. In this case, G(O) = AS < A and 
G(oo) =A 
Typical passive circuits which realize 2nd order band-reject functions are shown 
in Fig. 10.19. 


10.2.5 Second Order Allpass (AP) Transfer Functions 


The 2nd order allpass function has the general form 


aoe +o 


Hap(s) = —=——— 
AP(S) P4se toe 


(10.30) 
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Oz < 
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Fig. 10.18 (a) Notch-LP and (b) notch-HP gain 
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Fig. 10.19 Typical passive 2nd order band-reject circuits 


Fig. 10.20 Pole-zeros 
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All-pass function has two poles in the left half s-plane and two zeros with identi- 
cal frequencies and Q in the right hand s-plane, as seen in Fig. 10.20 for the case 
Q > 0.5. The magnitude frequency response can be found from (10.30): 


w2 
(a5 — 0°)? + FB 

G(o) =|H(jo)| = oo 
(2 — @)2 + 26 


(10.31) 
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Fig. 10.21 Gain, phase and group delay plots of the 2nd order AP function 


Equation (10.31) justifies the all-pass name since it shows that all frequencies 
pass with unity gain, i.e. no magnitude distortion occurs and therefore no filtering 
is performed. In a filtering environment, such transfer functions are employed ben- 
eficially not for their magnitude, but rather for their phase or group delay properties 
shown in Fig. 10.21. 

Circuits with all-pass transfer function are referred to as all-pass filters and are 
used as phase or delay equalizers, i.e. as circuits connected to the output of a filter 
to correct phase and delay without altering the gain. 


10.3. Second Order Active-RC Circuits 


This is a large range of circuits that have been developed for the purpose of realizing 
second order transfer function. Very often these can be used as starting point for a 
realization better suited to a specific application. The most significant circuits are 
reviewed in this part and some further derivations are indicated. 


10.3.1 Impedance and Frequency Scaling 


Consider an inductorless active circuit that has only resistors and capacitors. Ac- 
cording to impedance scaling as presented in Sect. 1.6.1, the transfer function of 
an RC circuit does not change if all resistor values are multiplied by a scalar factor 
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Fig. 10.22 Impedance scaling applied to an active-RC circuit 


K and simultaneously all capacitor values are divided by the same factor. Such a 
scaling is clearly obvious, since in such RC-active circuits scaling the resistors and 
capacitors as indicated will not change the time constants RC. Impedance scaling is 
widely used in active filter design as a means of scaling the component elements to 
a desirable range of values. Scaling the circuit in Fig. 10.22a by K = 2.25 produces 
component values as indicated in Fig. 10.22b and the scaled circuit has the same 
transfer function. 

It is observed here that resistors or capacitors used to set up a gain value through 
their ratio may not be scaled. In the circuit of Fig. 10.22, parametric resistor R in 
the feedback resistors R and (k — 1)R can have any convenient and suitable value. 
“Suitable” is of course a relative term that depends on some practical aspects. For 
implementations using operational amplifiers, for example, in order to avoid high 
currents, high resistor values are used. However, very high resistor values lead to 
very small currents and voltages comparable to the noise level. Hence, a compro- 
mise is made. In active-RC circuits with operational amplifiers, resistors with values 
of the order of 10 kOhms are preferred. This resistance level can also be used as a 
guide for impedance scaling. 

Frequency scaling presented in Sect. 1.6.2, is easily applied to inductorless 
active-RC circuits simply by multiplying all resistor values or all capacitor values 
by aconstant K. This is equivalent to multiplying all time constants RC by K and so 
dividing all frequencies by K. If for example in an active-RC filter with cutoff fre- 
quency wc, all resistors are multiplied by K, the cutoff frequency will be changed 
to ae The same result can be achieved by instead multiplying all capacitor values 
by K. Through frequency scaling the frequency characteristics of active-RC filters 
can be modified so as to suit the design requirements. 

As an example, impedance and frequency scaling will be applied to the circuit of 
Fig. 10.23, which has a lowpass transfer function 


V3(s) (Ro /Rs)/(R2R4aCi C2) 


E(s) 52 1 _ Ro/R5_ 
6) S+SRo + BRAG 


Hy p(s) = 
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R; 


Fig. 10.23 An active-RC lowpass filter 


with the obvious definitions 


wo, — | Refs O= Ri RoC 
7 R72 R3C C2 /R2R3\) R5C2 


It can easily be seen that if all resistors are multiplied by a constant K and all 
capacitors are divided by the same constant K, the transfer function does not change 
since Q and w, do not change. However, if only the capacitors are divided by K, 
Q does not change but the pole frequency is multiplied by K becoming Ka . Of 
course in this case the numerator of the transfer function is multiplied by K* but 
this does not affect the selectivity of the filter. 

Finally, we note as a general rule that in order to change the operational fre- 
quency range of an active-RC filter, it is sufficient to change only the resistor or 
capacitor values. Moreover, in order to adjust the resistors and capacitors at a de- 
sirable level without altering the behavior of the filter, resistor and capacitor values 
must be treated in an inverse manner. 


10.3.2 The RC-CR or LP-HP Transformation 


Mitra proved in [10] that if in an active-RC circuit every resistor with resistance R 
(Ohm) is replaced by a capacitor with capacitance | /R (F) and every capacitor with 
capacitance C (F) is replaced by a resistor with resistance 1/C (Ohm), then 

i. All conductance functions Y,(s) of the initial circuit become Y(s) = s¥o(+) 

ii. All impedance functions Z,(s) of the initial circuit become Z(s) = + Zo(4) 
ili. All transfer functions H,(s) of the initial circuit become H(s) = H(+) 

This called RC-CR transformation and transforms a lowpass filter to highpass 

and vice versa. Applying the RC-CR transformation to an active-RC lowpass filter 
with transfer function 


A 
H —e 
LP(S) P+sR ta 
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Fig. 10.24 (a) A lowpass filter. (b) RC-CR transformed circuit 


a new transfer function will be obtained of the form 


1 we pls i 
Hy p(s)= Ap 5 ae 5 with wy p = — 
S S ae a + Wi p Wo 


Example 10.3 The RC-CR transformation is applied to the lowpass filter of 
Fig. 10.24a with voltage transfer function 


k 
Vo(s) = Rio R20C10C20 


E(s) = 2 


Ay p(s) = 


1 1 
+5(RIt a Ro0Ci0 + Rat + Ripon 


Accordingly, the transformed circuit of Fig. 10.24b will have the highpass transfer 
function 


1 
Hy p(s) = Hip (<) 


ks” 
s? + 5(R29C20 + RioC20 + (1 — k) RioC10) + Rio R20C 10C20 


To verify this, the transformed circuit is analysed to yield: 


A(s)= 


Vo (s) ks? 
I 


E(s) eae, Co + aren + Re) + Ri RoC1 C2 


which, on replacing components by their corresponding RC-CR transformation val- 
ues, we obtain the same transfer function 


Vo(s) _ ks? 


H(s)= = 
E(s) — s? +s (R20C20 + R10C20 + 1 — k) RioCio) + Rio R20C 10C20 


as expected. 
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Fig. 10.25 Sallen-Key 
second order lowpass filter 


It is noted that resistors rq and rp were not transformed since they are simply 
used to set up gain k by their ratio. If they had been transformed into capacitors Cg 
and Cp respectively, the gain k would be determined by their ratio: k = 1 + a. 


If the circuit is not normalized, the element values of the transformed circuit are 
usually awkward and impedance scaling might be necessary (see Sect. 10.3.1). 

The RC-CR transformation transforms a lowpass filter into a highpass filter and 
vice versa and for this reason it is also referred to as LP-HP transformation. 


10.4 Sallen-Key Circuits 

R.P. Sallen and E.I. Key of MIT proposed [11] some circuits with one operational 
amplifier for the implementation of second order voltage transfer functions. Such 
circuits employing a single operational amplifier are referred to as Single Amplifier 
Biquads (SAB). The Sallen-Key circuits are still very popular. 

10.4.1 Sallen and Key Second Order Lowpass Filter 


The voltage transfer function of the circuit of Fig. 10.25 is given by: 


k 
Vo (s) eae 
E(s) — 


H(s)= (10.32) 


1 
4+ 5(ge =r oar oT Rt) + Ry, RoC, C2 


1 
1 V Ri RCC 
tip | ea ee O= a (10.33) 
PX2N 102 RG + Ber + Bes 


The constant k = 1+ ; 'b > | is determined by the ratio of resistors rg and rp accord- 
ing to the requirements. In fact, the voltage divider formed by rg and rp imposes 
a feedback voltage Vols) on the inverting input of the operational amplifier and k 
affects only the eal: 


with 
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Fig. 10.26 Sallen-Key LP C; 
filter with k = | and equal 
resistors 


In filter design, the element values Rj, R2, Ci, C2 of the circuit and k must be 
so calculated as to realize given w, and Q. The estimation of these five unknown 
values must be performed from the two design equations (10.33). Since there are 
only two equations, we can express two of the unknown five parameters in terms of 
the other three. Thus, given w, and Q, we can for example calculate Rj and C; as 
functions of R2, C2 and k: 


k-1 1 C2 
- 2 9; C = R2C200 272.2 
RoCzw5 QC20 (k-1)+ 7a R53 Cy @5 


Ry (10.34) 


From (10.34), Ry and C; can be calculated for any value of R2, Cz and k that 
lead to positive R; and C;. This freedom of arbitrary choice of three out of the five 
unknowns is equivalent to adding three more arbitrary design equations and this 
effectively leaves room for optimizing the final design. 

For the particular lowpass Sallen-Key circuit, three design procedures are com- 
monly used, each based on a different set of design assumptions. 


Design I (Unit Gain Equal Resistors) Given w, and Q, the two basic design 
equations (10.33) with the additional equations: R} = R, Ro = R andk = 1 yield: 


20 
and Cy= 
WoR 2@ RO 


(10.35) 


The corresponding circuit is shown in Fig. 10.26. From (10.35), the capacitor 
value ratio can be calculated as a = 4Q”, implying that for high Q values the 
capacitors value spread can be undesirably high, presenting difficulties in the imple- 
mentation, especially in integrated technologies. This limits the usefulness of this 
design to those cases with low Q. 


Design II (Equal Capacitors, Equal Resistors) Given w, and Q and setting 
C; = C2 =C and Rj = R2 = R, the two basic design equations (10.33) yield: 


1 1 


from which we get 
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Constant k assumes a single value dependent on Q which must have a value Q > 0.5 
in order that k = 1 + - > 1. As for the passive elements, any R and C values 


satisfying RC = a may be selected. 


Design III (Minimum Sensitivity) | As mentioned above, for a given w, and Q, 
the two basic design equations (10.33) cannot be solved uniquely for R;, Ro, Ci, C2 
and k unless we add three more equations. This design freedom makes it possible to 
optimize the circuit for some criterion. W. Saraga in [12] minimized the sensitivity 
of Q by setting k = $ and R,C; =3R C2. These two equations combined with the 
basic design equations (10.33) can be solved for R;, R2, C,, and k, leaving C2 as a 
design parameter: 


1 1 
@o QC2 /3W9 C2 


From (10.37) and selecting a value for C2, all other circuit parameters can be calcu- 
lated. 


Ci=V30C. Ry (10.37) 


Example 10.4 Design a minimum sensitivity Sallen-Key circuit with transfer func- 
tion 

A 
s? + s(4000z) + 4 - 108x? 


and calculate its gain factor A. Finally, plot the magnitude frequency response. 
From the transfer function, it is obvious that w,) = 27 10* and Q= aoe =. 
Setting k = $ and selecting C2 = 10-8 = 10 nF, the values of the rest of the passive 


elements are calculated from (10.37): 


A(s)= 


C, = V3-5- 1078 = 86.6 nF R, = — 1 = 318.31 ohm 
: Qn - 104-5. 10-8 ; 
1 1 
Ro = =918.880hm A= ———— =0.5264- 10! 
/3 - 2m - 104 - 10-8 R, R2C C2 


The frequency response is shown in Fig. 10.27. 


10.4.2 Sallen and Key Second Order Highpass Filter 


As we have seen, the RC-CR or LP-HP transformation transforms an active-RC 
lowpass filter into a highpass filter. In circuit (a) of Fig. 10.28, a Sallen-Key lowpass 
filter is transformed into the highpass circuit (b) simply by replacing resistors with 
capacitors and capacitors with resistors. The resistors rg and rp are not replaced, 
although they could be, since their actual values are irrelevant and only their ratio 
appears in the transfer function. 


10.4 Sallen-Key Circuits 47) 


Fig. 10.27 Magnitude G(@) 20 
frequency response of dB 
example design 0 
-20 
-40 
-60 
100 10° 104 10° 10° 
@ 
Lowpass Cio Highpass R, 


E Ri 


(a) (b) 


Fig. 10.28 (a) Lowpass circuit. (b) Highpass circuit via LP-HP transformation 


The circuit of Fig. 10.28 is the Sallen-Key highpass filter and its voltage transfer 
function can be easily determined: 


V, ks? 
HG)= ao = - ° i R28) 
(s) s+ sl © alr en le met Ri RoCi C2 


where k = 1+ = > 1. The corresponding design equations are given below: 


/ 1 
1 Ry RyC1 Co 
Oo VER RoCiC Q=- ae (10.39) 
PX2N1h2 BG a rarer Sa R,Cy 


As in the LP Sallen-Key circuit, k is not involved in the expression for w, and 
affects only the value of Q. 


10.4.3 Sallen and Key Second Order Bandpass Filter 


Figure 10.29 shows the second order Sallen-Key bandpass circuit which has a trans- 
fer function 
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Fig. 10.29 Second order R; 
Sallen-Key bandpass circuit 


Fig. 10.30 Gain plot of the 
Sallen-Key bandpass circuit G(f) 
dB 


-40 
100 10? 104 10° 10° 
f(Hz) 


ky 
H(s)= aie 


ak (10.40) 


2 1 i 1 1k 
S+S(Roq+ RBG t Bat Roc) + Ri Ro R3C1 Co 


where k= 1+ 78 > 1 and 


ae (rete 

1 9 R, Ro R3C, C2 

Nan nae. - eee NN 
PAZNZBL 12 Ric; | R3Cy ' R3C, ' RoC 


Figure 10.30 shows a typical gain plot for Q = 0.5 and Q = 5. As in the LP and 
HP cases, the parameter k is used to adjust the value of Q and does not affect the 
pole frequency wp. 


Example 10.5 The BP transfer function 


As 
H(s)= 3 2 
s* + s(27 - 10000/Q) + (27 - 10000) 
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with w, = 27104 can be realized by a Sallen-Key circuit. On setting Rj = Ro = 
R3 = R and C; = C2 = C, the design equations (10.41) yield 


_ v2 we V2 
a= RC ~4—k 

from which k = 4 — 2B and RC = = 

Any arbitrary choice of R= Rj = ‘Ro can be made and C can be calculated from 
C=C, == <2, If, for example, R = Rj = R72 =1kOhm > C=22.51 nF. 

The value of k depends solely on Q and for Q = 0.5 > k = 1.1716 while for 
Q=5.0> k =3.7172. 

The numerator coefficient A is given by A = va = “ee = = (2/2 — 5)@o- For 


Q=0.5 > A=5.2052- 10* and for 0 =5 > A= 1651 ia. 10. 


10.5 Deliyannis Circuits 


The basic Deliyannis circuit [5] of Fig. 10.31 is a single amplifier biquad that real- 
izes a second order bandpass transfer function. 

The circuit is based on the differentiator C; — R2, with positive feedback pro- 
vided by the voltage divider r,/r,. The transfer function of the circuit is 


2g 
Hye esis (10.42) 


y) 1 
E(s) So + S(Bq + BG TEC) T FR Cicp 


from which the design equations are derived: 


| 1 
0, =,/=—>-- 
Ri RoC C2 


Ei (10.43) 
EraTe 
eat Ee (k= WC ~ [¢ 24/6 = eVea 


The design of the Deliyannis BP circuit, i.e. the determination of its element 
values given w, and Q, can be performed in many ways, but in [5] an optimal 
procedure is proposed. According to this procedure, the capacitors are assigned an 
equal value, C; = C2 = C, and the ratio R2/R, is denoted by fp: ze = fB. Under 
these conditions, the rest of the element values of the circuit are given by 


a= R= Vp - 2b+2— VB (10.44) 


aoC./B Sane 20—/B 


The value of 6 can be chosen arbitrarily but can be also calculated as to minimize 
the Q-sensitivity. 


Q= 
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E R, 


(a) (b) 


Fig. 10.31 The Deliyannis BP circuit 


Fig. 10.32 RC-CR 
transformed Deliyannis BP 
circuit 


Applying the RC-CR transformation to the circuit of Fig. 10.31, anew Deliyannis 
BP circuit is obtained, based on an integrator, as shown in Fig. 10.32. The determi- 
nation of the transfer function of the circuit is left as an exercise. 


Example 10.6 In order to design a Deliyannis bandpass circuit with pole frequency 
at 2 kHz and Q = 10, (10.44) will be used with C; = C2 = 10 nF (arbitrary choice) 
and 6 = 42. The value of 6 could be any positive number but this particular value 
has been calculated so as to minimize the Q-sensitivity. Equations (10.44) give Ry = 
1.23 kOhm, Rz = 51.6 kOhm and k = 32.06, ie. rp/rg = 31.06. The logarithmic 
gain plot is shown in Fig. 10.33. 


10.5.1 The Generalized Deliyannis Circuit 


The circuit of Fig. 10.34 has been derived from the Deliyannis BP circuit of 
Fig. 10.31 by splitting resistor R; as shown (a < 1) and feeding the input to the 
non-inverting input of the operational amplifier. 


10.5 Deliyannis Circuits 475 
40 
35 

dB 


100 1000 10000 100000 
f(Hz) 


Fig. 10.33 RC-CR transformed Deliyannis BP circuit 


Fig. 10.34 The generalized 
Deliyannis circuit 


The transfer function of the new circuit is 


2 2 Ro 1 
Vos), & tomll+ oO — saa + ore, 
E(s) 


A(s)= 


(10.45) 


9) 2 Xr Ro 1 
+ cRU- aap Rs + oR 


with aw < 1, b <1 and A < 1 in order that all resistor values are non-negative. 
For b = 0, i.e. with no feeding of the input to the non-inverting input of the 
operational amplifier, the transfer function of (10.45) becomes BP 


a 1 


Vo(s) — @-9 Rc" 
ie E(s) ~ 24 2 [1 ny R2] 4 1 (10.46) 
8° GR; 20—A) Rit * CPR Ry 
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with 
: 1 /[R 
oo =——— and Q=——*"'_ (10.47) 
CV R1 Ro he DR 


If in the generalized Deliyannis circuit the parameters are chosen in such a way 
as to satisfy 


14 £2.(4 : = Oi in<k ie 10.48 
+2 ( a5) id p= (1-a)(14 3) ne?) 


the transfer function becomes notch filter. 


5 1 
eae SF rk 
(s) E(s) 2 214 A Ro i 
8+ eR -— aap Rs + eRe 
le | +o : 
with 
I Ro 
Wo Ri 
CO) ns Q = 5 x Ro => ry R (10.50) 
CVRiR2 cell-—sqonR] = !- ap zi 


The generalized Deliyannis biquad can also realize allpass functions if the pa- 
rameters are chosen to satisfy 


1472 (, = ty eae 10.51 
+e iy) ( Sara re 


10.5.2 Friend’s Biquad 


Friend’s biquad (Fig. 10.35) is in fact a modified generalized Deliyannis circuit with 
the input fed also to the inverting input of the operational amplifier. 
The transfer function takes the form 


2 d 
H(s)= ge tore 
sttas+b 
with 
RaRaa RcRcc RpRpp 
Ria = >—_ 2c = > R33 = >——_ 
Ra+ Raa Rc + Rec Rg + Rep 
R R R 
K AA cc BB 1 meade 


Rat+Raa Rco+Rcc Rp+Rpp 
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Fig. 10.35 The Friend’s 
biquad 


Ko(1 1 1 Ko 1 1 Ky Roc 
c= +— + + + 1+ 
C2\ Ri Ro R3p Ci \ Ro Rap RyaCo Rr 
K 1 1 R 
7 eeey aed, 
R3p\Ci C2 Rr 
1 K 1 1 K R 
eon ee) 
CiC2L Ria \ Ro Rap Ria R3B Rr 
a= O(2 Roc ) Roc be 1 (; Roc ) 
CiCz \Ro ReR3p RrRiaC2 RyaCiC2\ Ro Re R3B 


The design equations are very involved and the circuit does not presently offer 
any significant advantage over the generalized Deliyannis circuit. 


10.6 Multiple Feedback (MF) Circuits 


Multiple feedback single amplifier biquads are very similar in structure to the gen- 
eralized Deliyannis circuit. They employ one operational amplifier in an inverting 
integrator or differentiator configuration with an additional feedback to the input of 
the circuit. 


10.6.1 The Lowpass Multiple Feedback Circuit 


The circuit of Fig. 10.36 is based on an inverting integrator with its output fed back 
to the input node through resistor R2. The transfer function of the circuit is given by 


1 
R,R3C, Co 


H(s)= (10.52) 


2 lot a a 
StS e+e t+ RG t+ BRAG 
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Fig. 10.36 The MF lowpass 
circuit 


Fig. 10.37 The MF highpass 
circuit 


C; R, 
C; C; 
Eo 
V 
R, x 


The design equations are given below: 


1 a 


"Tem °~ | Tey [ey [Re 


(10.53) 


Resistor R; is not involved in the expression for w, and therefore can be used for 
the adjustment of the Q value. 


10.6.2 The Highpass Multiple Feedback Circuit 


The circuit of Fig. 10.37 is obtained from the circuit of Fig. 10.36 via the LP-HP 
transformation. The voltage transfer function is found to be: 


: C2)s* 
H(s)= ues : (10.54) 
82 +8(obe + C5 + os) F Ri Ra Cas 
The design equations in this case are given below: 
suis (10.55) 


— VR R2C2C3 —— [B+ e+ 


sees 


It should be noted that we again have frequency independent Q adjustment 
through capacitor C; as expected. 
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Fig. 10.38 The MF 
bandpass circuit 


C; Rs 
R ot 
E 
4 
R; ° 
Fig. 10.39 The MF modified 
bandpass circuit 
C; 
R; 
E 
k=I+ 


10.6.3 The Bandpass Multiple Feedback Circuit 


This circuit is shown in Fig. 10.38 and its voltage transfer function is 


1 


H(s)=- > — Rica" 74 (10.56) 
S’+ 8a + OR t+ BEG (Rt RB) 
The design equations are 
R3 Ro 
Ri +R edt ) 
Gy ey || (10.57) 
Ry, RoR3C C2 joa /& 
2 1 


If the output is fed back to the non-inverting input of the operational amplifier 
through a voltage divider R4/Rz, as in Fig. 10.39, the transfer function becomes 


k 
(KD RiCo* 
Ri +R2 C,+C2 Ri +R2 


A(s)= 
8° + SIR RB Ca=D CiCaR; | Ri Ro R3C1 Co 


(10.58) 


This circuit offers better control of the Q value through k = 1 + Ra It should 
be noted that both multiple feedback bandpass circuits can be obtained from the 
generalized Deliyannis circuit by setting b = 0. 
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Fig. 10.40 The MF 
bandstop circuit 


10.6.4 The Band-Reject Multiple Feedback Circuit 


The circuit is shown in Fig. 10.40 and has a voltage transfer function: 


2 1 1 R31 1 
— ke 8 +8 RG + BG RBG) + BRAG 
H(s)= ie ; i i ; (10.59) 
Sas & +8(a0, + Rc) BRCe 
The pole (center) frequency and Q are given by 
1 VR 
Wo (10.60) 


Ri 
~ SR{ RoC Co Q= [a4 [o 
1 2 


In order for H(s) of (10.59) to become a band-reject function, the coefficient of 
s in the numerator must be zero and therefore 
1 ' 1  R3 1 
RoC, RoC Rg Ri Cy 


(10.61) 


This constraint can be met by adjusting the ratio e without affecting w, and Q, as 
can be seen from (10.60). 

Since the constant terms of the numerator and denominator in the expression of 
the transfer function of (10.59) are equal, the circuit can only realize notch type 
transfer functions (i.e. it cannot realize LP-notch and HP-notch functions). 

However, by adding one more capacitor C3, as in Fig. 10.41, the transfer function 
becomes 


a 5 (Ri Ra(CitCo+C3)— RoR3Co y a 1 
: R, Ro R4C2(C1 +C3) Ry RoC, C2+R1 R2C2C3 
H(s)=b.- (10.62) 
s2 + s(AEOtGsy 1 
Ci C7 Ry Ri RgCi Cy 
where 

C3 

AG 


148 
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Fig. 10.41 The modified MF 
bandstop circuit 


Fig. 10.42 The Boctor 
notch-LP circuit 


For Ry Ra(C, + Co + C3) = Ro R3Co, i.e. when 


R,R4 _ C2 
RoR3 Cy #00 + C3 


(10.63) 


the transfer function becomes bandstop and can realize HP-notch transfer function 
SINCE Wg, < Wop: 


1 1 
Woz = Wop ————————————t 
VJ Ry R2C Cz + Ry R2C2C3 V/ Ri R2C\ C2 


Notice that R3 and Ry, are not involved in the expressions for the frequencies of the 
pole and zero, nor in the expression for Q of the denominator. 


(10.64) 


10.6.5 The Boctor Circuits 


The voltage transfer function of the circuit shown in Fig. 10.42 [3] is given by 


2 1 1 1 R3 Ri +R24+Ro 
Sr aS eRe Cekg  O Ci Reha? © Ci Rial, 


H(s)=k (10.65) 


2 I I i 
7 + Slo Re + etre 7% C1 C2 R4 Ro 
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Fig. 10.43 The Boctor 
notch-HP circuit 


where 
R RoR 
ee eg Rie 
R3 + R5 Ro + R4 
When the element values are chosen so that the coefficient of s in the numerator 
becomes zero, 1.e. 


(10.66) 


1 1 1 R3 
+ + = 
C2Re C2Roq = =CiR, = Cy Ro Rs 


the transfer function becomes 


p24 Ri +Rog+Ro 


Ri, RoR 
H(s) =k C1C2 Ri R24 Ro 


; (10.67) 


2 1 1 
5 + SOR - CpRa) + C1, C2 R4 Ro 


This is an LP-notch transfer function since 


Ri + Rog + Ro i 1 
Ri Ro R4 


The design of the circuit, i.e. the calculation of 6 resistors and two capacitors 
from given w, and Q is very complicated and for this reason special algorithms are 
required like the one developed by J.M. Cioffi [16]. 

A circuit that realizes notch-HP transfer function was proposed in [3] and is 
shown in Fig. 10.43. It can be shown that in this circuit, Q < =a This ad- 
ditional constraint makes the design of the circuit more involved and renders the 
circuit unattractive given that it does not offer any particular advantage over other 
notch-HP circuits to be presented in the following sections. 


10.7 Current Generalized Immittance Converter (CGIC) Circuits 


The Antoniou CGIC circuit is shown in Fig. 10.44. The function of interest in this 
circuit is the driving-point input impedance which can be easily calculated: 
Z1(8)Z3(s)Z5(S) 


Zin(s) = ~~ Zos)Zae) (10.68) 
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Fig. 10.44 Antoniou’s CGIC 


It is obvious that if Z2(s) = 1/sC>2 (capacitor) and all other circuit elements are 
resistors, then (10.68) yields: 


R,R3R5 
Zin (Ss) = ‘> (10.69) 
4 


which implies that the input impedance of the circuit is equal to the impedance of 
an inductor with L = ELBE Cy, This is the Antoniou’s simulated inductor and we 
will return to this circuit in a later chapter. 

The Antoniou’s CGIC circuit is employed in various ways in circuits that realize 
inter alia biquadratic voltage transfer functions. 


10.7.1 The Basic CGIC Biquad 


Figure 10.45a shows an RC circuit (Rj — C1) with a simulated Antoniou’s inductor 
placed in parallel to C;. Figure 10.45 shows the passive equivalent circuit with a 
buffer at the output. For the analysis of the circuit, the nodal equations are written 
with reference to Fig. 10.46: 


E-V Vi-V2 
Vic 
R, Ri + sViCj 
Vv, — V, 
(V2 — Vi)sC, = ———* 
R3 
Yv-V MV 


Ry Rs 
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Fig. 10.45 (a) The CGIC biquad. (b) Equivalent circuit 


Fig. 10.46 The CGIC 
biquad 


Solving the above system of equations for V,, the voltage transfer function is ob- 
tained: 


Vo(s) _ SCR4+ Rs)/(RoRsC1) 


E(s) 92 1 Ra 
( ) s +SRG =e R, R3R5C i C2 


H(s)= (10.70) 


Therefore, the circuit realizes a second order bandpass function with 


= is ee ee (10.71) 
a R, R3R5Ci C2 are C2 R, R3Rs5 . 


With some minor modifications, as shown in Fig. 10.47, the circuit can realize 
band-reject functions. To calculate the transfer function, we write the nodal equa- 
tions with reference to Fig. 10.47: 

(E=Vi)s Vi Va (l-A)Vi 


= 1—k E)sk 
OR 7 + sVi( yC+ OR + (Vi )skC 


Vv, —V, 
(Gav jsc= a 


Yo- Vi = (d—p)V, 


mn 
V,-E 
2 " + (Vi i 


10.7. Current Generalized Immittance Converter (CGIC) Circuits 485 


Fig. 10.47 Modified CGIC 
biquad 


Solving for the system for V,, the transfer function is obtained: 


= p) 2A-—m 1 
(2k — w)(s° + (k— my ORC + cr) 


H(s)= 


(10.72) 


1 


2 1 
sr S ORC  Recz 


By selecting = 2A, the coefficient of s in the numerator becomes zero and the 
transfer function takes the form of the second order band-reject function: 


2 1 
(2k — w)(s* + Exner? 
H(s)= 5 : H i (10.73) 
aS one Tyee? 
: : 1 
with pole quality factor Q and pole frequency wp» = za. 
The jw-axis zeros - jw, have 
p 
Wz (10.74) 


1 
* RC f#=1 f2=1 


and therefore , can take values lower, higher or equal to m, depending on the ratio 
“ and provided that 2k > jw. 


10.7.2 The Generalized (or 2-OA) CGIC Biquad 


The Antoniou CGIC of Fig. 10.44 (repeated in Fig. 10.48a) can be redrawn as in 
Fig. 10.48b. When used as in Fig. 10.49, the circuit is referred to as the 2-OA CGIC 
biquad [4]. 
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(b) 


Fig. 10.48 Antoniou’s CGIC: The two circuits are identical 


Fig. 10.49 The generalized 
or 2-OA CGIC biquad 


Assuming ideal operational amplifiers, voltages V; and V2 become equal, and 
therefore Kirchhof’s current laws can be written for nodes a, b and c of Fig. 10.49 
as follows: 


Node a: (V3 — V2)¥o = (V2 — V4) ¥3 
Node b: (V3 — V2) Y1 = V2 Yo + (V2 — Vin) Ys (10.75) 
Node c: (V4 — V2) ¥4 = V2¥g + (V2 — Vin) Y7 
All voltages V2, V3 and V4 can be used as outputs, and the corresponding transfer 
functions can be calculated from the above system of equations: 
Vo Ys +h(s)¥y 
Vin Ys+Y¥o+h(s)(¥7+ Ys) 


A(s) = (10.76) 
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Fig. 10.50 Generalized 


CGIC lowpass biquad 
V3 ¥s+h(s)[¥7(1 + #8) — 3] 
Boe aS (10.77) 
VIN Y5 + Yo +h(s)(¥7 + Ys) 
Y YY. 
Ve ¥s1+ f)—FA+A(8)¥7 
ee via (10.78) 
VIN Y5 + Yo +h(s)(¥7 + ¥g) 
where the conversion function h(s) is defined as 
oe (10.79) 
Ss) = — ie 
Yo¥4 


As we will see in the next pages, with appropriate selection of conductances 
Y;(s) all second order functions can be obtained which share the following two 
properties [4]: 

1. Due to the absence of negative signs in the denominator polynomials of the trans- 
fer functions, no low frequency unstable modes arise. Start-up instabilities there- 
fore will not arise. 

2. For the first order sensitivities of all critical quantities (pole Qs, poles and zeros 
frequencies), we have 0 < Sty <1. 


10.7.2.1 Lowpass Biquad Based on the Generalized CGIC 

One of the design choices that make H4(s) of (10.78) a lowpass function is Yj (s) = 

sC1, Yo(s) = gy, Y3(s) = yy + 5C3, Ya(s) = gy, ¥5(s) = a, Yo(s) = Y7(s) =0 

and Yg(s) = i In this case, shown in Fig. 10.50, (10.78) gives 
Rgt+R 

Va(s) RaRiRsC1G3 


ai ioe Vin(s) — 


(10.80) 


2 1 Rg 
S° SRC; + RORRsCiCs 


ab 0,=R RsC3 (10.81) 
QO, = SS = ee i 
ee Ro R4R5C1 C3 i : RoR4gRs5C i 


with 
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Fig. 10.51 Generalized 
CGIC highpass biquad 


Since R3 is not involved in the expression for @gp, it can be used for frequency 
independent Q adjustment. By setting Rj = R4 = R5 = Rg = R and C,; =C3=C, 
(10.81) gives 


1 
=R d C= 10.82 
Q» an WopR ( ) 
and the transfer function (10.78) becomes 
V4 2w2 
Hy(s) = = (10.83) 
Vin s2+s 0, +e 


It should be noted that H2(s) = ae is also lowpass but requires an additional 
operational amplifier (buffer) to isolate any load connected to the non-inverting in- 
put of opamp II. 


10.7.2.2 Highpass Biquad Based on the Generalized CGIC 
One of the design choices that make H3(s) of (10.78) a highpass function is Yj (s) = 
rae Ya(s) = ye V3(s) =sC3, Ya(s) = ge, Y5(s) = 0, Yo(s) = ge» Yo(s) = sCy7 and 
Yg(s) = rae This is shown in Fig. 10. a. 

In this case, (10.78) gives 


2 Ry 
ej O. = s°(1 + Fe) (10.84) 
Vin(s)  s2+5 RG + TRG; 


a 0,=—R a (10.85) 
(60) = SS — ——— i 
ee Ro R4R6C3C7 i 5 Ro R4R6C3 


with 
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Fig. 10.52 Generalized 
CGIC bandpass biquad 


Since Rg is not involved in the expression for w,, it can be used for frequency 
independent Q adjustment. By setting Rj = Ro = Rg = Ro = R and C3 = C7 =C 
we find 


Rg=RQ, and C= (10.86) 


WopR 
and (10.85) yields 


V3 Qs? 
A3(s) = 


= (10.87) 
Vin s? +99" + 0%, 


As in the lowpass case, it should be noted that H2(s) = Be is also a highpass 


transfer function but requires an additional operational amplifier (buffer) in order to 
isolate any load connected to the non-inverting input of opamp II. 


10.7.2.3 Bandpass Biquad Based on the Generalized CGIC 
The transfer function H4(s) of (10.78) can be made a bandpass function by set- 
ting ¥i(s) =sC1, Yo(s) = g, Ys(s) =sC3, Ya(s) = g, ¥s(s) =sCs, Yo(s) = ze, 
Y7(s) =0 and Yg(s) = oe The corresponding circuit is shown in Fig. 10.52. 

In this case, (10.78) gives 


sC5(Ra + Rg)/(C1.C3R2 Ra) 


2 C5Rg Rg 
S“° + STGSR Rg + CiC3RoRaRe 


ey ae ee, J CiGshake (10.89) 
aa C1 C3 Ro R4Ro a Cs Ro Rg , 


Frequency independent Q adjustment can be done by Cs, which is not involved in 
the expression for w,. Moreover, by setting Rj = Ro = R4 = Ro = Rg = R and 
C, = C3 =C we find 


H4(s) = (10.88) 


with 


1 Cc C 1 
®= D7 n= c => mcs BT ee 


(10.90) 


Q 
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Fig. 10.53 Generalized 
CGIC band-reject biquad 


2p 

AY Op 
Sé+5D5-+@ 
Op P 


The output V2 is also bandbass but requires an extra operational amplifier (buffer) 
in order to avoid loading. 


10.7.2.4 Band-Reject Biquads Based on the Generalized CGIC 
One design selection for transfer function H4(s) of (10.78) to become band- 
reject function is Y;(s) = nae Yo(s) = Bi Y3(s) = sC3, Ya(s) = re Y5(s) = 
Y6(s) = ae Y7(s) = sC7 and Yg(s) = i +sCg. The corresponding circuit is shown 
in Fig. 10.53. 

In this case, (10.78) gives 


Go 1 
+s s(ack Fok) + EER: + Roa Rs5 Rg 


Hy(s) = a — (10.92) 
aa Rs? +9 ek + GRR + BRRe 
For 
C RiR 
ae (10.93) 
C7 RoR6 


the coefficient of s in the numerator becomes zero and the transfer function becomes 
band-reject: 


Go 1 
ae ERG a AoA 


(GS + ante tee 


Ha(s) = 


Ke a ear? a ee 
or, after some rearrangement: 


(s2 ae Ry (R4+Rg) ) 
ane Ry R4R5 Rg C3C7 

s+ Ri (R5+Ro) 
RalCiFCH) Ry R4 Rs RoC3(C7+C3) 


Hy(s) = (10.94) 


se 
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The frequency of the zero is 


Ri (R4 + Rg) 
ay ee 10.95 
we 4 RR RsRelsG, ee 


The pole frequency and Q are given by 


ae Ri (Rs + Ro) 
f R2 R4Rs5 Ro C3(C7 + Cg) 


(10.96) 
Ri (Rs + Ro) (C7 + Cs) 
Qp = Rg 
Ro R4Rs5RoC3 
It can be easily found that 
z R 
a (10.97) 
Wp Rg 


i.e. the frequency of the zero is always higher than that of the pole and therefore this 
circuit can realize only lowpass-notch at output V4. 
However, for the same circuit H(s) is: 


C7 2 Ri 
C7+Cg (s° + RoRgRsC3Cy) 


Ay(s) = (10.98) 
i Ri (Rs+Ro) 
8° + RCTECYS + RaRGRsReCa(Cy Ca) 
with 
Ry 
a (10.99) 
Ro R4R5C3C7 

and 


_— Ri (Rs + Ro) 
PV RoR4RsRoC3(C7 + Cs) (10.100) 


Ri (R5 + Ro) (C7 + Cs) 
Qp = Rg 
Ro R4R5 RoC3 


Resistor Rg can be used for frequency independent Q adjustment. 
Taking into account (10.93), the ratio wz/wp 
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Fig. 10.54 Generalized 
CGIC band-reject biquad 


can assume values greater or lower than unity and the particular circuit can realize, 
at output V2, notch, lowpass-notch or highpass-notch functions by proper choice of 
the ratios aa and BS. It should be remembered that in order to use output V2, an 
extra operational amplifier is required as a buffer. 

The circuit of Fig. 10.54 has been obtained from the generalized CGIC biquad by 
setting Yi(s) = gy, Yo(s) = gy, Y3(s) =8C3, Yas) = gy, ¥s(s) = ge» Yo(s) =0, 
Y3(s) = sC7 and Yg(s) = ke 

The transfer function H4(s) is found to be 


2 Ri (Rq+Rsg) 
V4 S” + RRyRsRgC3C7 
Has) = 7 = ee eran (10.101) 
s RgC7 | RoR4R5C3C7 


Ri (R4+ Rg) Ry 
Oz >= TO —_— Wp = — 
R2R4R5RgC3C7 Ry R4R5C3C7 


with 


(10.102) 
C7Ri 
Qp = Rg,} —-———_ 
C3 Ro R4R5 
It can be found that 
OW, R4 
-= /l+—>1 (10.103) 
Wp Rg 
and therefore the circuit can realize only lowpass-notch functions. 
Ay(s) in this circuit is a notch transfer function: 
2 Ri 
V. s“+ 
Hy(s) = —— = eee (10.104) 


Ri 


V. Fai 
EN 8° ob 5 oy RR RsCaee 
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Ri Ry 
oz, = ,| —————_ op =, >> 
Ro R4gR5C3C7 Ry R4R5C3C7 


with 


(10.105) 
C7R\ 
Ey Ct ee 
2p C3R2R4R5 
Of particular interest is also the transfer function H3(s): 
2 Ri Ri 
V: S S+ R 
H3(s) = 3 = Rs RgC7 Ry R4R5C3C7 (10.106) 


VIN 


2 1 Ri 
sot RgC7 7 Ro R4R5C3C7 


which for Rj = Rs is a typical all-pass function with 


| 1 | Cy 
i Ro R4C3C7 2» . C3R2R4 ( ) 


10.8 Biquads with 3 Operational Amplifiers 


The most popular biquads with 3 operational amplifiers, referred to as 3-OA bi- 
quads, are presented in this section. Although the number of operational amplifiers 
employed in these circuits seems high, their features, especially the low sensitivity, 
very often make them attractive, particularly in demanding applications. 


10.8.1 The Tow-Thomas Biquad 


The circuit shown in Fig. 10.55 [14, 15] offers two buffered outputs, V; and V3. 
Output V> is a scaled and opposite copy of V3: V2 = — # V3. The output of the first 
operational amplifier, V;, is the bandpass output, and V3 is the lowpass output: 


owl _ R4Ci 
Hpgp(s)= Ee) 2 ; Re J Rs (10.108) 
s +SRG + RaR3C, C2 
Ro/Rs 
V3(s) RyRaCi Cr 
Hy p(s) = E(s) = ; i Re Rs (10.109) 
S°+ SRG + RyRsCiCp 


Both transfer functions share the same denominator and therefore have the same 
poles frequency and Q: 


R6/R R RC 
i ce Os—— = (10.110) 
Ry R3C, C2 J R2R3\ R5C2 
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R; 


Fig. 10.56 Akerberg-Mossberg 3-OA biquad 


The high operational amplifier overhead is compensated by the low Q sensitivity 
to changes of the passive elements and as a result high-Q biquads can be designed. 
The obvious way to adjust Q without affecting the poles frequency is by adjusting 
resistor Ry. 


10.8.1.1 Akerberg-Mossberg 3-OA Biquad 
A variation of the Tow-Thomas biquad is attributed to Akerberg-Mossberg, who 
placed the inverting voltage amplifier within the feedback path of the Miller integra- 
tor realized by the second operational amplifier. This non-inverting integrator with 
the inverting amplifier in the feedback path is presented in Chap. 9. The Akerberg- 
Mossberg biquad is shown in Fig. 10.56. 

The transfer functions of the circuit are given below: 


Rs 
C1, C2 R2 Ra Ro 
Ay p(s) = i 7 
sets + 2 
CR, C1 C2 R2R3R6 (10 111) 
: . 
a 
R 
Agp = = 


2 1 Rs 
S°+SoR, + GCGRoRsRe 
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Fig. 10.57 A generalized 3-OA biquad 


10.8.1.2 Band-Reject 3-OA Biquad 
A more general form of the 3-OA biquad is shown in Fig. 10.57, where the input is 
also fed to the inverting inputs of the second and third operational amplifier. 

The transfer function for output V3 is: 


2 | . és 
#@= Vos) Rg 8 + S(T GRR) + GOB (10.112) 
= = 1 R; , 
E(s) Re 2? +soR + GOR ER 


By proper selection of resistors Rj, Ra, Ro and R7 so as to satisfy R4 = Ri Ro/R7 
the transfer function becomes 


2, _ Ro/Rs 
V: R so : 
H(s) = ae = a. ; ORS (10.113) 
(s) 65° + Scr, + CRP 


The circuit can realize all types of notch functions depending on the ratio ees 
SAB 


For notch function, we can set e = Re. Selecting for example Re = Rg = R7 and 
Ro = Rs, the transfer function becomes 


2 1 
V2(s) 5° + Caos 


ar) ee eee ee 
E(s) s +SER, T Cie RyRs 


H(s)= (10.114) 


Since the transfer function does not involve any of Rg, R7, Re, Rs and Ro, they 
can all be equal with any convenient value. For this notch case, we have 


1 Ri Ci 
7 /C1C2R2R3 o= J R2R3\ C2 


and the bandwidth, i.e. the frequency band for which output power is lower than 
Wo 


half the input power, is found to be BW = O° 


(10.115) 


Wo 
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Fig. 10.58 Generalized Tow-Thomas 3-OA biquad 


Figure 10.58 shows a generalized Tow-Thomas circuit, the transfer function of 
which is 


6 1 rl 
V3(s) (#)- + (RG; aoe Go Ee RiRs) 


E(s) \R 2 Ro 
(s) 8 5 +50 + CCSR RRs 


(10.116) 


Due to the negative signs within the coefficient of s and the constant term of the 
numerator, the circuit can be made to have highpass and band-reject behavior. If 
for example we set Rj = Ro = R4 = R5 = Roe = R7 = Rg = R and C1} = C2=C, 
(10.116) gives 


V. 2 
Hija Oe ° (10.117) 
E(s) 4+sK0+ ERD 
with the evident definitions 
1 0 R 
OO, = -—-—__== — — 
° CYVRR3 R3 


If in (10.116) we set eo CIE Re? the transfer function becomes 


(10.118) 


2 R 1 1 
V3(s) (#2): + GOR (Gm ~ BR? 


E(s) Rg) 52 d Re 
(s) 8 7 +SOR + CGR RRs 


which can realize all types of notch functions. 


10.8.2 The State Variable or KHN Circuit 


The 3-OA circuit shown in Fig. 10.59 is referred to as the state variable filter. It is 
also known as KHN filter after the initials of its inventors [9]. The main character- 
istic of the circuit is that it employs two inverting Miller integrators and provides 
three useful outputs: a lowpass, a highpass and a bandpass. 
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Fig. 10.59 The state variable filter 


The corresponding transfer functions are given below: 


Vi(s) 1+R6/Rs5 52 
1 Ri Ci 1+R3/R4) 
Hy p(s) = = i (10.119) 
ER6/R Ro/R 
Ets) 9° + 8( acer Ry) + BROOD 
V2(s) 1+ Ro/Rs/RiCi 0 + R3/Ra)s 
Apps) = Fy = 3 T+Re [Rs Ro] Rs (10.120) 
5° + SCRICV+Ra/ Ray) + RiRCiCh 
V3(s) 1+R6/Rs5 
3 Ry RyC1 Co 1+ R3/Ra) 
Ay p(s) = = : (10.121) 
ER6/Rs Re/R 
ae) s+ 5 (RIC ER, Ry a RiRCC 


10.8.3 The Universal Circuit 


The universal filter shown in Fig. 10.60 is a variation of the state variable filter with 
some modification in the input section. 

Although the characterization “universal” is somehow inappropriate, the truth is 
that the circuit was commercially available in packaged form for many years, ready 
for use with the addition of some external components to determine the poles fre- 
quency and Q-factor. More detailed information on the integrated universal filter 
can be found in the book by L.P. Huelsman [8] as well as in National Semiconduc- 
tors’ and Burr-Brown’s literature. 

Operation of the circuit with input 2 grounded (£2 = 0) is referred to as nonin- 
verting configuration. When the input signal is applied to input 2, the corresponding 
circuit is called inverting configuration. The two configurations are presented below. 


Noninverting Configuration By grounding input 2, as shown in Fig. 10.61, the 
three transfer functions are found to be: 

Vis) _ (1+ K3 + Ka) Kis? 

E\(s)  s?+(14+ K3+ K4)K20 15 + K3a@@2 


Huyp(s) = (10.122) 
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Fig. 10.60 The universal filter 


Fig. 10.61 The non-inverting configuration of the universal filter 


V. —(1+ K3)K 
te 2 5 cee (10.123) 
E\(s) s*+ (14+ K3+ K4)K2015 + K3@1 02 
V3(s 1+ K3)K,a@,@ 
Hague 5 CP ES RO1e2 (10.124) 
E\(s) s*+0+ K3+ K4)K2015 + K30@102 
where the following definitions have been used: 
K 1 1 K Re K R6 
Spe RS 2S RR 3 ae A= 
14+ 24+% 1+ + % Rs Rg 
(10.125) 
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Fig. 10.62 The inverting configuration of the universal filter 
All transfer functions share the same denominator and therefore have common poles 
frequency and Q given below: 


fa 


/ K ee 
tee RRA 


O= O2K3 _ 1+ 3 a sir ae Ri RoC 
d+ rare + #8 Ro Rs5C2 


A typical design is to set K3 = 0.1, Cj = Cz = 1 nF, Rg = R5 = 100 kOhm, Ro = 
10 kOhm and Rg = ov. In this case: 


316.2 - 10° Q = 28748 Ea ye pt eee) 
Oo = = i 
°F RIR2 100kOhm = R3.— Ry JV Ro 


From these equations, it can be said that R; and R» determine the poles frequency 
and R3 and R7 determine the Q value. 


Inverting Configuration In the inverting configuration, the input signal is ap- 
plied to input 2 and input | is left free. This is equivalent to grounding input | and 
assuming R3 = oo as shown in Fig. 10.62. Analysis of the circuit yields: 


Vi(s) —Kas? 

Ay p(s) = =5 
E(s)  s*+(1+ K34+ K4)K2015 + K30102 
Vo(s) K4a\s 

HApp(s)= =3 
E(s) s*+(+ K3+ K4)K2015 + K3@102 
V3(s) —K4a 02 

Hpgp(s)= = 


E(s) s2+(1+ K3+ K4)K2@ 1s + K3a102 
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Highpass Bandpass Lowpass 
out 9 ? out 7 9 out 9 
po V+ 
in} ° 
in ° 
‘ Burr-Brown 
in3 © UAF42 re V- 
R=50KQ a: 
Fig. 10.63 Burr-Brown’s UAF42 diagram 
where 
1 1 Re Ro 
K 3=— Kg=— 
R3 R3 R4 R4 
1+ Ry a Ry 1+ R3 =F Ry Rs Rg 
1 1 
— wW2 — 
RiCi R2C2 


The common denominator implies common pole frequency and Q given by 


Wo = V0102K3 = V/(Ro/Rs)/( Ri RoC 1 C2) 
Q=- 1 a2K3 1+ R4/R7 Ri RoC 
~ (14+ K3+Ka)KoY 1, — 14+ Ro/Rs + Ro/Rg\ RoRsCr 


For a typical design, we can set K3 = 0.1, Cj = Cz = 1 nF, R4 = Rs = 100 kOhm, 
Ro = 10 kOhm and Rg = ov, in which case the above design equations become: 


5 
vy, 316.2: 10° o=os16(**.) / Ri 
, VRiR2 , i+ Ry 


Given @, and Q, resistors R; and R» can be selected from the expression for w,, 
and R7, Rg from the expression for Q. 

The universal filter is commercially available in IC form by Burr-Brown as 
UAF41 and UAF42 (Fig. 10.63) and by National Semiconductors as AF-100, AF- 
150 and AF-151 (Fig. 10.64). In both circuits, the two capacitors and Ri, Rs5 and R6 
are within the IC and the rest are external and must be calculated. 
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Fig. 10.64 National Bandpass 
Semiconductors’ AF-100 
diagram 


National 
Semiconductor 


input input out V+ out 
Highpass Lowpass 


10.8.4 The 3-OA CGIC Biquad 


The 3-OA CGIC biquad can be obtained from the generalized CGIC biquad of 
Fig. 10.49 by adding one operational amplifier and feeding the input to all nonin- 
verting inputs through voltage dividers, as shown in Fig. 10.65. All inverting inputs 
are connected to a common node. 

For the analysis of the circuit, the KCL is written for the common inverting inputs 
node with voltage V,, and for the noninverting input nodes of the three operational 
amplifiers: 


(V3 — Vy) ¥i1 = (Vy — V1) ¥s + (Ve — V2) ¥i0 
(V3 — Vy) ¥7 + Vin — Vx) ¥1 = Ve Yo 

(Vi — Vx) ¥o + (Vin — Vx) ¥3 = Vx Ya 

(V2 — Vx) ¥i2 + (Vin — Vx) ¥5 = Vi Yo 


(10.127) 


The above system can be solved for the four unknowns V;, Vj, V2 and V3 and the 
three transfer functions of interest Hj(s) = pitt (i =1...3) can be calculated. 

To make the results shorter, we set all Y; fori = 1,2,..., 10 to be resistive (Y; = 
R,! with Rg = Ro), and only Yj; and Yj2 to be capacitive (Yj; = sC , and Yj2 = 
SC}2). The circuit is shown in Fig. 10.66. Under this design choice, the three transfer 
functions will share the same denominator polynomial D(s): 


14104 Y. Yi0 Y7(¥: Yi 
DMeSP 4s 7(¥3 + Ya) i, 0 7(¥5 + Yo) (10.128) 
Ci +¥2)  CwCi2(%1 + Y2) 
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Fig. 10.66 The 3-OA CGIC biquad 


Defining 
Y. YY: 
YS = ae 
and 
Y4¥s  Y3Y 
PVG = =a) 2 Y7(¥3 Yo + Y5Vi0 — Y4Ys) 
(69) => @ = 
o CiiCi2Y%a e CuiCi2Y 
Bec Yi0(Vs(Y2 + Y7) — Yi Yo) 
oe CyiCp2% 


the three transfer functions will be 


Y, y) Y3Y; 2 
Ay (s) = Vi(s) = Wanls + Soa, +071] 
Vin(s) D(s) 
Yi 2 ¥3¥7+YV1 Yo—Yo¥5 2 
V: 7 [s- + s3 bt 53 + 05,5] 
BGS 2O.= e oom 22" (10.129) 


Vin(s) D(s) 
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Fig. 10.67 The Bainter biquad 


Y, 2 Y¥3¥7+¥o¥3—Y1Y. 2 
Hy(s) = V3(s) _ Tans [s* + 9 B23 anh 1°4 + 033] 
: Vin(s) D(s) 


It should be remembered that all Y; appearing in the transfer functions are resis- 
tive i.e. Yj = a With proper choice of the resistor values, the 3-OA CGIC circuit 
can realize all types of second order functions as follows: 

A\(s): Bandpass when Y4 = 0 > Y1(V%4 + Yo) = Y2¥3 and Y5(VY4 + Yo) = Y3¥6 
Band-reject (all types) when Y3 = 0 
Highpass when Y3 = 0 and Y5(Y4 + Yo) = Y3¥6 

H(s): Lowpass when Y; = 0 and Y2Y5 = Y3Y7 
Bandpass when Y; = 0 and Ys5(¥4 — Yj9) = Y3Y6 
Highpass when Y2Y5 = ¥Y3Y7 + Yi Yo and Y5(V4 — Yio) = Y3Y6 
Band-reject (all types) when Y2Y5 = Y3¥7+ Yi Yo 

A3(s): Highpass when Yj Y4 = Y3(Y2 + Y7) and Yi Yo = Ys5(¥2 + Y7) 
Band-reject (all types) when Y, Y4 = Y3(¥2 + Y7) 


10.8.5 The Bainter 3-OA Circuit 


The Bainter circuit [2] of Fig. 10.67 has three discrete gain stages. The first is an 
inverting voltage amplifier, the second an inverting Miller integrator, and the third a 
voltage follower. This structure facilitates the analysis of the circuit and the transfer 
function can easily be calculated: 


Vo(s) 8? + (Ro/RiR3R5C1C2) 


A(s)= _ (10.130) 
E(s) g2 + S R5+Re6 + 1 
R5 Ro C2 R4R5C1 C2 
This is a band-reject function and since es = ie = , the circuit can realize notch, 
op 


lowpass-notch and highpass-notch functions by proper selection of the involved re- 
sistor ratios. 
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Fig. 10.68 The Bainter highpass filter 


For R2 = 0 the circuit is simplified, as shown in Fig. 10.68, and the transfer 
function becomes a highpass function: 


Vo(s) s° 
H(s) = = —_ , (10.131) 
E(s) s? + S REReCs + RgR5C1 C2 


10.9 Creation of Zeros 


Notch transfer functions with j@-axis zeros are very useful in filter design, not only 
for the realization of band-reject filters, but also for the realization of certain types 
of lowpass and highpass filters, as for example inverse Chebyshev, inverse Pascal 
and elliptic filters. 

Although all presented band-reject biquads offer these j@-axis zeros inherently, 
these can be also be created from all-pole circuits. One such method is to feed the 
input to some nodes, as has been done for example in Fig. 10.57. 

A second method is to create the sum of appropriate voltages using a summing 
circuit. The Akerberg-Mossberg circuit, for example (Fig. 10.56), does not provide 
jw-axis zeros. However, by adding one more operational amplifier to add the input 
and the output of the first and the second amplifiers, as we have done in Fig. 10.69, 
the transfer function becomes 


12 * (a2 R 


2 ERA Rg 
V, s*+s + ap 

He —+—__+ (10.132) 
E(s) S + SOR + CRE 


This Akerberg-Mossberg circuit realizes bandpass transfer function at the output 
of the first operational amplifier, lowpass at the output of the second operational 
amplifier, and with the addition of the fourth operational amplifier can produce all 
three types of band-reject output for A/k = R4/R3. It should also be noted that with 
proper selection of jz, the transfer function can be made highpass. 

Moreover, j@-axis zeros can be created using a twin-T circuit as shown in 
Fig. 10.70. 
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oVip 


(a) 


Fig. 10.70 Creating zeros using twin-T circuits 


The transfer function of the circuit of Fig. 10.70a is 


k(s* + ayez) 


5 4d-k)_ 1 
RY + SR = Pa 


Ha(s) = (10.133) 


meaning that with k < 1, it realizes a stable notch output. The circuit of Fig. 10.70b 
has transfer function 


(10.134) 


i.e. fork < 1 anda <1, it realizes lowpass-notch output. 
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Vin? F kKHpp(s) P °Vo 


BP 


Fig. 10.71 Creating zeros 


Finally, a more general method to create jw-axis zeros is based on Fig. 10.71, 
which uses a bandpass circuit with transfer function 


Hap(s) As 
Ss) z= — 
oe ee + 


If we choose k = an then at the output of the adder we have: 


As AQ S2(s? +0) 
2+ 8G + OG Wo SPs + wo 


nO) 


which is a notch transfer function. 


10.10 Problems 


10.1 Calculate the voltage transfer functions of the circuits shown in Fig. 10.7b 
and c and confirm that they are second order lowpass filters. 


10.2 Calculate the voltage transfer functions of the circuits shown in Fig. 10.12 and 
confirm that they are second order highpass filters. 


10.3 Apply the RC-CR transformation to a second order active BP filter (e.g. 
Sallen-Key) and study the transformed circuit. 


10.4 Calculate the voltage transfer functions of the circuits shown in Fig. 10.15 and 
confirm that they are second order bandpass filters. 


10.5 Prove that the Deliyannis circuit shown in Fig. 10.32 is a second order band- 
pass filter and find the expressions for the poles frequency and Q. 


10.6 For the lowpass circuit of Sect. 10.7.2.1 (Fig. 10.50): 


V2(s) 
Vin(s) 


i. Prove that the transfer function H2(s) = 
tion 
ii. Design the circuit so as H7(s) has wp = 27 - 10* and Q=2 
ili. Explain what will happen if output V2 is used to drive directly a load Ry 


is a second order lowpass func- 


10.7 For the highpass circuit of Sect. 10.7.2.2 (Fig. 10.51): 
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V2(s) 


i. Prove that the transfer function H2(s) = Vin) 


tion 
ii. Design the circuit so as Hp(s) has wp, = 27 - 10* and Q=2 
ili. Explain what will happen if output V2 is used to drive directly a load Ry 


is a second order highpass func- 


10.8 For the bandpass circuit of Sect. 10.7.2.3 (Fig. 10.52): 
i. Prove that the transfer function H>(s) = ye is a second order bandpass func- 
tion 
ii. Design the circuit so as H7(s) has wp = 27 - 10* and Q=2 
iii. Explain what will happen if output V2 is used to drive directly a load Ry 


10.9 Apply the RC-CR transformation to the generalized CGIC BR filter of 
Fig. 10.53 and study the transformed circuit. 
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11.1. Polynomials 


The network functions (transfer functions, driving-point functions etc.) of linear 
lumped circuits are rational functions of the complex frequency s = 0 + ja, 1.e. 
ratios of two polynomials in s with real coefficients. Therefore, it is not surprising 
that the mathematics involved in filter synthesis are mainly theory of polynomials 
and functions of complex variables. Circuit synthesis requires simple mathematics 
used in a correct manner and some useful concepts, definitions and methods are 
presented in this chapter. 

Polynomials play an important role in filter synthesis since, as mentioned above, 
all driving-point functions, transfer functions and in general all functions of the 
lumped linear circuits are rational functions of the form 


N(s) 
D(s) 


F(s)= 


where N(s) and D(s) are polynomials in s with real coefficients. The complete 
theory of polynomials can be found in the relevant mathematics books. In this sec- 
tion, only some useful theorems and methods will be presented in an engineering 
operational manner, i.e. without strict mathematical proofs. 

A polynomial in s is a polynomial function of s of the form 


P(s)=ays™ +ay_ys¥—! + ay_gsN* + --. +. ays! +a 


where all coefficients ax are real and the integer N is the degree of the polynomial. 
The independent variable s can be real or complex but in circuit theory is the variable 
of the Laplace transform s = o + ja, the complex frequency. 

The roots s; of a polynomial are the values of the independent variable at which 
the polynomial assumes zero value, i.e. P(s;) = 0. The calculation of the roots of a 
polynomial actually requires the solution of the equation 


P(s)=0 © ansN +ay_1s%—! + an_ps%-? +--+» +. ays +ap=0 


H.G. Dimopoulos, Analog Electronic Filters, Analog Circuits and Signal Processing, 509 
DOI 10.1007/978-94-007-2190-6_11, © Springer Science+Business Media B.V. 2012 
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and this is not a trivial task when N > 2. It is clear that a polynomial of degree N 
has N roots which can be real or complex. Complex roots come in conjugate pairs, 
i.e. when z=a+ jb is a complex root of P(s) then its conjugate z* =a — jb is 
also a root of P(s). 

Polynomials of the form P(s) = s’* — z are referred to as binomials. Constant z 
is in general complex, of the form z = re/® where r is its magnitude r = |z| and 6 
its argument 0 = <z. If z =a is a real positive constant, then r = a and 6 = 0. If 
z= —a with a areal positive constant, then z = ae/* >r =a and6 =z. 

The roots of a binomial P(s) = s% — re/® are given by 


N 


2k 
a= rn el AK 


¥) fork =0,1,...,(N—1) (11.1) 
As an example, the binomial 
Salas te? 


has the following roots: 


2-1+0 


Pe iar ea a ce JeeiF aj 
peta a SSA) gySied OT Sele Sj 


A polynomial of degree N with N roots s; can be expressed as follows: 


N-1 


P(s) =ans® + ay_1s aqueas’? ox tags} ag 


= an(s — 51)(S — 52)-+- (8S — Sy) 


It is clear that if sz; is a root of P(s), then the division in leaves zero remainder. 
This is often used in order to factorize a polynomial when ‘ one or some of its roots 


are known since the division of two polynomials is expressed as 


Nis) _ R(s) 
De Dew 


& N(s)= O(s)D(s)+ R(s) (11.2) 
where Q(s) is the quotient and R(s) is the remainder of the division N(s)/D(s). 


Example 11.1 The polynomial P(s) = s? + 6s? + 11s +6 has a root s = —1 and we 


Q(s) =s* + 5s +6 and remainder R(s) = 0. Therefore, the polynomial P(s) can 
be expressed as 


P(s) = Q(s\(s +1) + R(s) = (s + I)(s? +55 + 6) 
Example 11.2 Find k so that s; = —1-+ 7 is a root of the polynomial 


P(s)=s* +753 + 1857 + 229 +k 
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Fig. 11.1 Polynomial root jo 
diagram 


Since P(s) has a complex root s; = —1 + j, the conjugate sf = —1 — j is also a 
root and P(s) contains the factor: 


D(s) = (s —s1)(s — st) =(s +1— f(s +14 f)=s? +2542 
Therefore, the remainder of the division P(s)/D(s) must be zero. The division gives 
P(s) = O(s)(s* +28 +2) + R(s) where O(s) =s? +55 +6 and R(s) =k — 12 
and therefore, R(s) =O Sk = 12. 


Example 11.3 Find all the roots of the polynomial 
P(s) =s* +75? + 1857 + 225 + 12 


if we know that s1 is one of its roots with s; = —1+ j. 
Since P(s) has a complex root s; = —1 + j, the conjugate s‘ = —1 — j isalsoa 
root and P(s) contains the factor: 


D(s) = (s —s1)(s — s¥) = (8 +1-—f\ot14+f =s? +2542 
The division P(s)/D(s) gives 
P(s) = O(s)(s? +25 +2)+R(s) where QO(s) =s* +5s +6 and R(s) =0 
and therefore, 
P(s) =s* +75? + 185? + 225 + 12 = (s? + 5s + 6)(s* + 25 +2) 


The roots of s* + 5s + 6 are easily calculated: s = —2 and s = —3. The roots of 
a polynomial in s can be plotted in the s-plane (imaginary part on the vertical and 
real part on the horizontal axis). Figure 11.1, for example, shows the roots {—1 + 


j, —2, —3} of the polynomial P(s) = s+ + 7s? + 18s? + 22s + 12. 


The Remainder Theorem The remainder theorem states that the value P(s,) 
of a polynomial P(s) for s = 5, equals R(s1), where R(s) is the remainder of the 
division a . To prove this simple theorem we use the fundamental equation of the 
division of (11.2) with divisor D(s) = 5 — 51: 


P(s) = Q(s)D(s) + R(s) = O(s)(s—s1) + Rs) = = P(s1) = RGs1) 
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When s; is complex of the form s = a + jb, then the division P(s)/(s — a — jb) is 
complicated and for this reason P(s) is divided by 


(s — 51)(s — st) = (s —a)’ +b? =s* —2as+a? +b? 
In this case, we have: 


ae ea 
=> P(s)= Q(s)\(s — 51)(s — sf) + R(s) 
It is apparent that 
P(s})= R(s1) and P(s}) = R(s7) 


The usefulness of the remainder theorem can be demonstrated with the following 
example. 


Example 11.4 Given P(s) = s+ — 4s3 + 7s* — 24s + 36, find P(—1 + j2). 
Substituting s with —1+ j2 in P(s), the term —1 + j2 must be raised to the 

4th, 3rd and 2nd order. Instead of this tedious task, it is simpler to divide P(s) by 

(s—s1)(s — st) = 5* +25 +5 to find the remainder R(s) = —22s — 34, from which 


P(-1+ j2)=R(C1 + j2) = — (2s + 34) 5-14 j2 = —12 — 744 


11.1.1 Even and Odd Part of Polynomials 


The even part of a polynomial P(s) is the polynomial P.(s) which contains all the 
even order terms of P(s). The odd part of a polynomial P(s) is the polynomial 
P.(s) which contains all the odd order terms of P(s) and therefore, 

P(s) = Pe(s) + Po(s) (11.3) 


Setting s = jw with real w, we have 


Pe(jw) =Re[P(jo)] and P,(jw) = jIm[PVo)] (11.4) 


11.1.2 The Polynomial P(—s) 


Polynomial P(—s) is simply the polynomial P(s) where s has been replaced by —s 
as in the following example: 


P(s)=s4 +75? + 1857 +228+12 = P(—s)=5*—7s? + 185% — 225 +12 
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It can be shown that if s, is a root of P(s), then —s, is a root of P(—s), i.e. P(s) 
and P(—s) have opposite roots. Moreover, P(s) and P(—s) have the same even part 
and opposite odd parts, i.e. if from (11.3), we have 


P(s) = Pe(s) + Po(s) 
and 
P(—s) = Pe(s) — Pols) 
and therefore: 
P(s)P(—s) =[Pe(s) + Po(s)I[Pe(s) — Po(s)] = P?(s) — P2(s) 
Using (11.4), we get 
P(s)P(—S)|s=jo = P2(j@) — P; (jo) = (Re[ P(jo)})* + (Iim[ P(jo)}) 
= |P(jo)/ 
and finally: 
P(s)P(—s)|s=jo =|P(o)? and 


|P(jo)|2>_ 


Equation (11.5) is very frequently used in filter synthesis since it relates P(s) to the 
square of the magnitude |P(jw)|*. 


(11.5) 
2 =|PUo) b= js = P()PC-s) 


11.2. Hurwitz Polynomials 


Polynomial with all their roots restricted in the closed left half s-plane, i.e. including 
the j@-axis, are very common in circuit theory and are referred to as Hurwitz poly- 
nomials. If all the roots of a polynomial are inside the left half s-plane excluding the 
j@-axis, then the polynomial is referred to as strictly Hurwitz polynomial. Hurwitz 
polynomials can have roots of two categories: 

(a) k real roots of the form s; = —y; with y > 0 

(b) A complex conjugate root pairs of the form s; = —o; + j@; with oj > 0 
Therefore, Hurwitz polynomials include factors of the form 


k 
[[o+w 
i=1 


(11.6) 


d a 
[|e — si)(s —s*) = [ [e? + 2o;s +07 +07) 
i=1 i=l 
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and can in general be expressed as 
- 2 2 41.59 2 22 oD 
P(s)=(8+y1) °°: S+ YK) (8° +2015 +07 +7) ++: (8° +2035 +04 +a,) (11.7) 


The order of the above Hurwitz polynomial is N =k + 2A. 
Using the form of Hurwitz polynomials of (11.7), some characteristic properties 
can be proved, which are also necessary conditions of Hurwitz polynomials: 
1. Hurwitz polynomial coefficients are either all positive or all negative 
2. Hurwitz polynomials are complete (no terms are missing), complete even (no 
even terms are missing) or complete odd (no odd terms are missing). 
3. The roots of the even part of a Hurwitz polynomial are all located on the jw-axis 
4. The roots of the odd part of a Hurwitz polynomial are all located on the jw-axis 
It should be noted that the above conditions are only necessary but not sufficient and 
can be only used to classify some polynomials as non-Hurwitz. 


11.2.1 The Continued-Fraction Property 


Given a complete polynomial P(s) of degree n and positive coefficients, for the 
even and odd parts P.(s) and P,(s) respectively, we have P(s) = Pe(s) + Po(s). 

— When n is even, then P.(s) is of degree n and P,(s) of degree n — | 

— When n is odd, then P,(s) is of degree n and P.(s) of degree n — 1 

We form the ratio Q(s) = ian where in the numerator polynomial N(s) we put 
whichever of the polynomial P.(s) or P,(s) is of higher degree and in the denomi- 
nator the other. Q(s) can now be expanded in continued-fraction around infinity as 


follows: 


O(s) = ——~ =qis + i (11.8) 
(s) O35. 1 
ast 


I 
In—15* Gas 


N(s) 1 
D 


In Hurwitz polynomials, all coefficients g; are positive and this property is re- 
ferred to as the continued-fraction property. 

The continued-fraction expansion around infinity is also called long division. 
The procedure starts with the first division which gives a partial quotient gis and a 
remainder Rj (s) of degree n — 2: 


Ri(s) _ 


Ns) _ 
= i aia 


O(s) = Do) 


qs + 


Dis) 
Ry (s) 


From the division D(s)/R,(s) we get a partial quotient gos and a remainder R2(s) 
of degree n — 3: 
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D(s) Ry(s) cs 1 
— AY = S > AT 
Ris) RG) RS 
Ra(s) 
N(s) Ri(s) 
=> Os)= =qs+ = qs + ————_—_ 
D(s) D(s) qos + a 


Ry(s) 


The expansion continues making the division Rj(s)/R2(s) and so on until one of 

the following happens: 

1. The long division produces n partial quotients g; with the last R,(s) = 0. If the 
initial polynomial P(s) is Hurwitz, then all partial quotients g; fori = 1, 2..n are 
positive. If one of them is negative, then P(s) is not Hurwitz. 

2. The division ends prematurely with a zero remainder R;(s) = 0 with k <n. In 
this case, the last non-zero remainder Rz_1(s) is acommon factor of P.(s) and 
P,(s): 


Pe(s) = Re-1(8)Fe(s) and Po(s) = Rx-1(8) Fo() 


If Rx_1(S) were an odd polynomial, then F,(s) should be odd so that Rz_1(s) - 
F.(s) is the even part P.(s) of P(s). However, the product of two odd polyno- 
mials cannot give the constant term and therefore the even part P.(s) would not 
be complete. Therefore, if P(s) is Hurwitz, Ry—1(s) must be even and P(s) can 
be expressed as 


P(s) = Pe(s) + Po(s) = Re-1(8) Fe (8) + Re—-1(8) Fo(8) = Re-1(5) F(s) 


where the even factor Rx_1(s) includes the jw-axis conjugate root pairs of P(s) 
and F(s) all the rest. For this reason F(s) is a Hurwitz polynomial. It should 
also be noted that when P(s) is a Hurwitz polynomial, all partial quotients q; are 
positive. 

The properties of the partial quotients g; of the continued-fraction express a set 
of necessary and sufficient conditions for Hurwitz polynomials. More specifically: 
e If for a polynomial P(s) of degree n the continued-fraction expansion leads to n 

positive partial quotients g; or 
e if the procedure ends up prematurely giving n — k positive partial quotients gq; 

and a common factor Rx—1(s) with no roots in the right half s-plane, 
then P(s) is Hurwitz. 


Example 11.5 Polynomial P(s) = s° + 5s*+ + 11s? + 14s? + 10s + 4 is complete 
with all its coefficients positive and therefore it may be Hurwitz. The ratio of its odd 
to its even parts is expanded to continued-fraction as follows: 


p+11s374+10s 1 1 
= S 
5s*+14s2+4 5 est ae 


7 
T7205 + 3768-1 
37310 s+ 10, 

688° 


Q(s)= 
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Since n = 5 and all 5 partial quotients are positive, polynomial P(s) is Hurwitz. 
Indeed, if its roots are calculated, they are all in the closed left half s-plane: 
{-2 -—l+j —0.5+ j0.8660}. 


Example 11.6 Polynomial P(s) = s> + 2s+ + 3s? + 5s* + 5s +2 is complete with 
all its coefficients positive and therefore it may be Hurwitz. In order to test it, we 
use the continued-fraction property as follows: 


5 3 3 

sg? + 35° +55 0.5s° +45 
= = 0.55 | 

Qs) 254+ 55242 7 254+ 55242 

Qs4 +557 +2 —1lls?+2 
—_______— = 4s + —____ 

0.553 + 4s 0.553 + 4s 
0.553 + 4s 1 iis 

= s+ 

—11s?+2 22° * —11s2 +2 


Since a negative partial quotient appears, the polynomial P(s) is not Hurwitz, i.e. its 
roots are not restricted to the closed left s-plane. Indeed its roots are {— 1 —0.8296 + 
j0.48153 0.3296 + 71.4370} 


Example 11.7 Polynomial P(s) = s° + 4s* + 10s? + 20s? + 24s + 16 is complete 
with all its coefficients positive and therefore it may be Hurwitz. In order to test it 
we use the continued-fraction property as follows: 


. ea 24s 533 + 20s : 
= OS = 92.25 ee ee eee R =55° 20, 
os 44.2052 + 16 5+ 4544 2052 4 16 1(s) =5s° + 20s 
4st +4004 16 A(s? +4) P 
oe 208s ey Ras 4 
553 + 20s s 553 + 20s 2(s) (s + ) 
5s°+20s 5 0 
° a ¢ R3(s) =0 


AGG. 2 AIG 


Since the procedure ends prematurely with a zero remainder R3(s) = 0, the term 
Ro(s) = 4(s? + 4) is a common factor of the odd and the even parts of P(s) and 
therefore P(s) = 4(s* + 4) F(s). The fact that all partial quotients g; are positive 
ensures that F(s) is Hurwitz. Moreover, since the factor Rz(s) = 4(s? + 4) has no 
Fools in the Het half s-plane makes P(s) Hurwitz. Indeed, the roots of P(s) = 

s> +4s* + 1053 + 20s? + 245 + 16 are: {(—2 +j +]2} 


Example 11.8 Polynomial P(s) = s’ + 25° + 25° + s4 + 4s3 + 857 + 85 4 4 is 
complete with all its coefficients positive and therefore it may be Hurwitz. In order 
to test it, we use the continued-fraction property as follows: 


s? +.25° + 453 + 85 1.555 + 69 
Os) 2564+ 54485244 ae reer ae re 1(5) Ss” + 6s 
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25+ st+8s7+4 4 st+4 j 
= Ro(s)=st +4 
ae get 5 by 2s) =s 
1.55? + 6s 0 
oS 1S ARGS 
st44 ea 3(s) 


Since the procedure ends prematurely with a zero remainder R3(s) = 0, the term 
Ro2(s) = s* +4 is acommon factor of the odd and the even parts of P(s) and there- 
fore P(s) = (s+ + 4)F(s). The fact that all partial quotients g; are positive ensures 
that F(s) is Hurwitz. However, since the factor R2(s) = s+ +4 is nota complete 
even polynomial (term 2 is missing), it is not Hurwitz and has roots in the right 
half s-plane. Indeed, the roots of P(s) = s++4 are: (-—1+ J) and (+1 + /), which 
makes 


P(s)=5! + 25° + 25° +54 +.45° + 85° + 85 +4 = (s* +4) F(s) 


non-Hurwitz. 


11.3 Strictly Hurwitz Polynomials—Routh’s Criterion 


Strictly Hurwitz polynomials are complete polynomials (no missing terms) with 
positive coefficients with all their roots inside the open left half s-plane, i.e. the 
real parts of all roots are negative. The continued-fraction property presented in 
the previous section sets the necessary and sufficient condition for strictly Hurwitz 
polynomials. As seen, we form the ratio Q(s) = a. where in the numerator poly- 
nomial N(s) we put whichever of the polynomial P.(s) or P,(s) is of higher degree 
and in the denominator the other. Q(s) can now be expanded in continued-fraction 
around infinity as follows: 


Nis) 1 
Q(s)= Fae a ae F 


(s) gas + 1 


q3s+—— 
“+$——_{- 
In-18+ Gas 


P(s) is strictly Hurwitz if, and only if, all n partial quotients g; are positive, i.e. 
gi > 0 fori = 1,2,...,n. This is referred to as Routh criterion. If for any reason a 
zero remainder appears prematurely, then the polynomial is not strictly Hurwitz. 


Example 11.9 Find the values of k for which the polynomial P(s) = s+ + 6s? + 
11s? + 36s + k is strictly Hurwitz. 
To use the Routh criterion, the rational function 


st + 11s? +k 


CO) 6 365 
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must be expanded in continued-fraction as follows: 


st+1ls7+k 1 1 
=-s+ 


Ny Ee S6r> 6 Ss 


5 T 
T80—6k °* T80-6K, 
a 


Four quotients g; have been produced for the polynomial of degree n = 4 and in 
order P(s) to be strictly Hurwitz, they must all be positive. The first two are pos- 
itive and the last two are positive for 0 < k < 30. Therefore for k < 0 or k > 30, 
polynomial P(s) is not strictly Hurwitz. 


Example 11.10 To check if polynomial P(s) = s® + 38° + 854 + 15s + 17s? + 
12s + 4 is strictly Hurwitz, the rational function 


go 8s a 175? 4 


QS) = Say 553 4 12s 


must be expanded in continued-fraction as follows: 


94+ 8st +1757 +4 1 354 + 1352 +4 
Q(s)= 5 3 =-s+ 
35° + 155° + 125 3 355 + 1553+ 12s 


Ri (s) = 3s4 + 1357 +4 


35° + 1553 + 128 
354 + 1352+4 


3s4+13s7+4 3 
Se = 55+5° +425" + 8s R3(s)=s? +4 


=5 +29? + 85354 4+ 1357 +4  Ro(s) = 257+ 8s 


253 + 8s 


eo Ea 
s?+4 a 


0 
=— R =0 
EA 4(S) 
The procedure ends prematurely producing only four positive quotients g; for the 
polynomial P(s) of degree n = 6, and therefore P(s) is not strictly Hurwitz. The 
premature appearance of the zero remainder R4(s) = 0 implies that R3(s) = s*+4 
is a factor of P(s) which is of the form P(s) = (s2 + 4)F(s), with j@-axis roots 
+72. 


Routh and Hurwitz tests are specially developed systematic procedures to test a 
polynomial for the strictly Hurwitz property and are usually presented in more detail 
in control theory textbooks. 
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Fig. 11.2 Indicative jo 
pole-zero diagram 


*P4 s-plane 
P2 
| z1 
ee | 
i ! fon 
Po 4 Pl 
O 25-24 | x 
1 Z2=Z) 
| P3=P> 
*ps=Pj 
Fig. 11.3 A passive ladder X(s) Ry sL 
circuit b00 S 
BS) ©) Vis) 


11.4 Rational Functions 
All functions of lumped linear circuits are rational functions of s of the form: 


N(s) -_ ays” + Gn—is” * +-+-+ a5 + do 


Ee) = ~ n m—1 
D(s) bms + by_1s +.---+b,s+bo 


Polynomial N(s) can be expressed in terms of its n roots z;, the zeros of F(s). 
Polynomial D(s) can be expressed in terms of its m roots p;, the poles of F(s): 


N(s) _ a (s — z1)(8 — Z2) +++ (© — Zn-1) (8 — Zn) 
D(s) bn (s — pi)(s — p2)--- (8 — Pm—1)(S — Pm) 


F(s)= 


Poles and zeros of a circuit function can be real or complex conjugate pairs and 
can be plotted in the complex plane, the s-plane, as is shown in Fig. 11.2 where 
zeros are represented by “o” and poles by “x”. Such plots are referred to as pole- 
zero diagrams. 

As an example, consider the circuit shown in Fig. 11.3. Its voltage transfer func- 
tion can be calculated using any circuit analysis method and for Ry = Rz=1,C = 1 


and L = 1 itis 


Vv 1 
H(s)= = 
E(s) s?+2s+2 
with no zeros and a complex conjugate pole pair s = — 1+ 7, shown in the pole-zero 


diagram of Fig. 11.4. 
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of H(s) with Rj = Ro =1, 

C=landL=1 


G(a) 


Fig. 11.5 Plot of the magnitude of a circuit function and the corresponding pole-zero diagram 


It should be noted that a real frequency w, appears on the imaginary axis as 
ja, according to Fig. 11.5, which shows the plot of the magnitude G(w) = 
|G(jo@)| of a circuit function G(s) and the corresponding pole-zero diagram. A zero 
jo, on the jw-axis makes G(@;) = 0 and a pole jw@2 on the jw-axis makes 
G(@2) = 00. A pole —a + jb which is not located on the jw-axis, i.e. a £ 0, cannot 
make G(w) infinite. 

There are some general rules concerning the location of poles and zeros of circuit 
functions in the s-plane but also special rules for each type of function. For stable 
circuits, for example, the poles of the corresponding transfer function must be lo- 
cated in the left half s-plane, i.e. the denominator polynomial D(s) must be Hurwitz 
or strictly Hurwitz. 


11.5 Sturm’s Theorem 


It is sometimes very useful in synthesis to be able to check the sign of the real part 
of a rational function F(s) for s = ja, i.e. the sign of Re[F'(jw)]. Therefore, an 
appropriate systematic method would be desirable. 

Let us assume the rational function F(s) = nae , where N(s) and D(s) are poly- 
nomials with real coefficients. When s is replaced by jw in N(s), even order terms 
become real and contribute only to the real part of N(jw), while odd terms con- 


tribute only to the imaginary part of N(jq@). In other words, the even part Ne(s) of 
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N(s) will give the real part of N(j@) and the odd part N,(s) of N(s) will give the 
imaginary part of N(j@): 


Ne(jw) =Re[N(jo)] and No(jw) = j Im[N(jo)] 
Similarly, 
De(jo) =Re[D(jo)] and Do(jo) = j Im[D(jo)] 


and therefore 


Ne(j@) + Noo) _ Re[NGo)] + jImINGo)] 


F(jo@)= = 
U9) = D.Go)+ Doi) |,-j0 RDGo)l + jIm[DGo)] 


The real part of F(j@) will be given by: 


_ Ne(Jo)De(jo) — NoG@)DoG@) _ P@’) 


Re[F(j@)] D2(jw) + D2(jo) ~ |D(jo)/? 


where the denominator is non-negative and the sign of Re['(jw)] depends on 
Ne(j@)De(jo) ~~ No(j@) Doo) 


which is a polynomial in w with only even terms and for this reason is denoted as 
P(w”). It is clear that the real part Re[F(jq@)] is an even rational function of w with 
even numerator and denominator polynomials. The sign of Re[ F'(j@)] depends on 
the sign of the function 

P(x) =yx"+ a qe nt yix +yo where x = w 

In order for Re[ F (j@)] to be non-negative for all values of w, P(x) must be non- 
negative for x > 0. When all coefficients y; of P(x) are positive, then it assumes 
positive values for all x > 0 and therefore Re[F(j@)] > 0. However, when one or 
more of the coefficients y; is negative, P(x) may assume negative value for some 
value of x > 0. 

If we want P(x) > 0, then yo cannot be negative since P(O) = yo. Moreover, 
since the sign of P(x) as x — oo is the sign of y,, it must also be positive. Therefore 
if we want P(x) > 0, both y, and yp must be positive. 

If both y, and yo are positive but one or more of the rest of the coefficients is 
negative, P(x) may or may not be non-negative for all x > 0, depending on its roots, 
the calculation of which is not necessary. What we need in fact is the information 
whether P(x) has one or more odd multiplicity roots. Even multiplicity roots make 
the curve to touch the x-axis without sign change, as shown in Fig. 11.6a, while odd 
multiplicity roots correspond to sign changes, as shown in Fig. 11.6b. 

Sturm’s theorem may give some interesting information about the positive roots 
of P(x). The theorem is based on a sequence of polynomials, referred to as Sturm 
polynomials or functions. Sturm polynomials are derived as follows: 
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P(x) P(x) 


Odd multiplicity root 


Even multiplicity root 


X] 


(a) (b) 


Fig. 11.6 (a) Even multiplicity. (b) Odd multiplicity 


1. P,(x) is the derivative of P(x) 
d 
Pi (x) = —P(x) of degreen — 1 
dx 


2. P(x) is divided by P(x) until a quotient of the form g; = a,x + by is reached. 
The remainder of the division is R2(x) and the next Sturm’s polynomial is 
P2(x) = —R2(x) of degree n — 2. 

3. Polynomial P; (x) is divided by P2(x) until a quotient of the form g2 = a2x + b2 
is reached. The remainder of the division is R3(x) and the next Sturm’s polyno- 
mial is P3(x) = —R3(x) of degree n — 3. 

4. The procedure continues, dividing each previous polynomial by the next until a 
constant remainder Rx (x) = Rx (of zero degree) is reached and the last Sturm’s 
polynomial is Py (x) = — Rx. 

If all roots of P(x) are simple, then k =n and R,, > 0. In this case, we have n + 1 

Sturm’s polynomials, including P(x) and P, = — Rp. 

Sturm’s theorem states that the number of simple roots of a polynomial P(x) in 
the range a < x < b (in our case a = 0 and b = ov) is equal to the number of sign 
changes in the sequence 


P(a), Pi(a), Po(a),..., Pn 
reduced by the number of sign changes in the sequence 
P(b), P\(b), P3(b),..., Pn 


Since in our case a = 0 and b = on, the first sequence is the sequence of the constant 
terms of the Sturm polynomials. The number of sign changes in the second sequence 
is the number of sign changes in the sequence of the higher order terms of the Sturm 
polynomials. A more detailed presentation of Sturm’s theorem and its use can be 
found in [6] and [5] from where the following example has been borrowed. 
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Example 11.11 While examining the sign of the real part of a rational function, we 
found that it depends on the sign of 


P(w’) = w® — 1504 + 10m + 24 
Therefore, the sign of the polynomial 
P(x) =x* — 15x” + 10x +24 


must be tested for x > 0. This will be done by checking if it has simple positive 
roots for x > 0 using Sturm’s theorem. The first polynomial will be 


d 
Pigji= TP) = 4x3 — 30x + 10 


If the remainder of the division P(x)/P (x) is R2(x), then the second polynomial 
will be P2(x) = —Ro(x): 


P(x)  x4—15x2 + 10x +24 Ro(x) 
= 2095 
P\(x) 4x3 — 30x + 10 4x3 — 30x + 10 


where 
Ry(x) = —7.5x? +7.5x +24 
and therefore 
P(x) = — R(x) = 7.5x? — 7.5x — 24 


The next polynomial will be the opposite of the remainder of the division 
Pi (x)/P2(x): 


P. 4x3 — 30x +10 R 
i eee x + = 0.5333x +.0.5333 + 3) 
GG ¢ 15 oe 152 15% — 0A 


where 
R3(x) = —-13.2x+22.8 = P3(x) = —R3(x) = 13.2x — 22.8 
The next and last polynomial will be the opposite of the remainder of the division: 


Py(x) _ 7.5x? —7.5x — 24 
P3(x)——:13.2x — 22.8 


which is found 
R4a(x) = —-14.5785 =  Pa(x) = —R4(x) = 14.5785 
The first sequence of Sturm’s theorem will be: 


[P(O) = 24 P,(0) = 10 P2(0) = —24 P3(0) = —22.8 P4(0) = 14.5785] 
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The sequence of the coefficients of the higher order terms of the same polynomials 
P;(x) is: 


[1 47.5 13.2 14.5785] 


The first sequence has two sign changes and the second zero sign changes and there- 
fore P(x) has 2 — 0 =2 simple positive roots for x > 0. The existence of these two 
simple roots means that P(x) takes negative values in the region of these roots. 

All the roots of P(x) can of course be found using a mathematical software 
package. In this case, the roots of P(x) are {—4 —1 2 3}. 


When polynomial P(x) has one or more roots of multiplicity higher than 1, 
the derivation of Sturm’s polynomials ends prematurely with k <n and Py(x) = 
—R,(x) = 0. In this case, it can be shown that P,_;(x) is a common factor of 
Px—2(x) and all Sturm’s polynomials, including P(x) and P(x). Polynomial P (x) 
can therefore be expressed as: 


P(x) = Pr_1(x) Q(x) 


Polynomial P;_;(x) is of degree n — k — 1 <n and therefore it is easier to calculate 
its roots, which will also be roots of P(x). Again, more details can be found in 
[5] and [6] although it must be noted that the sign of the real part of a particular 
rational function F(s) for s = j@ can be examined using any of the modern very 
powerful computer software packages which make the old theoretical tools, like 
Sturm’s theorem, seem of minor usefulness. 


11.6 Retrieving Polynomial P(s) from | P(j)| 


Given a polynomial P(s), a very important relationship, which is very often used in 
synthesis, has been given in (11.5): 


P(s)P(—s)|s=jo =|P(jo)|* and 
|P(jo)eo__ 2 =|PUG@)o=— js = P(s)P(-s) 


As an example, if P(s) =s +1 then P(—s) = —s + 1 and 


(11.9) 


P(s)P(-S)lsajo = (8 + Drs + Dis=jo = 1+ 0* = | Pio) |? 
We have seen that if the roots of a polynomial of degree n 
P(s)= ays" + Geis * +-+++a,5s + a9 


are px with k = 1,2,...,7, then the roots of the polynomial P(—s) will be —p x for 
k =1,2,...,n. Moreover, polynomial B(s) = P(s)P(—s) can be expressed as 


k=n 


k=n 
B(s) = P(s)P(—s) =az, | [(s — px)(s + px) =a | [(s? — pp) 
k=1 k=1 
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Jo Jo jo 
hey ° Pc 4 ja 
1 1 
o o 0 
Pa Pa : ! 
prs b 5% p Ja 
Cc 
(a) (b) (c) 
Fig. 11.7 Organization of the roots of B(s) 
and therefore it is even with 2n roots +p, for k = 1, 2,..., organized as follows: 


1. If pg is areal root of P(s), then pg and —pg will be roots of B(s) = P(s)P(—s) 

(Fig. 11.7a). 

2. If pc =a + jb is a root pair of P(s), then pc, pé, —ec and —pé will be roots 
of B(s) = P(s)P(—s) (Fig. 11.7b). 

3. If tja is a root pair of P(s), then +ja will be a root pair of B(s) = P(s) P(—s) 
with multiplicity 2 (Fig. 11.7c). 

The roots of B(s) = P(s)P(—s) are organized in three groups shown in 
Fig. 11.7. For the two real roots +, of Fig. 11.7a, we know that one comes from 
P(s) and its opposite from P(—s). For the two complex root pairs {pc, pe} and 
{-—pc, —pe} of Fig. 11.7b, one comes from P(s) and its opposite from P(—s). For 
the two identical imaginary root pairs { ja, —ja} and {ja, —ja} of Fig. 11.7c, we 
know that both P(s) and P(—s) have an imaginary pair of roots {ja, —ja} and 
therefore both contain the factor s* + a”. 

In circuit synthesis it is very often necessary to retrieve a polynomial P(s) from 
|P(j)| or |P(j@)|’. It is clear that there is no unique solution to this problem, 
which is analogous to the determination of a complex number from its magnitude. 
A polynomial P(s) can be determined from |P(j@)| only if some additional infor- 
mation is available, as will be seen below. 

Given | P(j)|?, which is an even polynomial in w, from (11.9) we get 


B(s) = P(s)P(—s) =|P(ja)|2o__ > 

and the problem is now to separate P(s) and P(—s) from B(s) = P(s)P(—s). Due 

to the above mentioned organization of the roots of B(s) = P(s)P(—s), they can 
easily be allocated to one of the polynomials P(s) or P(—s) as follows: 

1. When areal root fg is allocated to P(s) as a factor (s — pq), then — Og is allocated 
to P(—s) as a factor (s + gq). 

2. When a complex root pair {pc, po} is allocated to P(s) as a factor (s? — 
2Relpc]s + |ec|*), then the opposite root pair {—pc, —p¢é} is allocated to 
P(—s) as a factor (s* — 2Re[pc]s + |oc|). 

3. When an imaginary root pair {ja, — ja} is allocated to P(s) as a factor (s* +a’), 
it is also allocated to P(—s). 
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Since there is more than one combination of roots which can be allocated to P(s), 
this procedure leads to more than one polynomial P(s). However, if we know that 
P(s) is Hurwitz, then the left half s-plane roots, including the jw-axis, will be 
allocated to P(s) and the rest to P(—s). If, for example 


P(s)P(—s) = (s + 2)(s — 2)(s* + 25 + 5)(s* — 2s + 5)(s? +6)? 
then P(s) can be one of the following: 
(s +2)(s? +25 +5)(s7 +6) — (s —2)(s* + 28 + 5)(s? + 6) 
(e- 2)s* — 254 5)GF +6) Ge = 2s? = 2s 5? + 6) 


If, in addition, we know that P(s) is a Hurwitz polynomial, then P(s) could have 
been uniquely determined as P(s) = (s + 2) (s? +25 + 5)(s? +6). 


Example 11.12 Determine a Hurwitz polynomial D(s) from |D(jw)|? = 40° + 4. 
We have 


D(s)D(—s) = 40° + 4|,2— 2 = —48° +4 = 4(1 — 5°) 
According to (11.1), the roots of the binomial 1 — s® are 


. 2k 
s=el6 fork=0,...,5 
k=0 —-> — s,;=cos(0) + j sin(O) = 1 


3 
k=1 > s2=cos(z/3) + j sin(/3) = 0.5 wee 


3 
k=2 > 59 = e03(227/3) + jsinQn/3) =-08+ 7% 


k=3 > s4=cos(z)+ jsin(z) =—-1 


3 
k=4 => s5 = eos(4z7/3) + jsin(dx/3) =-08- 7% 


3 
k=5 — so = cos(Sr/3) + jsin(Sn/3)=05 7% 


The roots of 1 — s® are shown in Fig. 11.8. 
Since a Hurwitz polynomial D(s) must be determined, the left half s-plane roots 
must be allocated to D(s) and their opposite to D(—s): 


D(s) =2(s + p(s+05-i2)(s+05+7°2) =2s+D(s27 +541) 


D(—s) = 2s n(s 0.5 iD)(6 05+ JP) =26-Do-s4D 
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Fig.11.8 The roots of 1 — 5° 


Example 11.13 Determine the polynomial N(s) from |N(ja)|* = w° + k® 
We have 


N(s)N(—s) = @° +49|9_ 2 = k°—s® = (s +k)(s—k) (8? +ks +k?) (s* —ks +k?) 


Since there are no restrictions for the location of the roots, N(s) can be one of the 
following: 


Ni(s)=(st+k(s?-ks +) No(s) =(s + ks? +ks +) 
N3(s)=(s—k)(s? —ks +1) Ng(s) = (8s — Ks? +ks +1) 
If N(s) must be Hurwitz, then 
Ifk>0 => MN(s)=(s+k)(s?+ks +1) 
Ifk<0 => MN(s)=(s—k)(s* —ks +1) 


N(s) 


Using the method presented above, a rational function F(s) = 5 (sy can also be 
. 2 
determined from | F (j@)|? = Cae by determining the numerator and denomina- 


tor polynomials independently. If, for example, the transfer function H(s) = a 


of a lumped linear circuit must be determined from 


6 6 
w+2 
H(jo)|* = ———— 
IW Jo)? = Te 
we will use 
N N(— 6 26 6 _ 76 
H(s)H(-s) = (s)N( s) _ @ + _s 


~ D(s)D(—s) 406 +4 gon 2 ~ 456-4 
The numerator and denominator polynomials can be determined independently from 


N(s)N(—s) =s®°—2°® and D(s)D(—s) =4s° —4 
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From Example 11.13 for k = 2, we have 


Ni(s) =(s +2)(s* —25+1) = No(s) = (5 +2)(s* +2541) 
N3(s) = (s — 2)(s? — 25 + 1) Na(s) = (s — 2)(s? +25 + 1) 


Since there are no restrictions for the zeros of the transfer function, any of the 
above N;(s) can be used. However, the denominator of the transfer function must 
be Hurwitz and therefore according to Example 11.12, D(s) can only be D(s) = 
2(s + 1)(s? +5 +1). Finally, H(s) can be one of the following: 


_ (+2)? — 2541) _ © +2)? + 2541) 
OE | esse 
_ 2 _ 2 
Ha(s) = (s — 2)(s* —2s+ 1) Ha(s) = (s — 2)(s“ + 25+ 1) 


~ 2(s + 1)(s2 +541) ~ s+ 1)(s2 +5+1) 


11.7 Partial Fractions Expansion—Pole Residues 


Rational functions with only simple poles are very common in circuit synthesis. 
Simple poles, i.e. poles with multiplicity r = 1, are also called first-order poles. In 
a rational function F(s) = N(s)/D(s) with only simple poles, the degree of the 
numerator polynomial N(s) may exceed the degree of the denominator polynomial 
D(s) at most by 1, in which case F(s) will have a simple pole at infinity. 

Given a rational function F(s) = N(s)/D(s) with only simple finite poles 


5], 52,-.., 5m, it can be expanded into partial fractions as follows: 
N k k k, 
F(s)= 2 ee a are opens (11.10) 
D(s) s—s, s—s2 S—Sm 
Coefficients kj, k2,..., km are the residues associated with the simple finite poles, 


i.e. the residues of F'(s) evaluated at its poles. Simple pole residues are determined 
by use of Heaviside’s expansion theorem as follows: 


ki = (8 — Si) F(S)|s=s; (1.11) 


According to the above Heaviside’s formula, F(s) is first multiplied by (s — s;) and 
in the resulting function we let s = s;. It can be shown that conjugate poles have 
conjugate residues and that simple pole residues can also be evaluated as follows: 


renee ae (11.12) 
2D Vwi 
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When the degree of the numerator polynomial N(s) exceeds the degree of the 
denominator polynomial D(s) by 1, then there is a simple pole at infinity (s = oo) 
and its residue Koo is given by: 

F 
pare (11.13) 


s SOO 


In this case, F(s) is analyzed as follows: 


N(s k k k 
ae ee ee : + : i a 
D(s) S—S} S—S2 S—Sm 


(11.14) 


where s; are the finite poles. 


11.8 Positive Real (PR) Functions 


Brune proved that if F(s) is an immitance function, (i.e. impedance or admittance 
function) of a lumped linear RLCM circuit, then: 


Re[F(o + jw)]=>0 wheno >0 (11.15) 


This positive real property of RLCM immitances is also referred to as Brune’s the- 
orem. Rational functions which possess the positive real property are referred to as 
positive real functions and play a significant role in passive circuit synthesis. 


11.8.1 Positive Real Functions: Definition | 


A rational function of s of the form 


nS" + dn_1s" 1 +---+ as +49 
bins™ + by—s™—-1 +--+ bys + bo 


F(s)= 


with real coefficients a; and b; is positive real if and only if it has the positive real 
property, i.e. 


Re[F(o + jw)]=>0 wheno >0 (11.16) 


Example 11.14 To check if F(s) = ate is positive real, the real part of F(o + ja) 
must be checked: 


Fo + jo) 20+ j2w+5 (204+5)(04+2)+20* @ 
(oy oO) = = 
j e-j0 22 (oD we GE Daw 
_ Qo +5)(6 +2) + 20° 


=> Re[F(o+ jo)]= GiDio 


which is positive for all o > O and therefore F(s) is positive real. 
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It can be shown that 

(a) If Fi(s) and F(s) are positive real functions, then F) (F2(s)) and F2(F1(s)) are 
also positive real functions. 
(b) If F(s) is positive real, then FO is also positive real. 

When the definition of positive real functions given in (11.16), referred to as 
“definition I’, is used to test a function for the positive real property, it may lead to 
very complex expressions and computations. For this reason, other more practical 
equivalent definitions have been developed. 


11.8.2 Positive Real Functions: Definition II 


A rational function of s of the form 


ays” + ans"! +-+++a,5 + a9 


CONS ak sm-l4...t+ bis +h 
m m—1 1s 0 


with real coefficients a; and b; is positive real if and only if: 
(i) Re[F(j@)] = 0 for all real values of w 
(ii) Denominator polynomial D(s) is Hurwitz 
(ili) j@-axis poles, including poles at zero and infinity, are simple with positive 
residues, i.e. if sz is a jw-axis pole of F(s), it must be simple and 


kp =(s— Sk) F (S)|s=sy >0 


The proof of the equivalence of this definition, referred to as definition II, to the 
basic definition is beyond the scope of this textbook. 

As has been mentioned, when F(s) is PR, then 1/F(s) is also PR and therefore 
the numerator polynomial N(s) of F'(s) is also Hurwitz and jq@-axis zeros, includ- 
ing zeros at zero and infinity, are simple. For example, function 


stl 


F = 
(s) s3+4s2 +5541 


is not positive real since it has a zero of multiplicity 2 on the jw-axis at s = co 
(difference of the degrees of D(s) and N(s)). Function 


(s + 1)(s? +4)? 


F(s)= 
(s) 4435345245541 


is not positive real since it has a pair of zeros at a = + j2 of multiplicity 2. 
A practical set of necessary conditions for positive real functions can be created 
from the two definitions and is presented below. 
1. All coefficients of the numerator N(s) and denominator D(s) polynomials are 
positive. 
2. Both polynomials are complete, complete odd or complete even. 
3. The difference of the degrees of N(s) and D(s) cannot exceed 1. 
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4. The difference of the orders of the lower order terms of the two polynomials 
cannot be higher than unity. If it is, then there is a pole or a zero at s = 0 of 
multiplicity higher than 1. 

5. Both N(s) and D(s) are Hurwitz polynomials and if they have jw roots, they are 
simple. 


Example 11.15 The rational function 


2s +5 
s+2 


meets all necessary conditions given above and therefore it may be positive real. For 
the real part, we have 


F(s)= 


>0 forallw>0 


j2 10+ 2w2 
Re[F(jo)] =Re| 4 “|= 0+ 20 


2+ jo 4+ 0 


Therefore, F'(s) is positive real since it meets all the conditions of definition II. 


Example 11.16 The rational function 


y) 
2s +25 
F(s)= ee ee 
s+4 
has simple poles s = —4 and s = 00 and a conjugate pair of zeros — 1 + j48. There- 


fore, it meets all conditions of definition II and all the necessary conditions for 
positive real function and it is worth checking Re[F(ja)]: 


—w*? +25 +4 j2 100 — 2w2 
Re{F(jo)] =Re| ae asia “|- @ 


jJot+4 w* + 16 


It is clear that Re[F(jw)] can assume negative values for m > /50, which makes 
F(s) non-PR. 


Example 11.17 Check if the following functions are positive real: 


s* 435242542 s* +352 42 
Z(s) = 

so +6s2+115+6 s3+6s2+115+6 

3 


F(s)= 


Since from the numerator polynomial of F'(s) only the term s” is missing, it cannot 
be Hurwitz and F(s) cannot be positive real. In the numerator polynomial of Z(s), 
all odd terms are missing and the polynomial is complete even. Both polynomials of 
Z(s) satisfy the necessary conditions and the sign of Re[Z(j@)] must be examined: 


a wt — 3a? +2 —6(w* — 1)(w* — 2) 
Re[Z(jo)] =Re| =| 


6 — 6a — ja(w2 ~ 36(@2 — 1)? + w2(w? — 11)? 


The above Re[Z(jm)] assumes negative values for w > /2 and therefore Z (s) is 
not positive real. 
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Example 11.18 Is F(s) = * ots positive real? 

Both numerator and Hicnominaint are Hurwitz polynomials since the zeros are 
s=0,s =+jV2 and the poles s = +j, s = 00. According to definition II, in order 
for F(s) to be PR, Re[F(j@)] => 0 for all w > O and the pole residues must be 
positive. In this case, Re[F'(j@)] = 0 (non-negative) and for the residues of the jw- 
axis poles we have: 


F(s) 
Pole s = 00 Ko = — =1 
S 


S—>0O 
Pole s = j Kj =(s— jf) F(s)ls=j =0.5 
Pole s = —j K_j;=(8+ f)F(s)|s=-j = 0.5 
Therefore, since we have non-negative real part Re[F'(j@)] and the residues of all 
the jw-axis poles are positive, F'(s) is positive real. 


11.8.3 Positive Real Functions: Definition III 


N(s) 
Os) 


A rational function F(s) = is positive real if and only if 


Gi) Re[F(jw)]=>0 forallrealw and 
(11.17) 
Gi) Polynomial Q(s) = N(s)+ D(s) is strictly Hurwitz 


This equivalent definition of positive real rational functions is often used due to the 
existence of appropriate mathematical tools which facilitate the test of the sign of 
the real part and the location of the roots of a polynomial. 


Example 11.19 In order for F(s) = © ts to be positive real, 

(i) Re[F(j@)] must be non- negative pa alt real q@ and 

(ii) Polynomial Q(s) = N(s) + D(s) = gs? + 57 +25 + 1 must be strictly Hurwitz 
Since Re[F (j@)] = Re 22-2) = 0, the first condition of definition III is met. To 
check if polynomial Q(s) = N(s) + D(s) =s?+s* +2s +1 is strictly Hurwitz, the 
Routh criterion will be used and if three positive partial quotients are derived, then 
Q(s) will be ae Hurwitz. The odd part of Q(s) is s> + 2s of degree 3, and its 


even part is s* + 1 of degree 2. Therefore, for * ts we have: 
si+2s 4 1 
=s 
s2+1 s+ 


Since for this 3rd order rational function, three positive partial quotients are ob- 
tained, O(s) = si+s* +2541 is strictly Hurwitz and therefore, F'(s) is positive 
real. 
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Fig. 11.9 Plot of the real part 


Example 11.20 Given 


s+ 435742 


F = 
= 5 16P 46 

it will be positive real if 

(i) Re[F(j@)] is non-negative for all real w and 

(ii) Polynomial Q(s) = N(s) + D(s) =st +5? + 9s? + 11s +8 is strictly Hurwitz 

For the real part, we have: 


ee wt — 30? +2 —6(w” — 1)(w* — 2) 
Re( Fo) =Re| =| 


6 — 60? — jw(w2 ~ 36(w2 — 1)2 + w2(@2 — 11)? 


It is clear that Re[ F'(jw)] assumes negative values for |w| > /2 and therefore F (s) 
is not positive real. A plot of R(w) = Re[F(ja)] is shown in Fig. 11.9. 

Although the function is not positive real if it fails to satisfy one of the two 
criteria of definition III, we will continue by checking if Q(s) = N(s) + D(s) = 
s4+ 5349s? + 11s +8 is strictly Hurwitz. The even part of Q(s) is of degree 4 and 
the odd part is of degree 3. Therefore, the rational function G(s) = Qe(s)/Qo(s) 
will be expanded in continued fraction: 


s+ +957 +8 " 1 
=s 
so 11s —0.5s + ——— 


is 5+ 75 


Since at least one of the partial quotients is negative, Q(s) is not strictly Hurwitz 
and the given F'(s) fails to satisfy both conditions of definition II. 


Example 11.21 Given 


st +6527 +1 


F = 
(s) s3+ 4s? + 65 +6 


it will be positive real if 
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Fig. 11.10 Plot of the real part 


(i) Re[F(j@)] is non-negative for all real w and 

(ii) Polynomial Q(s) = N(s) + D(s) =s* +5? + 10s? + 6s +7 is strictly Hurwitz 
Let us first check if Q(s) = N(s) + D(s) =s* +53 + 10s? + 6s + 7 is strictly 
Hurwitz using Routh criterion: 


st++ 10s? +7 1 
FS ae pa nN ee 
Ss + 6s 0.255 + 


17" 17 
ag 


Since all four partial quotients are positive, Q(s) is strictly Hurwitz. 
For the real part, we have 


* 60° +1 —4o® + 300+ — 40w? + 6 
R(o) =Re{F(Go)] = Re| ) w+ | w° + 300 jo + 


6 — 4a? — jaw? ~ (6 — 402)? + a6 — w2)2 
The denominator polynomial of R(q@) is non-negative and the sign of R(w) depends 
on the sign of the numerator polynomial 


P(@) = —4@° + 300* — 40a? + 6 P(x) = —4x? + 30x? — 40x +6 


It is obvious that P(w) assumes negative value as w — oo since the coefficient 
of the highest order term is negative. This makes the real part R(w) negative as 
@ — oo and the first condition of definition III is violated, making the given F(s) 
non-positive real. Figure 11.10 shows the plot of R(w) = Re[F(jo)]. 


Example 11.22 Is the following rational function F(s) positive real? 


N(s) _ s8+13s7 + 215° + 985° + 9554 + 19553 + 9557 + 1165 +8 
D(s) s(s2 +.4)(s4 + 753 + 852 + 10s + 1) 


F(s)= 


Using a mathematical software package, we find that the roots of the polynomial 
Q(s) = N(s) + D(s) are: 


—12.397) —O0.54 71.13 —0.193+ 71.112 —0.073+ j2.149 —0.072 
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R(@) 


t + + + 0) 
-20 -10 0 10 20 


Fig. 11.11 Plot of the real part 


The plot of the real part R(w) is shown in Fig. 11.11. It is obvious that both condi- 
tions of definition III are satisfied and therefore the given rational function F'(s) is 
positive real. 


11.9 Problems 
11.1 If we know that s = —1 and s = —2 + j are roots of the polynomial 
s° +6s* + 1553 + 195? + 145 +5 
find all its roots. 
11.2 Given 
P(s)=st +53 +257 +3541 


find the value P(—1 — j) using the remainder theorem. 


11.3 Given 
P(s)=s* +3541 
find |P(jo)|* and B(w) = .P(s) P(—s)|s=jw and verify that B(w) = |P(jo)|?. 
11.4 Check if the polynomial 
P(s) =s° + 684 + 1553 + 195? + 14s +5 
is Hurwitz. Use the continued-fraction property. 
11.5 Check if the polynomial 
P(s) =2s* + 1253 + 225? + 725 + 10 


is strictly Hurwitz. 


536 References 
11.6 Determine the Hurwitz polynomial P(s) from |P(j w)|* =o+1. 


11.7 Determine the Hurwitz polynomial P(s) from |P(j w)|* =w+l. 


11.8 Prove that F(s) = ao 


is positive real using definition II. 
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Synthesis of RLCM One-Port Circuits 1 2 


12.1 Pole Removals 


If the driving point input impedance function Z(s) of a passive RLCM one-port 
circuit is expressed as a sum of two functions Z;(s) and Z2(s) 


Z(s) = Zi(s) + Z2(s) 


then it can be viewed as the series connection of impedances Z,(s) and Z2(s), as 
shown in Fig. 12.1a. The initial one-port circuit is of course equivalent to that of the 
series connection of Z;(s) and Z2(s). 

Similarly, driving-point input admittance function Y(s) of a passive RLCM one- 
port circuit can be expressed as a sum of two functions Yj (s) and Y(s) 


Y(s) = Yi (s) + Yo(s) 


and it can be viewed as the parallel connection of admittances Y\(s) and Y2(s) as 
shown in Fig. 12.1b. The initial circuit is of course equivalent to that of the parallel 
connection of Y;(s) and Y2(s). 

Such an analysis of a driving-point function F(s) into F\(s) and F2(s) can be 
considered as the removal of part F;(s) from F(s) to leave Fo(s) = F(s) — F\(s), 
referred to as the remainder function. 

It should be noted that the driving-point functions of lumped passive RLCM 
circuits are rational positive real (PR) functions, i.e. they possess the positive real 
property according to Chap. 11. The synthesis of a positive real rational function 
as a passive RLCM circuit is based on the removal of easily realizable PR parts in 
such a way as to leave PR (and hence realizable) remainder functions. It will be seen 
in the next sections that the j@w-axis poles of the driving-point function F(s) to be 
synthesized as an RLCM circuit are the reference points of such removals. 
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Fig. 12.1 Removal of a part 
from (a) an impedance (b) an 


admittance (a) —> 
Z(s) 
(b) : > - ¥i(s) Bea 
Y(s) Y(s) 


12.1.1 Removal of Pole at s = 0 


When a rational function F'(s) has a pole at s = 0, it is of the form 


N(s) _ ansN +ay_s%7! +---+ajs+ag 


F(s)= = 
(s) D(s) bns™ + bys! +..-+b15 


(12.1) 


without constant term bg in the denominator. In this case, F(s) can also be expressed 
as 


N(s) _ awsN +ay—1sN7! +--+ + ays +40 
D(s) ~ S(bys™—! + bm—1s"—2 Sees de bi) 
When F’(s) is positive real, the difference of the numerator and denominator polyno- 


mials |N — m| can be at most equal to unity, i.e. |V —m| <1. F(s) can be analyzed 
as follows: 


F(s)= 


ko Sy_psN-1 eee +8) 
eae a = Fis) + F. 12.2 
“ s Da! + bin —s™—2 +-.-+d, 1(s) 2(s) ( ) 


Constant ko is the residue of the pole s = 0 given by Heaviside’s formula: 


N(0) 


ko =SF(s)ls-0 or kg = ——— 
: 4 D(s)|s=0 


(12.3) 


Equation (12.2) can be seen as the removal of the pole at s = 0, which leaves the 
remainder function 


ko 
Fy(s) = F(s) — 7 


The degree of the numerator of F2(s) will be equal to the degree of F(s) reduced 
by 1. Moreover, kg is positive since the residues of jw-axis poles of positive real 
functions are positive (see definition II of PR functions in Chap. 11). This makes 
Fy(s) = a positive real. The remainder F>(s) is also positive real since: 
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(a) > 
Z(s) 
(b) > 
Y(s) Y(s) Y2(s) 


Fig. 12.2 Removal of pole at s = 0. (a) From impedance. (b) From admittance 


1. The poles of F2(s) are in the left half s-plane including the jw-axis since F2(s) 
has the poles of F'(s) without the pole at s = 0, which has been removed. 

2. The residues of these poles are positive since they are the residues of the same 
poles of the positive real F(s). 

3. Re[Fo(jw)] = Re[F(jo)] — Re[ 52] = Re[F(jw)] => 0 since F(s) is positive 
real. 

Therefore, when a positive real F(s) has a pole at s = 0, it can be analyzed in 

a sum of two positive real parts from which the first, kg/s, corresponds to the pole 

s = 0 and the second, the remainder function F2(s), has all the poles of F'(s) except 

the removed pole at s = 0. 

e When F(s) is an impedance function Z(s), then the removal of pole at s = 0 
corresponds to the removal of a series arm capacitor with C = - as shown in 
Fig. 12.2a. 

e When F(s) is an admittance function Y(s), then the removal of pole at s = 0 
corresponds to the removal of a shunt arm inductor with L = ie as shown in 
Fig. 12.2b. 


Example 12.1 The rational function 


253 +357 +541 


F = 
(s) 253 + 252 + 25 


has a pole at s = 0 and can be expressed as 


2s3+3s7+5+1_ k 


0 
F(s)= = E- 
> S8a02ao 5 
where 
253 +357 +54+1 1 
ky =SF(s)|s—0 = = 


2s7+25+2 |9 2 
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(a) > 
(b) > 
i Y(s) Y2(s) 


Fig. 12.3 Removal of pole s = 0 of from F(s) of Example 12.1 


The remainder function will be 


kyo 283+3s?4+5+1 1 sist) 


F =F a 
26s) ws) 253 + 252 + 2s 2s s?t+ts4+1 


e If F(s) is an impedance function Z(s) = F(s), then it can be synthesized as a se- 
ries capacitor C = 2 in series with an one-port with driving-point input impedance 
Z2(s) = Fo(s) as shown in Fig. 12.3a. 

e If F(s) is an admittance function Y(s) = F(s), then it can be synthesized as a 
shunt inductor L = 2 in parallel with an one-port with driving-point input admit- 
tance Y2(s) = F2(s) as shown in Fig. 12.3b. 


12.1.2 Removal of Pole at s = co 


When a rational positive real function F(s) has a pole at s = oo it means that the 
degree of the numerator polynomial is higher than the degree of the denominator 
polynomial and is of the form: 


N(s) _ aysN +ay_isN-!+.---+ ays +a9 


F(s)= = 
- D(s) bns™ + bm—1s™—! +--+ + bis + bo 


(12.4) 


with N =m +1 since F(s) is PR. In this case, F(s) can also be expressed as 


Cris” =e one +-+-+c15+ C9 
bins” + bm—1s™—| +--+ + bis + bo 


F(s) =koos + 


where kyo = ae > 0 and the numerator polynomial of F(s) is the first residue of 


the division i . Constant kg > 0 can also be considered as the residue of the pole 


5S = 0 given by 
_ ( F(s) 
Ko = lim >0 (12.5) 
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eC = Lahey 
y a Z3(8) 

(b) > C=keo 
ihe i Y>(s) 


Fig. 12.4 Removal of pole s = oo. (a) From an impedance Z(s). (b) From an admittance Y(s) 


The remainder function will be 
Fy(s) = F(s) — koos 


and the degree of the numerator polynomial of F2(s) will be equal to m, the degree 

of the denominator polynomial of F(s). Moreover, koo is positive since it is the 

residue of a jqw-axis pole of a PR function. Therefore, F)(s) = kos is PR. The 
remainder function F2(s) is also positive real since: 

1. The poles of F2(s) are in the left half s-plane including the jw-axis since F2(s) 
has the poles of F(s) without the pole at s = oo, which has been removed. 

2. The residues of these poles are positive since they are the residues of the same 
poles of the positive real F(s). 

3. Re[F2(j@)] = Re[F (j@)] — Re[jkoow] = Re[ F(j@)] => 0 since F(s) is positive 
real. 

We therefore analyzed a rational PR function with a pole at s = 00 into two positive 

real parts from which the first, F) (s) = koos, corresponds to the pole s = oo and the 

second, the remainder function F2(s), has all the remaining poles of F(s). 

e If F(s) is an impedance function Z(s) = F(s), then it can be synthesized as a 
series arm inductor L = kop in series with a one-port with driving-point input 
impedance Z(s) = F2(s), as shown in Fig. 12.4a. 

e If F(s) is an admittance function Y(s) = F(s) then it can be synthesized as a 
shunt arm capacitor L = kop in parallel with an one-port with driving-point input 
admittance Y2(s) = F2(s), as shown in Fig. 12.4b. 


Example 12.2 The rational function 


gy? +257 +25 


F = 
(s) se+s54+] 


has a pole at s = oo since the numerator is of higher degree than the denominator, 
and can be expressed as 


= ko + Fr(s) 
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° st) ° ar i 


2) xs) 23) 
7 | | - 2 te 
%() Ys) Yas) 


Fig. 12.5 Removal of pole s = oo from F(s) of Example 12.2 


where 
ay 1 
k a — i 1 
aie 5 
The remainder function will be 
3 2 
gs? + 25° +25 s(s +1) 
2(s) (s) oS setst s setstl 


e If F(s) is an impedance function Z(s) = F(s), then it can be synthesized as an in- 
ductor L = kyo = | in series with an one-port with driving-point input impedance 
Z2(s) = Fy(s), as shown in Fig. 12.5a. 

e If F(s) is an admittance function Y(s) = F(s), then it can be synthesized as 
a capacitor C = kgo = | in parallel with an one-port with driving-point input 
admittance Y2(s) = F2(s), as shown in Fig. 12.5b. 


12.1.3 Removal of a Conjugate Pole Pair at s = +j@, 


When a rational positive real function F(s) has an imaginary pole pair at s = +ja@ 
it is of the form: 


N N 
je (12.6) 
(s* + wy)Dr(s) (8 + jai) (s — jo) D2(s) 
F(s) can be expanded in partial fractions as follows: 
k ky N 
Foo | (s) (12.7) 


s—jw; s+ja, Drs) 


where kj is real and therefore ky = k, (see condition iii in definition II of PR func- 
tions in Chap. 11). For the calculation of the real pole residue k,, Heaviside’s for- 
mula can be used: 


ky =(8 — Jo) F(S)|sajo; = (8 + JO) F (5) |s=— jor (12.8) 
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and therefore 
2k1s N(s) 


Pe Day (12.9) 


F(s)= 


Function F(s) = ee is positive real since F}(jq@) has zero real part and its poles 


are located on the j@-axis. For F2(s) given by 
N(s) 2k\s _ N(s) — 2kis Do(s) 


= 12.10 
(s2 + w;) Do(s) gs? + wr (s2 + w;)D2(s) ( ) 


Fy(s) = 


we observe that 

I. Simple reasoning dictates that the numerator polynomial of F2(s) must have 

roots at +j@, (factor (s? + 7) in order to cancel out the roots of the denomi- 

nator polynomial at + j«@,. If this pole-zero cancellation does not happen, F2(s) 
will still have the poles at s = +jq@ ,. Finally, the denominator polynomial of 

F2(s) will be D2(s). 

The remainder F(s) is positive real since: 

1. No new poles were introduced to F2(s). 

2. The residues of the poles of the jw-axis were not affected. 

3. Re[F2(j@)] = Re[F(j@)] since Re[F|(jm)] = 0 and no real part has been 

deducted from F(j@). 

Equation (12.9) implies that 

e If F(s) is an impedance function Z(s) = F(s), then it can be synthesized as 
a parallel resonant circuit in series with an one-port with driving-point input 
impedance Z2(s) = F2(s), as shown in Fig. 12.6a. 

e If F(s) is an admittance function Y(s) = F(s), then it can be synthesized as a 
series resonant circuit in parallel with an one-port with driving-point input admit- 
tance Yo(s) = F2(s), as shown in Fig. 12.6b 

In both cases the resonant circuits resonate at the pole frequency w. 


I 


_ 


Example 12.3 The rational function 


gt 4 393 + 357 +35 


F)= Cap pettstD 


has a pole pair at s = +j and can be expressed as 


s* + 353 + 3s? + 3s 2k1s 
F = = F- 
= @aie@rreD 2x1 2” 


where 
k=(s—fF(s)\saj =--- = 1 
The remainder function will be 


2k I 
Fr(s) = F(s) ~ 5 ee s(s+1) 


1 ~ s24 54] 
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Ay) as) 223) 
(b) ay 
Ys) Ys) ¥9(5) 


Fig.12.6 Removal of pole pair at s = + ja . (a) From impedance Z(s). (b) From admittance Y (s) 


L=2 
(a) P = C/=0.5 
oe I Z2(s) 
(b) > 
ik Y(s) Y2(s) 


Fig. 12.7 Removal of pole pair at s =+jw, from F(s) of Example 12.3 


The corresponding realizations when F(s) is an impedance or an admittance func- 
tion are shown in Fig. 12.7a and b respectively. 


12.1.4 Partial Pole Removal 


Up to this point we have completely removed the jw-axis poles from a rational 
function. If the rational function F (s) is expanded in partial fractions, a j@-axis pole 
removal, as presented, completely removes the associated fraction. If this partial 
fraction is denoted as F(s), the remainder function is F>(s) = F(s) — F,(s). 

In partial pole removal, only a fraction k F,(s) of F,(s) is removed from F(s) 
and the remainder function is F2(s) = F(s) —kF\(s). If F(s) is positive real, it can 
be shown that F>(s) is also positive real and has the same poles as F'(s). Partial pole 
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removal affects only the zeros of F(s) and for this reason it is also referred to as 
zero Shifting. 


Example 12.4 The rational function 


gs? +257 +25 


F = 
(s) se+s54+] 


has a pole at s = oo since the degree of the numerator polynomial is higher than the 
degree of the denominator polynomial, and can be expressed as 


si +2s* 42s om 
a ae KooS + Fo(s) where ko = b, =| 


The complete pole removal has been done in Example 12.4, where Fj (s) = kos =s 
and the remainder function was 


3 2 

gs? + 25° + 28 s(s +1) 
F = F(s)—F = = 
2(s) (s) 1(s) s?ts4+]1 . s?ts+1 


To partially remove the pole at s = oo, we can for example use k = 0.5, in which 
case the remainder function will be: 


3 2 2 
Fy(s) = F(s) —0.5F,(s) = ae 2059s “SS 

It should be observed that F>(s) has the same poles as F'(s) but different zeros. If 
F(s) is an impedance function, it can be synthesized as an inductor L = 0.5 in series 
with an one-port with input impedance F2(s). If F(s) is an admittance function, it 
can be synthesized as a capacitor C = 0.5 in parallel with an one-port with input 
admittance F(s). 


12.1.5 Removal of a Constant 


RLCM driving-point functions F'(s) are positive real and therefore Re[ F (jw)] > 0 
for all real values of w. If the real part Re[F'(j@)] has no real roots but it assumes 
a finite minimum value Fy ;y at a frequency 1, as for example in Fig. 12.8, a 
constant F, < Fyy;y can be removed from F(s) leaving a positive real remainder 
function F(s) = F(s) — Fo. 

If F(s) is an impedance function then the removal of the constant corresponds to 
the removal of a series resistor of value R = F, as shown in Fig. 12.9a. If F(s) is 
an admittance function then the removal of the constant corresponds to the removal 
of a parallel resistor of value R = ai as shown in Fig. 12.9b. 


546 12 Synthesis of RLCM One-Port Circuits 


Fig. 12.8 Example of a real Re[F(jo)] 
part with a minimum value 


Y(s) Y(s) Y2(s) 


Fig. 12.9 Removal of a constant. (a) From an impedance. (b) From an admittance 


12.2. Minimum Positive Real Functions 


If all j@w-axis poles are removed from a rational positive real driving-point func- 
tion F(s), the remainder function F,(s) will not have any such poles. If in addi- 
tion, any jw-axis poles of 1/F,(s) are removed, the remainder function F,(s) will 
have neither jw-axis poles nor j@-axis zeros. If Re[ F,(j@)] has a minimum value 
Fyin > Oat a, aconstant Fiy;y can be removed according to Sect. 12.1.5 and the 
remainder function will have Re[ Fy(j@1)] = 0. 

Such rational positive real functions with no jw-axis poles and zeros and a fre- 
quency @ at which the real part assumes zero value are referred to as minimum 
positive real functions. Minimum positive real functions have been defined by Hen- 
drik W. Bode and are very important in RLCM circuit synthesis. 


Definition of Minimum Positive Real Functions A rational positive real function 
F(s) is defined as minimum if 
i. F(s) does not have any j@-axis poles and zeros, i.e. its numerator and denomi- 
nator polynomials are strictly Hurwitz 
ii. There exists a value w, of w for which Re[F (j@ o)] = 0 and Im[F' (j@,)] 4 0 
iii. F(s) assumes finite positive values for s = 0 and s = oo 
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The term “minimum” is used to imply that no j@-axis poles or constants can be re- 
moved from a minimum positive real function. To minimize a positive real function 
F(s), i.e. to make it minimum PR, all jw-axis poles must be removed from F‘(s) 
and from 1/F(s) to satisfy condition (i.) and then the maximum possible constant 
must be removed to satisfy condition (ii.) of the definition. After removing any poles 
at s = 0 and s = «, condition (iii.) is automatically satisfied. 

The synthesis of a positive real driving-point function F(s) is in fact the pro- 
cedure to minimize it by sequentially removing jqw-axis poles from it or 1/F(s). 
When no more jqw-axis poles and zeros exist in the remainder function Fr(s), the 
maximum constant is removed in order to create a frequency w, at which for the 
new remainder function F,(s) we have Re[ Fz (j@,)] = 0. This synthesis procedure 
is demonstrated in the next example where it should be observed that jw-axis poles 
are removed from the more suitable function, i.e. Fx(s) or 1/Fy(s). 


Example 12.5 Synthesize the following input impedance function which has been 
found to be positive real: 


N(s) _ 5841357 + 215° + 9859 + 9554 + 19553 + 955? + 1165 + 8 


Z = = 
=e s(s2 + 4)(s4 + 753 + 852 + 108+ 1) 


Z(s) has obvious jw-axis poles at s = 0, s = +j2. It also has a pole at s = ow, since 
the degree of the numerator polynomial is 8 and that of the denominator polynomial 
is lower, namely 7. 
1. Removal of Pole at s = co 
Z(s) = koos + Z2(s) with koo = ¢ = 1 and therefore: 

Ni(s) 

D(s) 


_ 6s7 + 98° + 60s° + 6254 + 15553 + 91s? + 116s +8 
7 s(s? + 4)(s4 + 753 + 857 + 10s + 1) 


Z2(s) = Z(s) -—s= 


Z2(s) has the same denominator polynomial as Z(s) but it has no pole at s = co 
since this pole has been removed. This pole removal corresponds to the removal of 
an inductor with L; = 1 connected in series with a one-port with input impedance 
equal to the remainder Z2(s), as shown in Fig. 12.10a. 


2. Removal of Pole at s = 0 
The remainder impedance Z2(s) still has the pole at s = 0, which can be removed 
according to Sect. 12.1.1: 


k 
Z(s) = ~ + Z3(s) where ky = sZ2(s)|s—0 =2 


2 6s°+-7s° + 4654 + 3857 + 79s* + 25s + 36 


Fiji 
= LE) (s2 +.4)(s4 +753 + 852 + 10s + 1) 
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Ti 
(a) = 
J Z2(S) 
p=) C=05 
(b) Z3(s) 
23) Zs) 23(S) 


(c) 
Z(s) Z2(s) — -Z3(S) Z4(S) 
rep C=05 L7=0.25 
(d) 
Zs) xls) 2363) Val) = 7 
rep C=05 L7=0.25 
(e) 
Z(s) Zr(s) — Z3(s) ¥i(s)= Zz Y5(s) 


Fig. 12.10 Sequential pole removals 


The s = 0 pole removal from an impedance function corresponds to a capacitor 
C; = 1/ko = 1/2 in series with a one-port with input impedance Z3(s), as shown 
in Fig. 12.10b. 


3. Removal of Pole Pair at s = +/j2 


After removing poles s = 0 and s = oo from Z(s), the remainder impedance 
function Z3(s) still has the conjugate pole pair s = +/j2, which can be removed 
according to Sect. 12.1.3: 
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2ks 
23(s) = oie + Z4(s) where k = (s — j2)Z3(s)|s=j2 =0.5 


s  __ 6° + 63° + 3954 + 3053 + 6957 + 245 + 36 


s Z26)S7 = 
A= ER) ea (52 + 4)(s4 + 7s3 + 852 + 105+ 1D 


As expected, the numerator polynomial is exactly divided by (s* + 4), giving zero 
residue and quotient 6s* + 65° + 15s? + 6s +9 and therefore: 


6s* + 653 + 1557 +65 +9 
s4 +753 + 852 +105 +1 


Za(s) = 


The removal of the pole pair s = +72 from the impedance function Z3(s) corre- 
sponds to a parallel resonant circuit with capacitor Cz = 1 and Lz = 0.25 in series 
with a one-port with input impedance Z4(s) as shown in Fig. 12.10c. 

After the removal of the obvious jw-axis poles from Z(s), impedance Z4(s) 
could be minimum with no jw-axis poles and zeros. This would require both nu- 
merator and denominator polynomials to be strictly Hurwitz. Applying Routh’s cri- 
terion to the denominator polynomial, we find: 


s44+8s74+1 1 1 


==+ 
Tse +1 7 ae ew 
s’? + 10s 1.06525 + 0.735554 aohe 


Since for a 4th order denominator polynomial we get four positive partial residues, 
the denominator polynomial is strictly Hurwitz. Using Routh’s criterion to check 
the numerator polynomial we get: 


6s* + 1557 +9 9(s2 + 1) n 1 
——————_____—. = =S 
6s3 +5 6s(s2 + 1) ds 


Since we do not get four positive partial residues for the fourth order numerator 
polynomial, it is not strictly Hurwitz and it is exactly divided by s? + 1: 


(s? + 1)(6s? + 6s + 9) st +753 + 857 +105 +1 
Z4(S) == 5 5 => Y(s)=—,Z 5 
s*+ 7s? + 8s-4+ 105+ 1 (s+ + 1)(6s* + 65 + 9) 
Therefore, Z4(s) is not minimum as it has a pair of zeros s = +7. Admittance 
function Y4(s) = 1/Z4(s) has a pair of poles at s = +7, which can be removed 


according to Sect. 12.1.3. 
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Fig. 12.11 Plot of the real Re[Zs(jo)] 
part 


4. Removal of Poles s = +j from Y4(s) 


kas . 637 
Y4(s) = 241 +Y5(s) where kq = (s — j) Y4(8)|s=j = =12+6) =0.5 


RY se+s+l1 
st+1 6s2+65+9 
Admittance a i is a Series resonant circuit with L3 = 1 and C3 = 1, as shown 
in Fig. 12.10e. The remainder admittance Y5(s) and impedance Z5(s) might be 
minimum as they have no poles or zeros on the jq@-axis and assume finite positive 
values for s = 0 and s = oo. The real part of Z5(j@) can easily be calculated (usage 
of Y5(s) would lead to similar results): 


= Y5(s) = Y4(s) 


9 — 6u* + j6 60+ — 9w* +9 
Re{Zs(j0)1=Re| cate “|= wt = 90h + 


l-w+ jo wo —a+1 


The real part is of course non-negative for all positive w values. For the derivative 
of Re[Zs5(jw)] we have 


d 3? (w* — 2) 

dé Re[Zs5(jo)] = (ofertas 
which assumes zero value for w = 0 and w = V2. Checking the second derivative, 
we find that for w = 0 the real part assumes maximum value 9 and for w; = V2 it as- 
sumes minimum value Ry ;y) = 5. The real part for s > oo tends to 6. Figure 12.11 
shows full details of this. 

The absolute minimum value of Ry;y = Re[Z5(j@1) =5 can be removed from 
Z5(s) according to Sect. 12.1.5, and the remainder Z,¢(s) will be minimum positive 
real: 


sr+s+4 


Z6(s) = Z5(s) —-5 = =—— 
6(s) = Zs(s) -3= > 


(12.11) 


The final circuit is shown in Fig. 12.12. 
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Z(s) Zxs) — Z3(s) ¥4(s)= zg Zs(s) — Z6(s) 


Fig. 12.12 The final circuit 


Fig. 12.13 Removal of a 4 
Ske i 
negative inductor Lj;=—~ <0 


Z(s) Z(s) 


12.3 Synthesis of Minimum Positive Real Functions 


When after removal of all jw-axis poles we have a minimum positive real function, 
special methods must be employed in order to continue the synthesis procedure. 
One of these methods, accredited to Brune, is presented in this section. 

When a minimum positive real admittance function Y(s) is given, Brune’s 
method is applied to Z(s) = 1/Y(s), which is also a minimum positive real function. 
For a minimum positive real impedance function Z(s), for which Re[Z(j@1)] = 0, 
we have: 


Z(jo1) = Re[Z(jai)] + jIm[ZGo1)]=jX1_ where X; = Im[Z(jo))] 


Quantity X; = Im[Z(j@1)] is a constant which can be positive or negative. The two 
cases will be examined below. 


12.3.1 Brune’s Method with X; <0 


When X, <0, impedance Z(jw,) = j X, can be seen as a negative inductor with 
L= x We can therefore see Z(s) as a series connection of this negative inductor 
with impedance Z2(s) as follows: 


X| XxX 
Z(s) = ae +Zo(s) = = Zn(s) = Z(s) — oy 


This is shown in Fig. 12.13. 
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(a) 


Z(s) Z2(s) Z4(s) 


(b) 


Z(s) Z2(5) Z4(3) Z6(5) 
Fig. 12.14 Complete Brune’s cycle 
It is clear that the real part of impedance Z2(s) is equal to that of the positive 


real function Z(s) since —25 is added to the imaginary part of Z(s). Therefore, 
Re[Z2(s)] is positive for w > 0 and assumes zero value at s = +ja: 


. . xX . 
Z2(j@1) = Z(jo1) =f = jX;—jX,=0 
1 


Z2(s) has a pole at s = co due to the term s X;/w,. Moreover, as a sum of positive 
real functions, Z2(s) is positive real and has a zero at s = +jq@,. Therefore, two 
pole removals are possible: 

1. Removal of pole pair s = +jq@, from admittance Y>(s) = 1/Z2(s) which will 
give a series resonant LC circuit in parallel to the remainder admittance Y4(s) 
with a zero for s = oo due to the pole of Z2(s) at infinity. 

2. Removal of pole s = oo from Z4(s) = 1/Y4(s). 

Removing the pole pair s = +j@ from Y2(s) = 1/Z2(s), we get 


1 kis 
Zx(s) s2+.0? 


Y2(s) = + Y4(s) 


where, according to (12.8), the positive quantity k; is the residue of the pole s = 


+j@1 or s = —ja@,. The removal of the series LC circuit with admittance a is 


1 


shown in Fig. 12.14a. 

If the degree of the numerator of Y2(s) is n4, the degree of the numerator of 
admittance Y4(s) will be ng — 2. Moreover, both Y2(s) and Y4(s) have zero at s = co 
since Z2(s) has a pole at s = oo. The pole at infinity of Z4(s) = 1/Y4(s) can be 
removed as follows: 


Z4(s) 
S 


Za4(s) =koos + Z6(s) where ky = =L3>0 


s=CO 
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Since Z4(s) is PR, the pole residue L3 = kg is positive and the remainder 
impedance Z¢(s) = Z4(S) — 5koo is positive real. The removal of the pole at infinity 
as an inductor L3 is shown in Fig. 12.14b. 

If the remainder impedance Z6(s) is not minimum, synthesis may continue by 
removing the jw-axis poles and any constants. If Z¢(s) is minimum, the procedure 
must be repeated. 

It must not be forgotten that the final circuit of Fig. 12.14b has a negative in- 
ductor Ly = “1, which cannot be realized with passive circuits. It can, however, be 
absorbed by the neighboring elements, as will be explained below. 

From Fig. 12.14b we have: 


Z(s)=sLy+ 


1 1 
SLatgh, + MatZeG) 


Impedance Z¢(s) does not have a pole at infinity since it has been removed and 
therefore it assumes a finite value at infinity, making 


lim (sL3 + Z6(s)) =sL3 
SCO 
Moreover, 
. 1 
lim { sL2 + — ])=sL2 
s—>00 sC2 
and under these conditions, we have: 


1 = hie ee 


1 1 
oo ae Io+ L3 


Z(s > oo) =sLy+ 


Since Z(s) is minimum positive real, Z(s — oo) is finite. From the above expres- 
sion, it is clear that this may happen if, and only if, 


L1L2+ 1113+ LoL3=0 


Since L2 > 0 and L3 > 0, we have: 


eae => L,;+Ll.>0 
L1+L2 

fig => L,+13>0 
[1+ L3 


The equivalence of the circuits shown in Fig. 12.15 can be used to absorb the neg- 
ative inductance introducing coupling, as shown, provided that Lp, = L; + L2 > 0, 
L, =Ll2+L3>Oandk <1. 
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Fig. 12.15 An inductive 
T-circuit and its equivalent L1<0 L3 


Fig. 12.16 The Brune’s 
cycle circuit and the 
remainder impedance 


Z6(S) 


The two first conditions have been proved above and we need only prove that 


hoa = a: 
LpLs 


Ly L2 
VLpLs (Ey + £ —2)(L£2 + £3) 
Lo Lo 


{Liles +1,L3+ L2L3 + i Lo 


k= 


Therefore, all conditions are satisfied and the circuit requires an ideal transformer 
(k= 1). 

The synthesis procedure until the circuit of Fig. 12.16 with the ideal transformer 
is reached is referred to as a Brune cycle. If the degrees of the numerator and de- 
nominator of the initial minimum PR impedance Z(s) are N,, and Ng respectively, 
a Brune cycle leads to the remainder impedance Z,(s) with the degrees of both 
numerator and denominator polynomials reduced by 2, i.e. N, — 2 and Ng — 2 re- 
spectively. 


Example 12.6 We return to the minimum positive real impedance function of (12.11) 


s*ts+4 


Z(s) = ————_ 
(s) st+s41 
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Fig. 12.17 Example Brune’s 
synthesis (a) 


(b) 


(c) 


(d) 


of Example 12.5. The real part Re[Z(jw)] assumes zero value for @; = /2 and 
02 = —./2 and 


Z(jo1) = ZGV2)=-jV2 > X;=-Vv2<0 


Xr 


A negative inductor with L; = rl 


and the remainder impedance is: 


= —1 can be removed as shown in Fig. 12.17a 


si +2527 +2544 


Z =Z = 
28) = Z(s) +8 = a 


From the way it has been created, Z2(s) has a pair of zeros at s = +jw, = +j/2 
and a pole at s = ow. 
Removal of pole pair s = +j/2 from Y2(s) = 1/Z2(s) gives: 


2ks 1 

Y2(s) = ae) + Y3(s) where k= (s+ INDZO)| 5 = 
0.55 _ 1 

s?+2° 2(s+2) 


=> Y3(s)= Y2(s) 


Therefore, Y2(s) is a series LC circuit with L = 2 and C = 1/4, as shown 
in Fig. 12.17b. Impedance Z3(s) = 1/Y3(s) = 2s + 4 is realized as shown in 
Fig. 12.17c. Finally, the negative inductance L; = —1 is absorbed using the equiv- 
alent circuit with the ideal transformer to give the final circuit of Fig. 12.17d. 
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12.3.2 Brune’s Method with X, > 0 


As we have seen, at frequency w where the real part of the minimum positive real 
impedance Z(s) assumes zero value, i.e. Re[Z(j@1)] = 0, we have: 


Z(jo\) = jIm[Z(jo1)] = jX1 


The case X; < 0 has been examined in the previous section and here we consider 
X, > 0. At first glance, it seems that the procedure followed when X; < 0 can 


be repeated and a positive inductor L; = * can be removed. However, since we 


have no way to ensure that the remainder function Z2(s) = Z(s) — Zs is PR when 
X, > 0, it is better to start synthesizing the minimum PR function Y(s) = 1/Z(s), 
which at w; becomes: 


1 1 1 
[ZGopl+jIm[ZGopl 7X: 7X 


Y(jo@1)= Re 


Therefore, Y(j@ ) looks like a negative capacitor with Cy = — an and Y(s) may 
be analyzed as shown in Fig. 12.18a with 


Yo(s) = Y(s) —sC; = Y(s)+ 


1 
s (X,;>0 
nx (X; > 0) 
Admittance Y2(s), as a sum of two PR functions, is itself positive real and has a pole 


at s = oo and a pair of zeros s = +j@ ,. These imaginary zeros can be removed as 
poles of Z2(s) = 1/Y2(s): 


pS a a 
a ~ Yo(s) 52+? “ 


This removal is shown in Fig. 12.18b where L2 and C2 are positive, since kj > 0 as 
the residue of the jw-axis pole of a PR function. 

The pole s = oo of Y2(s) is inherited to Z2(s) and Z4(s) as zero at infinity and 
finally, ¥4(s) has the pole s = oo, which can be removed according to Sect. 12.1.2: 


Ya(s) =koos + Yo(s) where kgo > O from (12.5) 


Removal of pole s = co from Y4(s) as a shunt capacitor C3 = ko is shown in 
Fig. 12.18c. 

The remainder Y6(s) = Y4(s) — skoo iS a positive real admittance function. If 
Yo(s) is not minimum, synthesis may continue by removing the jw-axis poles and 
any constants. If Y6(s) is minimum, the Brune synthesis procedure must be repeated. 

We must not forget that in the final circuit of Fig. 12.18c, there still exists a neg- 
ative capacitor Cy = — TEEE which makes the passive circuit non-realizable. Nega- 
tive C; can, however, be absorbed by the neighboring elements as will be explained 
below. 
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Y4(s) 


(b) 
pole s=s 
Z(s) Y2(s) Y4(s) 
(c) 
2s) Y>(s) Y4(s) Yo(s) 


Fig. 12.18 Brune’s cycle 


From Fig. 12.18c, we have: 


Y(s)=sCy + i 


1 
sCot sty F SC3+Y6(s) 


Admittance Y6(s) does not have a pole at infinity since it has been removed, and 


therefore for s + oo the quantity * — 0 and 


1 HOF Oa OOS 


1 1 
st ace C2+ C3 


Y(s > ow) =sCy + 


Since Y(s) is minimum positive real, Y(s — oo) is finite. From the above expres- 
sion, it is clear that this may happen if, and only if, 


CiC2 + C1C3+OC3=0 & —4+—+4+—=0 


Since Cy > 0 and C3 > 0, we have: 


Ci C2 


6 ne te 
Ci +C2 


>0 => Ci+Q%>0 
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L2 


Fig. 12.19 Three equivalent circuits 


Fig. 12.20 The Brune’s 
cycle circuit and the 
remainder impedance 


Ci C3 


—-—— >0 => C4+C3>0 
Ci +C3 eae 


= 
The above results can be combined with the equivalence of the three circuits shown 
in Fig. 12.19 in order to absorb the negative capacitance C,. This, as is shown in 
Fig. 12.19c, introduces an ideal transformer as in the case of X; < 0. 

The synthesis procedure until a circuit like the one shown in Fig. 12.20 with the 
ideal transformer is reached is a Brune cycle, and decreases the degree of both the 
numerator and the denominator polynomials of the initial minimum PR function 
Y(s) by 2, leading to a PR remainder admittance Y6(s). 


Final Conclusion Given a positive real impedance or admittance function F(s), 
it can be synthesized as an RLCM circuit by removing all jw-axis poles from F(s) 
and 1/F(s). When no more such poles exist in the remainder function, a constant is 
removed according to Sect. 12.1.5 in order to have a frequency a at which the real 
part of the remainder function assumes zero value. This minimum positive real func- 
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Fig. 12.21 Plot of the real Re[Z(ja)] 
part Pe 

poe 

3+ 

ot 

v3 


tion can then be synthesized using Brune’s method. It should be noted that Brune’s 
method is not the only method to synthesize minimum PR driving-point functions. 
The Bott-Duffin method, for example, can be used to derive passive RLC circuits 
without transformers but their complexity makes the particular method unattractive. 

Finally, in this section, it has been proven that any rational positive real function 
can be synthesized as a driving-point function of an one-port RLCM circuit. 


Example 12.7 The rational impedance function 


is minimum positive real and for wm; = 1, we have Re[F(j@ )] = 0 (see Fig. 12.21) 
and Im[F'(j@,)] = X1 = 2. Since X; > 0, synthesis must start from 


2 
2 
TC ee 
4s? ++25+2 
for which we have Y(j@1) = —j a and therefore Y(s) can be seen as shown in 


Fig. 12.22a with C) = —>y- = —}, from which: 


1 gk ge ae 
2(s) = ¥(s)—sCi = ¥(s) + 58 I2esh 1 


Y2(s), as the sum of two PR functions is positive real. Moreover, it has a pole at 
infinity and a pair of zeros at s = +j@, = +j which can be removed as poles of 


Isr +5+1 2kis 


Z = = 
Lo ere eae ay 5? + 02 


1 
+ Z4(s) where kj = (s — j)Zo(s)|s=j = 5 


This removal of the imaginary pole pair corresponds to a parallel LC circuit with 
Lz = 1 and C2 = | and is shown in Fig. 12.22b. The remainder impedance Z4(s) is 


Ss 1 


EO Oe 
4(8) = Zp(s) @oa- 
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(a) 


Y(s)=1/Z(s) Yx(s) 


(b) 
Zs) ¥2(3) 43) 
£ 
() 
Zs) Ys) Ys) Yl) 
(@) 


Fig. 12.22 Brune’s synthesis 


Fig. 12.23 Equivalent circuit We ie ~) 


Z(s) Z6(5) 


and Y4(s) =s + 1 retains the pole s = oo of Y2(s), which is removed as shown in 
Fig. 12.22c, as a shunt capacitor C3 = 1. 

The [T-type circuit of Fig. 12.22c is equivalent to the T-type circuit shown in 
Fig. 12.22d, which has still a negative inductor. However, if for the inductor T- 
circuit the transformer equivalent is used with 


C2+C Ci+C C 
om calia) Seae je aes ee ee a 
C1 +03 C1 + C3 C1, +C3 


we get the final circuit with a transformer, as shown in Fig. 12.23. 
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Fig. 12.24 LC one-port I,(s) 
circuit L 
Vi(s) 
oS | aE « 
Z(s) 


12.4 Synthesis of LC One-Ports 


Passive lossless circuits consisting exclusively of inductors and capacitors are re- 
ferred to as LC circuits. Due to the relatively simpler synthesis procedure, LC cir- 
cuits constitute the favorite circuits category of filter designers. 


12.4.1 Properties of the LC Functions 


Referring to Fig. 12.24, the driving-point functions of the LC one-port circuit, 


Z(s)= pe and Y(s) = 1/Z(s), are rational positive real functions. 

The driving-point functions of LC one-port circuits have only simple jw-axis 
poles and zeros and both the numerator and denominator polynomials, N(s) and 
D(s) respectively, are of the form: 


(s? + w?)(s* +03) vee (s? + we) or s(s? + wi) (s* + 05) vee (s? + we) 


Moreover, Z(jw) and Y(jw) are imaginary, with Re[Z(jw)] = 0 and 
Re[Y (j@)] = 0. From the above general expression of the numerator and denomi- 
nator polynomials, it is clear that they cannot be both even or odd since this would 
lead to real Z(jw) and Y(jq@). Therefore, LC driving-point functions have either 
even numerator and odd denominator polynomials or odd numerator and even de- 
nominator polynomials. This also implies that the difference of the degrees of the 
numerator and denominator polynomials is equal to 1. 

Finally, the two possible forms of an LC driving-point function are given below: 
(s? + w?,)(s? + 2) ae (s? + w ) 


zn 


Frc(s) = 
s(s2 + wr )(s? + 9) oe (s2 =F On) 
or 
s(s* + w2,)(s? + w2,) +++ (s* + 02,) 
Frc(s) = - = 


(s2 + 1 )(s? + wo) vee (g2 Orn) 


It is apparent from these expressions that LC driving-point functions are odd func- 
tions, i.e. Fpc(—s) = —Frc(s). 
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X(o) 


X(o) X(@) 


(a) (b) (c) 


Fig. 12.25 (a) Reactance or susceptance plot (b) and (c) negative derivative values 


Since LC driving-point functions have simple poles on the jw-axis, they can be 
expanded in partial functions as follows: 


sky sk2 Skin 


+ +...4+ —— 
re +o, +0, s2+ 2 


ko 
Frc(s) = kos + é + 


Ky and kp are the residues of poles at s = co and s = 0 respectively and 
5k, sho, er 5k the residues of the imaginary poles. For s = jw, Frc(j@) can 
be written as: 


Fic(ie)= i] how ae as pre tas 
= jX() (12.12) 


X (q@) is a real function of w referred to as the reactance function of the LC circuit 
when Fyc(s) is an impedance, and as the susceptance function when F;,c(s) is an 
admittance, in which case it is denoted by B(w). 

For the derivative of the reactance function, we have 


dX ky . ki(@%, +07) 
ayy + Bae m +--->0 forw<co 


da ~~ (w*,1 —w*)? 
and 
dX 
(@) > ko Wwhenw— oo 
dw 


Therefore, X (@) is monotonically increasing. Taking into account that all poles and 
zeros are on the jqw-axis, this is only possible if there is always a zero between two 
poles and a pole between two zeros. An indicative plot of reactance and susceptance 
of LC circuits is shown in Fig. 12.25a. Figures 12.25b and c show how the absence 
of a pole between two zeros or of a zero between two poles violates the condition 
for positive derivative. 
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(b) 


Fig. 12.26 Foster realizations 


Necessary Conditions for LC Driving-Point Functions 

1. LC driving-point functions are odd rational positive real functions. From the two 
polynomials involved, one is odd and the other is even. Both polynomials are 
complete, i.e. no terms are missing. 

The difference of the degrees of the two polynomials is exactly 1. 

All zeros and poles are simple and are located on the jw-axis. 

There is always a pole or a zero at s = 0 and s = oo. 

There is a pole between two zeros and a zero between two poles. 


ed il 


12.4.2 Foster Realizations 


LC functions can be expanded according to (12.12) as follows: 


: : ko wk, wk2 okm ; 
ZLCUO) = j| koo@ + 5) a 5 ie eee = jX(o) 
@ O71, —@ On — Om — © 
or 
F P ko wk, wk2 oki ; 
Yic(jo) = j Koo + 5) ar 5 a ar = jB(o) 
Oye On —@ On 


The above expressions suggest a straightforward synthesis method by realizing each 
partial fraction separately and appropriately connecting the corresponding circuits. 
If the function is an impedance Z,c(s), the circuits that correspond to each term 
will be connected in series, as shown in Fig. 12.26a. If the function is an admittance 
Yzic(s), the circuits that correspond to each term will be connected in parallel, as 
shown in Fig. 12.26b. 
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Fig. 12.27 Examples of Foster synthesis 


This synthesis method, referred to as Foster’s method, is in fact the sequen- 
tial removal of all poles of the function and leads to the Foster realizations of 
Fig. 12.26, which are canonical in the sense that they employ as many lossless ele- 
ments (L and C) as the degree of Zc(s). 


Example 12.8 Synthesize the following LC impedance function using Foster’s 
method. 


Z(s) s(s? +4) so +4s 
sSy= = 
2(s2 + 1)(s2? +9) 254+ 20s? + 18 
The poles of Z(s) are s = +j and s = +/3 and therefore it can be expanded in 


partial fractions as follows: 


s(s7 +4 kis kos 
Z(s) = a _ = ul 4 2 
2(s*-+1)(s° +9) s*+1  s*“4+9 
s?+1 3 s?7+9 5 
k= Z(s) = ky = Z(s) = — 
s-=—1 16 s2=-9 16 
5 
aS 
= Z - 16 6 
(s) 241 5249 


This can be realized as the series connection of two parallel resonant circuits, as 
shown in Fig. 12.27a. 
If the driving-point admittance function 


Vs) 2(s2 ++1)(s?+9) 254+ 20s? +18 
Sj = 
s(s? +4) sits 


had been given, then 


24+ 20s?+18  2(s?+ 1)(s* +9) =f ko kis 


Y = 
(s) 344s s(s2 +4) 5s s244 
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Fig. 12.28 Ladder passive LC circuit structure 


where 
Y(s) s7 +4 
oo = =2 ko = SY(S)|s=0 = 4.5 k= Y(s) =7:5 
3 |s00 Ss s2=-—4 
Finally 
4.5 Ws) 


Y(s)=2 — 
ae s 7 oad 


which can be realized as shown in Fig. 12.27b. 


12.4.3 Cauer Realizations 


Cauer methods for the synthesis of LC impedance or admittance functions are based 
on the sequential removal of poles at s = oo or s = 0 from a function F(s) and 
1/F(s). Each removal corresponds to a lossless element and finally the so-derived 
circuits have the ladder topology shown in Fig. 12.28. 


12.4.3.1 Cauer Synthesis I: Sequential Removal of Poles s = co 

Given an LC driving-point function F(s), the higher order polynomial may be that 
of the numerator or the denominator. If the higher order polynomial is in the numer- 
ator, then F(s) has a pole at s = oo. If the denominator polynomial of F(s) is of 
higher order, then in 1/F(s) the numerator polynomial will be of higher order and 
1/F(s) will have a pole at s = oo. 

Cauer synthesis I (or first Cauer realization) starts from the function (impedance 
or admittance) with the pole s = oo, which is removed, and in the remainder func- 
tion F2(s), the degree of the denominator polynomial is higher than the degree of 
the numerator polynomial so that a pole s = oo can be removed from 1/F (s). This 
procedure continues until all arms of the ladder have been derived. If, for exam- 
ple, Z(s) has a pole s = oo (higher degree polynomial in the numerator), it can 
be removed as an inductor L; = koo1 according to Sect. 12.1.2. This is shown in 
Fig. 12.29b. If in the given Z(s), the higher order polynomial is in the denominator, 
then Y(s) = 1/Z(s) has the pole s = oo. This pole can be removed as a capacitor 
C, =koo, in parallel with the remainder admittance Y2(s) = Y(s) — sC1, which is 
still an LC admittance (Fig. 12.29a). 
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Fig. 12.29 Cauer ladder synthesis 


Cauer synthesis I, as has been presented with the sequential removals of poles at 
S = OO, is equivalent to expanding the function with the pole s = oo in continued- 
fraction around infinity as follows: 


1 1 
Z(s) =KkooiS + =Z\(s)+ 
aaa - Yo(s) + l 


koo3 8+ paseo Z3(s)+ y@yE= 


or 


Y(s)=koois + = Y\(s)+ 


ess 
1 
koo38+ Ey sE= 


Z , Cee 
a or oe 


0028 + 
12.4.3.2 Cauer Synthesis Il: Sequential Removal of Poles s = 0 
Cauer synthesis II (or second Cauer realization) is based on sequential pole removals 
at s = 0 from alternating impedance and admittance functions. LC functions have a 
pole or a zero at s = 0. If the given function has the pole s = 0, the procedure starts 
from this function by removing the pole at zero. If the given function F(s) does not 
have the pole at zero, then 1/F'(s) will have it and the procedure starts from 1/F‘(s). 
If, for example, the given Z(s) has the pole s = 0, then 


k, 1 
Z(s) = = + Zo(s) (capacitor C= ws in series with Z () 
RY ol 


This procedure leads to a ladder circuit of the form shown in Fig. 12.30b. If Z(s) has 
zero at s = 0, then Y(s) = 1/Z(s) will have the pole s = 0, which can be removed: 


k, 1 
Y(s)= = + Yo(s) (inauctor L= a in parallel with 1160) 
KY 


ol 


The procedure leads to a ladder circuit of the form shown in Fig. 12.30a. 
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Fig. 12.30 Cauer synthesis II 


Cauer synthesis II, as has been presented with the sequential removals of poles 
at s = 0, is equivalent to expanding the function with the pole s = 0 in continued- 
fraction around zero as follows: 


k 
Z(s)=— + koa I ELS) ot I 
* ot TT Ye(s) + Foe 
or 
_ kot 1 7 I 
Ost ty a= NOt ga 
Ss “B41 Y3(s)+ ZqeyF 


Example 12.9 Use Cauer synthesis I and II to synthesize the LC impedance function 


6s° + 20s? + 10s 


Z = 
(9) = Saye 42 


Since Z(s) has the pole at infinity required for Cauer synthesis I, it can be removed 
as follows: 


Te ee es A ee 

sS\= s Ss) where === a 
er, e ag 684-4 TS? +2 

Removal of the pole s = oo from Z(s) gives an inductor L; = koo} = 1 connected 

in series to the remainder impedance Z2(s), which no longer has the pole at s = oo. 

Synthesis must continue with 


1. -/65" ITs 2 


Y: = = 
2(s) Zr(s) 353 + 8s 
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Fig. 12.31 Example Cauer 
synthesis I L)=1 


by removing the pole at s = oo: 


gs? +2 
353 + 85 


6 
Yo(s) =koo2s + Y3(s) where kyo2 = le => ¥3(s)= 


Removal of the pole s = oo from Y(s) gives a capacitor C2 = kyo2 = 2 connected 
in parallel to the remainder admittance Y3(s), which has no pole at s = oo, and 
synthesis must continue with 


353 + 8s 
Z => ——_ 
3(s) s74+2 
from which the pole at infinity is removed: 


3 Ss 
3(S) = koogs + Za(s) where koos = 5 => Z4(s) faa 
Removal of the pole s = oo from Z3(s) gives an inductor L3 = koo3 = 3 connected 
in series to the remainder impedance Z,4(s), which has no pole at s = oo, and syn- 
thesis must continue with 


a9 1 
as =0.5s+ - 
2s Ss 


Y4(s) = 


the realization of which is straightforward. The circuit that corresponds to the above 
presented Cauer I synthesis procedure is shown in Fig. 12.31. 
The continuous fraction expansion of Z(s) is given below: 


Z(s) = s + ———_—_. 
”) 2s + —1,— 


3s+—1 | 
055+ 5 


For the second Cauer realization, we need a pole at s = 0 to start with. Such a 
pole is available in 


1 6s* + 1752 +2 


Y = = 
(9) = Fo = 655 4 2053 4 10s 


and when removed yields: 


kot 1 
Y(s) = — + Yo(s) where koj = sY(s)|s-o = 5 
s 
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The pole removal gives an inductor L; = Es = 5 connected in parallel to Y2(s) 


1 2453 + 65s 


Y =Vy — 
2(8) = Y(8) ~ 5 = 565442052 + 10) 


which does not have the pole at s = 0, and synthesis must continue with Z2(s), 
which has the required pole: 


1 5(6s* + 20s? + 10) 
Yo(s)—s- 2453 +. 65s 
_ ke 10 


+ Z3(s) where ko2 = sZ2(s)|s—o = B 


Z2(s) = 


S 


This is a capacitor C2 = io — if in series with the remainder impedance Z3(s): 
‘0. 


10 5(78s? + 212s) 


FA = 
3s) = 228) — 73° = 730452 4 65) 


The pole s = 0 is now present in Y3(s) = 1/Z3(s) and can be removed as follows: 


13(24s7 +65) k3 169 
= Y, here k,3 = sY: Sr ncares 
57853 FD12s) yf PAS) Where kos = S¥3(8)Is=0 = 575 


¥3(s)= 


Therefore, Y3(s) is an inductor with 


ly 212 
L3 = — == 1.2544 
kos 169 


in parallel to the remainder admittance 


169 as 
Ya(s) = ¥3(8) — 5755 = 3052 4 106 


The pole at s = 0 can now be removed from Z4(s) = 1/Y4(s): 


3957 +106 k 
Z4(s) = = + Z5(5) 
T0605 s 
106 - 1060 
where ko4 = sZ4(s)|s—0 = ac See 960.3419 


This pole removal yields a capacitor C4 = ka = 1/960.3419 connected in series 


with the remainder impedance 
1060 


1 
Z5(s) = Za(s) — 5C5 = a 
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Fig. 12.32 Example Cauer G Cy 
synthesis II 
Ly L3 Ls 
which is an inductor with L5 = 160 = 353.33. The final circuit is shown in 
Fig. 12.32. 
The corresponding continuous fraction expansion of Y(s) is given below: 
¥()=—+ 
Ae 2— 
10 
Ss 35 + a 


aoa’ ares 
212s ° 960.3419 , 1 
s 353.335 


It should be noted that the one-port circuits shown in Figs. 12.31 and 12.32 both 
have 
6s° + 2053 + 10s 


7 
(9) = Gay lst 42 


12.5 Problems 


12.1 Synthesize impedance Z(s) = 442 using sequential removals of poles at 
s=0. 

12.2 Synthesize impedance Z(s) = 2 using sequential removals of poles at 
S=OO. 

12.3 Synthesize impedance Z(s) = eal using only removals of poles at 
s=0. 

12.4 Synthesize impedance Z(s) = se using only removals of poles at 
$= 00. 

12.5 Synthesize impedance Z(s) = aiet using only removals of complex con- 


jugate pole pairs. 


12.6 In Example 12.5, the jw-axis poles have been removed from the impedance 
function 


N(s) _ 84+ 13s? + 215° + 985° + 95s* + 19553 + 955? + 116s +8 


Z = = 
iG) s(s2 + A)(s4 + 753 + 852 + 10s +1) 
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in the order s = 00, s = 0 and s = +72. Remove the same poles in the reverse order 
to verify that the remainder function will be the same, namely: 


6s* + 65? + 1557 +65 +9 


Z, = 
48) = a 73 £82 b Os 41 


12.7 Synthesize 


2(s*+1)(s?+9) 294+ 20s? + 18 


Y(s)= = 
(s) s(s? +4) sits 


using Cauer synthesis I (sequential removals of poles at s = 00). 


12.8 Synthesize 


ve 2(s?+1)(s2?+9) 254+ 2052 + 18 
Ss) — 
s(s? +4) sits 


using Cauer synthesis II (sequential removals of poles at s = 0). 


12.9 Synthesize 


s* + 0.66085 + 1.0108 
1.5296s + 1.0108 


by sequential removals of poles at infinity (Cauer I). 


Z(s)= 


12.10 Synthesize 


0.38245 + 0.2527 
s* + 0.66085 + 1.0108 


by sequential removals of poles at infinity (Cauer I). 


Z(s)= 


12.11 Synthesize 


1.252952 + 0.78498 + 0.47713 
53 + 0.62646s2 + 1.142455 + 0.47713 


Z(s) = 
by sequential removals of poles at infinity (Cauer I). 


12.12 Synthesize 


s* + 0.427707s? + 5.00281852 + 1.857231s5 + 2.30123 
6.26823853 + 2.680969s2 + 9.5206485 + 2.30123 


Z(s)= 


by sequential removals of poles at infinity. 
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AGM, see arithmetic-geometric mean 
Akerberg-Mossberg biquad, 494 
All-pole functions, 449 
Allpass filter, 7 
Amplitude distortion, 4 
Approximating polynomial, 40 
Approximation, 18, 37, 40 
all-pole, 103 
Butterworth, 19, 41 
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effective, 263 


B 
Back-to-back connection, 370 
Band-elimination, see band-reject 
Band-reject, 11 

bandwidth, 238 

filter design, 213 
Bandpass filter design, 213 
Bandpass filters, 11 
Bandstop, see band-reject 


Bandwidth 
band-reject filter, 11, 238 
bandpass filter, 11, 227 
Biquadratic form, 449 
Biquads, 449 
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Brune’s method, 551 
Brune’s theorem, 529 
Bruton L.T., 380 
Buffer, see voltage follower 
Butterworth, 41 
3 dB frequency, 46 
approximation, 41 
cut-off rate, 47 
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gain function, 42 
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optimization, 44 
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transfer function, 49 


Cc 
Canonic circuits, 32 
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realization, 565 
synthesis I, 565 
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Cauer approximation, see elliptic 
approximation 
Center frequency 
band-reject filter, 11 
bandpass filter, 11 
Center frequency of BP filter, 227 
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Characteristic function, 267 
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Chebyshev 
3 dB frequency, 70 
cut-off rate, 70 
decimal order, 65 
even order passive, 313 
integer order, 65 
modified approximation, 317 
optimization, 67 
order equation, 65 
passive filters, 309 
polynomial, 60 
prototype filters, 73 
prototype transfer functions, 94 
transfer function, 71 
Circuit order, 30 
Common-Mode Gain, 444 
Common-Mode Rejection Ratio, 444 
Comparator, 444 
Complete elliptic integral, 167 
calculation, 169 
Complex power, 254 
Continued fraction property, 514 
Conversion function, 487 
Cross-cascade connection, 387 
Current mirrors, 411 
Cut-off frequency, 5 
Cut-off rate 
Butterworth, 47 
Chebyshev, 70 


D 

Deboo integrator, 441 

Decimal order 
Butterworth, 42 
Chebyshev, 65 
elliptic, 182 
Pascal, 86 

Delay, 5 

Delay equalizer, 464 

Denormalization, 26 

Differentiator, 424 

Discrimination factor, 174 

Distortion 
amplitude, 4 
group delay, 5 
phase, 4 


E 
Effective attenuation, 263 
Effective parameters, 261 
Elliptic 
even order passive, 359 
Elliptic approximation, 165 
design tables, 206 


discrimination factor, 174 
modified, 361 
optimization, 184 
order equation, 182 
order nomograph, 204 
passive filters, 351 
poles and zeros, 190 
transfer function, 190 
Elliptic integral 
complete, 167 
non-complete, 168 
Elliptic rational function, 172 
definition, 172 
poles and zeros, 172 
properties, 173 
Elliptic sine, 169 
calculation, 169 
ERE, see elliptic rational function 
Even order 
passive Chebyshev filters, 313 
passive elliptic filters, 359 
passive Pascal filters, 339 


F 
FDNR, 380 
Feldtkeller’s equation, 290, 336 


Filter-appropriate Pascal polynomial, 80 


Filters 
active-RC, 14 
continuous-time, 12 
crystal, 14 
current-mode, 14 
discrete-time, 12 
integrated, 14 
mechanical, 14 
microwave, 14 
passive, 14 
prototype, 29 
sampled-data, 12 
switched capacitor, 14 
Floating inductor, 370 
Foster method, 563 
Fractional order 
Butterworth, 44 
Chebyshev, 65 
elliptic, 182 
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Frequency dependent impedance scaling, 380 


Frequency response 
magnitude, | 
phase, | 

Frequency transformations, 213 
lowpass to band-reject, 237 
lowpass to bandpass, 227 


Index 


Frequency transformations (cont.) 
lowpass to highpass, 213 
RC-CR, 218 


G 
Gain 
function, | 
logarithmic, 1 
plain, 1 
plots, 3 
Group delay, 5 


H 
Highpass 
filter design, 213 
filters, 10 
notch, 462 
transformation, 213 
Hurwitz 
continued fraction property, 514 
polynomial, 513, 517 
polynomial (strictly), 517 
Hurwitz test, 518 


I 
Ideal filter 

allpass, 7 

band-reject, 6 

bandpass, 6 

highpass, 6 

lowpass, 5 

impulse response, 6 

Ideal transmission, 4 
Immitance function, 529 
Impedance matching, 258 
Insertion parameters, see effective parameters 
Integer order 

Butterworth, 42 

Chebyshev, 65 

Pascal, 86 
Integrator, 435 

Deboo, 441 

inverting, 421, 436 

loss, 424 

lossy, 422 

Miller, 421 

non-inverting, 440 
Inverse Chebyshev approximation, 110 
Inverse Pascal approximation, 130 

definition, 137 

design, 140 

design tables, 153 

order, 141 

transfer function, 146 
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Inverting voltage amplifier, 417 


J 
Jacobi elliptic sine, 169 


K 
KHN circuit, 496 


L 

Ladder filters, 15 

Lattice filters, 15 

LC circuits, 561 

LC functions, 561 

LC synthesis, 561 

Leap-frog filters, 395 

Linear Transformation Active Filters, 383 
cross-cascade connection, 387 
input termination, 388 
output termination, 390 
transformation matrix, 384 

Load, 7 

Logarithmic gain, | 

Lossy integrator, 422 

Lowpass filters, 8 

Lowpass to band-reject transformation, 237 

Lowpass to bandpass transformation, 227 

Lowpass to highpass transformation, 213 

Lowpass-notch, 462 

LP-BP transformation, 227 

LP-BR transformation, 237 

LP-HP transformation, 213 

LTA, see Linear Transformation Active Filters 


M 

Matching, see impedance matching 
Maximally flat, 43 

Maximum power transfer theorem, 258 
Minimum positive real, 546, 551 
Modified Chebyshev approximation, 317 
Modified Pascal approximation, 349 
Modified transmission matrix, 384 


N 

Natural frequencies, 449 

Negative impedance converter, 432 
NIC, see negative impedance converter 
Nome, 170 

Normalization, 17, 22, 25 

Notch, see band-reject, 462 
Notch-highpass, 462 

Notch-lowpass, 462 


Oo 
OA, see op amp 
One-pole model, 409 
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Op amp 
CMG, 444 
CMRR, 444 
current-mode, 411 
imperfections, 442 
integrator model, 410 
one-pole model, 409 
open-loop bandwidth, 409 
open-loop gain, 405 
slew rate, 443 
voltage-mode, 404 
Open-loop bandwidth, 409 
Operational amplifier, see op amp 
Order equation 
Butterworth, 44 
Chebyshev, 65 
elliptic approximation, 182 
Order of circuit, 30, 449 


P 
Partial fractions, 528 
Pascal 
approximation, 77 
even order passive filters, 339 
modified approximation, 349 
optimization, 84 
order calculation, 86 
order nomograph, 86 
passive filters, 332 
polynomial, 80 
transfer function, 86 
Passband, 8 
Passive filters 
Butterworth, 291 
Chebyshev, 309 
elliptic, 351 
Pascal, 332 
Phase distortion, 4 
Phase equalizer, 464 
Phase response, | 
Plain gain, | 
Pole removals, 537 
constant, 545 
imaginary pole pair at s = £j@ 1, 542 
partial removal, 544 
pole at s = 0, 538 
pole at s = oo, 540 
Pole residue, 528 
Pole-zero diagram, 519 
Polynomial, 509 
degree, 509 
even part, 512 
Hurwitz, 513 
odd part, 512 
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remainder theorem, 511 
roots, 509 
strictly Hurwitz, 513, 517 
Positive real 
definition I, 529 
definition II, 530 
definition II, 532 
function, 529 
property, 529 
Power 
apparent, 255 
average, 255 
complex, 254 
factor, 255 
maximum transfer, 258 
reactive, 255 
real, 255 
reflected, 265 
Precise filter design method, 253 
Prototype cutoff frequency, 453 
Prototype filters, 29 
Butterworth, 53 
Chebyshev, 73 


Q 
Quality factor, 449 


R 
Rational approximations, 103 
definition, 104 
elliptic, 165 
inverse Chebyshev, 110 
inverse Pascal, 130 
Rational functions, 519 
RC-CR transformation, 218 
Reactance, 562 
Realizable 
band-reject filter, 11 
bandpass filter, 11 
highpass filter, 10 
lowpass filter, 8 
Reflected power, 265, 266 
Reflection coefficient, 265, 267 
Reflectionless impedance matching, 258 
Remainder function, 537 
Remainder theorem, 511 
Residue, see pole residue 
Routh criterion, 517 
Routh test, 518 


s 

SAB, 468 

Scaling, 17, 22 
frequency, 17, 24 
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Scaling (cont.) 
impedance, 17, 23 
normalization, 17 
Second order functions, 451 
Second order LP functions, 451 
Selectivity, 8 
Simulated inductor, 366 
a general approach, 373 
Antoniou’s, 369 
floating, 370 
grounded, 367, 369, 377 
Riordan’s, 366 
Simulation of 
inductors, 366 
ladder filters, 365 
Single amplifier biquads, 468 
Slew rate, 443 
Source, 7 
State variable filter, 496 
Stopband, 8 
Stopband edge frequency, 9 
Strictly Hurwitz polynomial, 513, 517 
Sturm’s theorem, 521 
Su Kendal L., 207 
Subtractor, 425 
Supercapacitor, see FDNR 
Susceptance, 562 


T 
Theta functions, 171 
Tow-Thomas, 493 
Transfer function, 1, 7 
Transimpedance, 412 
Transmission 

distortionless, 5 

ideal, 4, 5 

without distortion, 4 
Transmission function, 7, 267 
Transmission parameters, see effective 

parameters 

Transmission zeros, 2, 103 


U 
Universal filter, 497 


Vv 
Voltage follower, 416 


Ww 
WAF, see Wave active filters 
Wave active filters, 394 


Z 
Zero shifting, 545 
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